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PREFACE  TO  VOL.  II. 


jTbe  tubjeeU  composing  this  Volume  are  Algehrd^  Conic 
SecHons,  Mechanics^  Hydrostatics,  tnd  Pneumatics.  But 
the  particulan  are  enumerated  in  the  table  of  contents  wUch 
renders  a  detail  in  this  place  unnecessary.  We  therefore  have 
little  mote  than  a  few  detached  observatiotM  to  oifer  by  way  of 
preface* 

After  Fncttons^  the  arrangement  in  Algebra  is  not  exactly 
similar  to  that  usually  found  in  more  extensive  treatises.  Some 
reasons  are  given  for  a  particular  deviation  (p*  6d).  And  it  is 
from  considerable  experience  in  teaching  that  we  were  induced 
to  prefer  the  order  in  which  the  several  rules  or  parts  follow  one 
another.  Learners  however,  generally  consider  the  management 
of  radical  quantities  as  the  most  difficult  task  in  Algebra:  a 
skiaster  therefore  may  sometimes  perceive  the  necessity  of  bring- 
ing  a  student  forward  to  a  particular  extent  in  Quadratic  £qua« 
tions  before  he  enters  upon  Sutds. 

The  examples  of  extracting  roots,  Art.  109^  may  not  be 
thought  sui^cient  to  illustrate  the  general  rule ;  but  the  alge* 
braist  will  repAember  that  the  two  right  hand  figures  of  the  divi« 
^knds  in  extracting  the  cube  root,  three  in  extracting  the  4th 
root«  and  the  four  right  hand  figures  in  those  of  the  5th  rodt, 
tec,  are  always  peglccted  in  making  the  division.    But  the 
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method  derived  from  Dr.  Halley's  fonnuIaB  is  preferable  to  all 
others. 

After  the  Algebra  was  drawn  up,  we  found  an  investigation 
of  the  Binomial  Theorem  in  M.  Dubourguet's  Algebra  by 
means  of  the  same  artifice  as  that  in  the  work  quoted  p.  H9  ; 
the  author  has  extended  the  demonstration  to  fractional  and 
negative  indices. 

The  different  series  to  which  Art.  172 — 181  are  an  introduce 
tion,  may  be  reckoned  among  the  speculative  parts  of  mathe* 
matics.  The  prBicipal  theorem  in  the  Arithmetic  of  Infinites 
however^  is  deduced  from  the  Differential  Method,  (Art.  179)  ; 
the  application  of  this  formula  has  been  of  considerable  use  in 
the  subsequent  part  of  the  volume. 

In  treatiog  of  the  Conic  Sections,  the  fundamental  property 
or  the  equation  of  each  curve  is  derived  from  the  solid :  after- 
wards they  are  considered  in  piano;  and  as  the  expressions  for 
the  ellipse  and  hyperbola  differ  in  nothing  but  the  signs  +  and 
— -,  the  same  demonstration  frequently  answers  for  both  sections 
by  only  changing  those  signs-;  for  which  reason  the  enuncia- 
.  tions  of  some  properties  of  the  hyperbola  are  thought  suf&cicnt. 

That  part  of  Mechanics  which  relates  to  the  Centre  of  Gra« 
vity  is  given  at  some  length  on  aceouot  of  its  extensive  use.  In 
Art.  386,  387,  3889  different  methods  of  computing  the  thick- 
ness of  walls  or  revetments  are  compared.  The  results,  as 
might  be  expected  from  different  hypotheses,  vary  considerably. 
By  adopting  the  method  however,  in  the  first  work  refered  to 
(p.  383),  we  evidently  are  led  to  the  following  conclusion  (p.  386) 
which  is  correct  only  in  the  case  of  a  fluid,— namely,  that  the  la- 
teral  pressureof  a  body  of  loose  earth  depends  on  its  height  without 
any  regard  to  thickness. — But  as  all  the  computations  are  found, 
ed  upon  uncertain  data,  no  correction  of  principle  is  attempted  : 
md  the  only  alteration  is  that  of  giving  a  more  convenient  forn^ 


fREPACE.  V 

to  M.  Belidor's  solution,  which,  as  it  nearly  agrees  with  the 
practice  of  Vauban,  seems  the  least  liable  to  except i(jn.  All 
theories  however,  respecting  the  strength  of  walls,  and  also  that 
of  timber y  must  necessarily  be  imperfect.  On  the  latter  subject, 
sec  an  account  of  the  very  extensive  and  laborious  experiiufnta 
of  M.  de  Bufibn  in  Mem,  Acad*  des  Scicjices,  1740- 

The  speculative  mechanician  therefore  will  seldom  ifind  an 
exact  agreement  between  his  conclusions  and  the  results  from 
experiment;  particularly  in  what  relates  to  the  working  of  ma- 
chinery, because  no  theory  of  Friction  has  yet  been  discovered 
by  which  its  effects  can  be  calculated  ;  for  that  reason  the  sub* 
ject  is  not  considered  in  the  following  pages.  # 

As  a  work  of  this  kind  must  unavoidably  consist  of  abridge- 
ments, considerable  care  was  bestowed  in  selecting  what  appeared 
the  most  useful  to  students  wh6  have  not  an/)pporiunity  of  peru- 
sing the  separate  and  more  diffuse  treatises  on  the  different  sub- 
jects. Some  new  solutions  are  introduced  :  but  the  mailiema- 
lical  reader  cannot  expect  much  new  matter  in  any  form. 

To  conclude.— -The  experience  of  two  or  three  years  prnvf  <; 
that  it  will  not  be  necessary  to  extend  the  Course  beyond  this 
Volume  for  the  use  of  the  College.  Those  Officers  or  Cadets 
who  may  gain  a  thorough  knowledge  of  the  principal  matters 
contained  in  both  volumes  during  their  stay,  and  are  inclined  lo 
continue  the  study  of  mathematics  after  quitting  the  Institution, 
will  consult  books  professedly  written  on  the  higher  branchc-*, 
and  pursue  their  researches  without  the  assisti^^oe  of  a  master.     ^ 


High  JFycoml, 
June  6,  180^. 
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DEFINITIONS  and  NOTATION. 

1 .       A    LGEBRA  is  a  science  which  treats  of  the  properties  of 
-^jL    numbers  in  general,  by  means  of  the  numeral  figures 
and  other  s^nibols;  it  is  therefore  called  Universal  Arithmetic: 
and  sometimes  AnalysiSy  or,  the  Analytic  Art. 

2.  In  the  operations  by  common  Arithmetic  we  employ  the 
numeral  figures  only,  but  in  Algebra  it  is  usual  to  represent 
quantities  of  every  kind,  both  known  and  unknown,  by  letters 
of  the  Alphabet;  and  in  this  consists  its  peculiar  excellence, 
because  the  reasoning  is  carried  on  with  the  letters  or  symbols, 
whose  values  are  to  be  found,  in  the  same  manner  as  with  those 
which  denote  given  quantities. 

3.  The  initial  letters  of  the  alphabet,  a,  t,  c,  d,  &c.  are 
commonly  put  for  given  quantities;  and  the  final  letters, 
jc>  !fj  ^i  ^9  8cc.  for  those  that  arc  unknown,  or  required. 

4.  The  leading  marks  or  characters  of  abbreviation  are  given 
in  the  Arithmetic ;  but  a  more  particular  explanation  will  be 
necessary, 
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-4-  plusj  signifies  addition:  this  is  called  the  affirmative  or 
positive  sign. 

—  minus,  signifies  subtraction  i  the  negative  sign. 

X   fintojy  signifies  multiplication^ 

-f:  division. 

zz  equal  to,  the  mark  for  equdlity. 

Thus  a  +  i  is  read  a  plus  l,  and  denotes  the  sum  of  a  and  h. 
Let  fl  =  8,  t  r=  3,  and  c  =:  1 1  : 

then  a  +  i  =:  c  (a  plus  I  equal  to  1 1 )  or  8  -f-  3  n  1 1 . 

«  —  Z*  is  read  a  minus  t,  and  shews  that  the  quantity  repre- 
sented by  i  is  to  be  subtracted  from  that  denoted  by  a. 
If  a  =  8,  b  =:  3,  and  d  n  5  : 

then  a  —  b  =.  d  {a  minus  b  is  equal^o  d)  or  8 —  3  =  5. 

a  X  b  (a  into  Z')  denotes  the  product  of  a  and  b. 
If  a  n  8,  t  z=  3,  and  en  24 : 

then  a  >c  i  =  c,  or  8  X  3  n  24.     Here  a  and  t  arc  the 
factors  of  the  product  ab. 

But  simple  factors,  as  a,  i,  c,  &c.  are  usually  placed  without 
any  mark  or  sign  between  them,  to  denote  their  product :  some- 
times however,  a  full  stop  is  used  : 

Thus  a  X  b,  or  ai,  or  a.6,  signify  the  product  of  b  and  q. 
And  ^abc  the  continued  product  of  the  factors  4,  a,  fc,  c. 
If  a  =  2,  6  =  3,  and  c  =  5;  then  4aic  iz  4  X  2  X  3  X  5  z:  120. 

fl  -7-  6  shews  that  a  is  to  be  divided  by  b.     But  the  usual  form 
of  setting  down  the  quotient  is  that  of  a  vulgar  fraction ; 

thus  7,  which  denotes  the  quotient  of  a  divided  by  6 

(37.  Arith.) 
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Also  denotes  the  quotient  of  a  +  b  divided  by  a— c. 

Let  azz4y  b:=:  5,  and  c  iz  2;  then  a  —  b,  or  t=  t* 

And  =- -^h 

a  —  c      4  —  2 


5.  An  Equation  is  known  by  the  symbol  =:  (equal  to) : 

Thus  Af  =  a  +  6  is  an  equation^  shewing  that  x  is  equal 
to  the  sum  of  a  and  i. 

6.  The  character  co  denotes  the  difference  of  two  quantitiei 
when  it  is  not  known  which  is  the  greatest : 

Thus,  a  ^  b  denotes  the  difference  of  a  and  b. 

7.  Proportions  are  set  down  as  in  Arithmetic  (92.  Arith.) 
Thus  a  :  b  ::  c  :  d,  are  read^  as  a  is  to  b,  so  is  c  to  d* 

8.  >  danoies  greater ;  and  <i  less: 

Thus  a>  b  signifies  that  a  is  greater  than  b  : 
and  c  <  a,  that  c  is  less  than  a. 

9.  A  bar  or  line  drawn  over  several  quantities,  denotes  that 
they  are  to  be  taken  collectively ;  this  is  called  a  vinculum  :  a 
parenthesis  or  brackets  are  also  used  for  the  same  purpose : 

Thus  a-*- 6  X  c —  d 
a  +  6  •  c — d 
(a+ijx(c— d) 

{a+b)  (c— d),  all  denote  the  same  thiijg; 
namely,  that  the  sum  of  a  and  b  is  to  be  multiplied  by  the 
difference  c — d. 

And  [a  -\-b)  —  ( —  rf  +  c)  denotes  that  —  d  +  -c  is  to  be 
subtracted  from  a  +  £• 
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10.  The  Co- efficieftt  of  any  ierm  is  the  number  or  known 
quantity  prefixed  to  it,  and  denotes  how  many  times  it  is  taken  : 

Thus  4  is  the  co-efficient  in  the  quantity  4a. 

And  in  the  quantity  sbxy  if  b  is  given,  and  x  is  unknown, 

then  Sb  is  the  co-efficient  of  the  unknown  quantity  x. 
Also  in.  10  (a  +  6),  the  co-efficicnt  of  a  -f-  6  is  10. 
And  1  is  the  co-efficient  of  a,  for  1  x  a  is  a- 

Also  J  is  the  co-efficient  of  -,  for  ^a  is  the  same  as  -. 

4  4 

11.  Powers  are  denoted  by  a  small  figure,  called  the  index  or 
exponent  (ill.  Ariih.) 

Thus  fl*  (the  square  of  a)  is  the  same  as  a  x  ^^  or  a<^- 
a^  the  same  as  a  x  a  x  flf  or  acta. 

a*  denotes  a  raised  to  the  wth.  power. 
(6  +  c — d)^   denotes  the  5th.  power  of  the  com- 
pound quantity  /;  +  c  —  d:  and  [b  +  c  —  df  its  nth.  power. 

12.  \/'is  the  radical  sign,  and  shews  that  the  root  is  to  be 
taken. 

Thus   v^81  is  9,  viz.  the  sqrare  root  of  81  is  9. 
/^27  ~  3,  or  the  cube  root  of  27  is  3. 
Va"*  z=  a,  or  the  4th  roc^t  of  a^  is  a. 
•^(a-+-  ft)  denotes  the  cube  or  3d.  root  ofa  +  b. 
^/(a'-h^^),  the  72th  root  of  a'-f-i^. 

But  fractional  indices  arc  ratlicr  uiore  commodious; 

Thus  {a  +  b)i  is  the  same  as  v^(«4-A),  each  denoting 
the  square  root  of  a+  b, 

[a  +  i&)i"  is  the  same  as  y^(a  -t-  fi). 
(a^4-/J'j«,  the  sameas^(a*+6^j. 


DEFINITIONS    AND    NOTATION,  S 

]  3.  A  rational  quantiiy  is  that  which  has  no  radical  sign  (t/) 
or  index  annexed  to  it^  as  by  or  bca^ 

14.  A  surd  or  irrational  quantity  is  that  which  has  not  an 
exact  root,  as  |/5,  or  v^a',  or  (a +  6)^. 

J  5.  The  reciprocal  of  any  quantity  is  1  divided  by  that 
quantity : 

Thus,  the  reciprocal  of  b  is  t- 

and  the  reciprocal  of  -  is  -. 
^  c      a 

16.  Like  or  similar  quantities  are  such  as  differ  only  in  their 
co-efficients,  as  5a  and  a,  or  Slbc^x  and  —  3bc*x. 

17*  Unlike  quantities  are  those  which  consist  of  difierent  let- 
ters, or  different  powers,  as  26  and  a,  or  —  3a  and  4tt%  or  hob 
and  bab^* 

1 8.  Like  signs  are  aU  affirmative  ( 4- ),  or  all  negative  (— ) : 
Thus,  aj  by  a  +  c,  4a%  are  all  affirmative,  or  supposed 

to  have  the  sign  +  ;  these  are  called  positive  quanti- 
ties. And  —  ^axy — 36,  — a,  have  all  the  negative 
sign ;  these  are  called  negative  quantities. 

19.  Unlike  signs  are  when  some  are  positive  and  some  nega- 
tive, as — 4a6-t-36r,  or  3;r — 46. 


20,   Simple  qvantities  are  those  which  consist  of  one  term 
only,  as  3a6,  or  -r,  or  —  Tac^. 


dl  •  Compound  quantities  consist  of  several  terms, 

asa  +  6,  or3i  — 2a,  or  {h  +  c)x(d — a). 


^  ALGEBRA. 

S2.  A  Binomial  consists  of  two  terms;  a  trinomial  of  three; 
a  Quadrinofhial  of  four^  &c« 

Thus  a  +  lis  binomial: 

a  —  i+c,  a  trinomial : 

2a — S^  +  c — 4d,  a  quadrinomial, 

sa.  K  Residual  quantity  is  a  binomial  having  one  of  its 
terms  negative,  as  2a  —  c, 

24.  Composite  quantities  are  those  produced  by  the  multipli- 
cation of  two  or  more  terms  called  lis  factors : 

Thus  3ahc  is  a  composite  quantity,  its  factors  being 

3,  a,  by  c. 
And  Sabc  is  the  common  multiple  of  3,  a,  b,  c. 

25.  G^^;e7^  quantities  are  those*  whose  values  are  known, 

26.  Unknown  quantities  are  those  whose  values  are  un» 
known,  or  required. 

N.  B.  By  quantities^  in  these  Definitions,  we  under- 
stand  such  magnitudes  as  can  be  represented  by  numbers. 

27.     Examples  illustrating  the  method  of  representing,  or  conibining 
numbers  qr  quantities  algebraically. 

Let  a  =  5  c  =  I 

*  =:  4  d  =  0. 

Then  4fl«  —  Gate  +  ab*  =  100  —  120  +  80  =  60. 

(«*  —  *')  X   (^  —  ^)  =  25  —  1*6  X  5  —  4  =  9  X   1  =«. 
.    •'(A  —  c)  (2a  -^  2dc)  =  21  X  2  =  42. 
7(^-— c)  X  2a  — 2^  =  21  X  10  —  8  =  210  —  8  =  202. 

^'  X  c</+  |x  |  =  -V5?-X  O  +  Jx  1  =  0  +  ^=1. 
<«•-  *»)*  X  («+  *)  =  (25  —  16)*  X  9  =  3  X  9  =  2T.    " 
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(^>  — i«)i  X  fl  +  ^=(25— 16)*x  5  +  4  =  3  X  5+4=19. 
€ib  —  (a  — *  — c-hrf)  =  20— 0  =20. 
o*  —  (^  '  +  fl  —  c)  =  2  0  —  20  =  0 . 

-j,^J^jX(.+  *  +  .)=-.-X   10=100. 

W«+  c  -  i"^*  =  (S 1  X  3)*  =  ^243  =  7.   ' 

(tf  +  ^)  •  (a  —  ^)  —  (fl  -t-  ^  -#-  c)  =  9  X  1  —  10  =—  1. 

t/fl^  X  V^  =  V^O  X  t/20  =  20. 

\/hc  X  l/flA  =  i/4  X  t/20  =  2^20. 

{3aA  +  *)T  =2  64*1  ss  ^64  «  =  4096*  =  16. 

^€0  a=  1. 

^  ±  ^>  <)'  ^  /^''^  ^"^  mtnttf  &  =:  5  db  4  ==  9,  and  1. 
«  =  a^ — c,  or  X  =  20  —  1 ,  or  jr  =  19. 

[V^(fl»— 5«)  X  (rf«  +  8rf)]*=  (i/(25-  16)  X  9)*=(3X9)*=3. 


ADDITION. 

28.  The  Addition  of  Algebraic  quantities  is  performed  by 
collecting  those  that  are  alike  or  similar  into  one  sum^  and  set- 
ting down  that  sum,  together  with  the  unlike  quantities^  all 
with  their  proper  signs. 

29,  When  the  quantities  are  alike,  and  have  like  signs,  a4d 
their  co-efficients  together,  and  prefix  the  sum  to  the  letter  or 
letters  common  to  each  term. 

Thus«  suppose  the  sum  of  the  affirmative  quantities  2a,  5a,  la,  a,  and 
3a  is  required : 

2a 
5a 
la 
a 
3a 

Sum     18a 

Here  it  is  evident,  whatever  be  the  value  of  a,  that  the  sum  2a+  Ba-^ 
'ia -^  a '•f' 3a  la  18a ;  where  18  is  the  sum  of  the  co-efficients. 
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let  fl  =  4 :    then  2«  =    S 

ba  =  20 

7/1  =  28 

a  zn    \ 

3a=  12  ' 

72=  I8a=  13  X  4.    V 

If  the  quantities  were  negative,  or  —  2a,  — ha,  — la,  —a,  — 3^,  the* 
«>m  would  be  denoted  by  —  18a. 

30.  When  quantities  are  alike,  but  have  different  signs,  take 
the  sums  of  the  affirmative  and  negative  co-efficients,  respectively, 
and  subtract  the  less  from  the  greater,  then  prefix  the  sign  of  the 
greater  to  the  difference,  and  subjoin  the  common  quantity. 

Let  the  sum  o{2aB^ab,  iab^2ab,  lah-^5aB,  and  ah  — ah,  be  re- 
quired : 

2a5 —    a5 

^ab  —  ^ab 

lab  —  5fl* 

ab '—   ab 


Hab  —  9ab  =  bob  the  sum. 
Now  14— S  =  5,  therefore,  the  sum  is  -^  bab  or  bab. 

Let  /z  =  2,*  =  1  : 

Tlien  2ab—    ab  =    4  —  2 

4ah  —  Qab  =8  —  4 

lab  —  5abz=:  14 —  10 

£b  —    ab  =z    2  —  2 


28  —  18  =  10  =  bab  the  sum. 

This  process,  however,  in  which  subtraction  is  blended  with 
addition,  is  evidently  nothing  more  than  adding  together  several 
differences :  • 

For  Qab  —    ah^rz    ab 
Aab  —  2ab  =  2ab 
lab  —  bab  =  2ab 
;  ab  —   ab=z    0 

bab  the  sum  of  the  differences,  as  before. 
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31.   If  the  negative  coefficients  together  exceed  the  affirmative 
ones^   the  sum  will  be  negative  ; 

Thus,  the  sum  of  —  2tfA  +    ab 

—  lab  4-  Sa6 
^^   ak^    ah 


is  —  14fl^  H-  9ab,  or  —  Sab. 

32.  When  the  positive  and  negative  coefficients  are  equal,  the 
sum  becomes  =  0 : 

TIuH,  let  the  quantities  be  2*  H-  a  —  3«,  * — 4*  +  a,  and  5«  —  2j  —  xi 
2*— "3x4-    a 
X  —  4;c  +    a 
Sx —   *  —  2a 


sum  8*  —  8x  4-  2a  *-  2a  =  0. 
For  8«  —  8«  =  0 ;  and  2a  -*-  2a  =  0« 

33.  Sometimes  the  terms  may  be  collected  mentally  without 
setting  them  down  one  under  another. 

Thus,  suppose  the  quantities  to  be  added  or  abridged  are  3  t/  ajf  +  7» 
C  ^ax — 20,  and  18  —  V  o^*  t^i^n  the  order  of  set  ting  down  the  sum  may  be 
thus,     5  ^  ax  —  t/fl«  +  7  +  18  —  20 
or,    4  |/  a*  +  25  —  20,  which  is  4  y^  a*  +  5,  the  sum. 

34.  When  quantities  are  unlike,  and  have  like,  or  diffisrent 
signs,  collect  those  tljat  are  similar  together,  as  in  the  foregoing 
examples,  then  set  the  whole  down  with  their  proper  signs. 

Thus,  if  theterms  are  —  ba  and  -f-  ca,  they  may  be  set  down 
thus,        —  ba+  ca 
or  thus,         ca^~~  ba 
or  thus,         (c  —  6)  a. 

Let  a  =  4,  *  =  2,  c  =  5: 

then,  ca  —  Aa  =  20  —  8=12 
or,      (c^*)  a=  (5—2)  X  4  =  1«* 
VOL.  II.  C 
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It  therefore  appears,  that  when  the  quantities  are  all  unlike,  the  mim!x?r 
of  terms  cannot  be  abridged,  which  is  also  evident  from  tlie  following  ex- 
ajnple: 

OK  —  ba 

^^cx  ^  dx 

gx-^hx 

sum    ax  +  dx  +  gx  —  bx-^cx-^hx 
or,    la  +  d  +  g-^b-^c  —  h)x. 

35.  If  however,  c,  J,  g,  i,  c,  h  (the  coefficients  of  x)  arc 
given  quantities,  the  whole  may  be  reduced  to  one  term : 

Thus,  letaszrfi,  rf=10,  ^  =  5,  5=  12,  c=4,  A  =  3: 
then  {a  +  d  +  g^b^c^k)  »  will  be  (21  —  19)  *or2«. 

Other  Examples, 


—  2*^  +  2^^  +  15  ^|/(-.21+;k»)+  10— am* 

i*y  — z'^1 


(fl—ljjxy-hy^z  — a»         (*  — fl)  (*•— 2-)  »H-  (J  — fl)m7  4-52 


SUBTRACTION. 

36.  Chargb  the  signs  of  all  the  terms  to  be  subtracted,  anil 
then  collect  the  several  quantities  together  as  in  Addition. 

Thus,  if  Sfl  —  3fl  is  to  be  subtracted  from  ia : 
then  ba  —  3fl  when  the  signs  are  changed 
will  be  —  3fl  +  3fl,  to  this  add  ia  and 
we  have  —  5^  -*-  3fl  4-  4a 

or      7a  —  ba  or  2a,  the  required  difference : 
Therefore  the  truth  of  the  rule  is  manifest,  because  5«  —  3ii,  or  8a  takes 
from  4a  leaves  2a. 
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37.  Again,  if  •:?*  — 4*  (or  — 2^)  is  to  be  taken  from  3i:  then  if  the 
Kgnsof  26  —  46  are  chaoged,  and  3*  added,  we  have  —  2*  +  46 -h  3^,  or 
yb  —  Qb,  or  S6  the  required  diflereuce. 

Therefore,  subtMcting  -^  23  is  the  same  as  adding  9i:  con- 
sequently subtracting  a  negative  quantity  gives  the  same  result 
as  adding  an  equal  positive  one, 

38.  When  the  quantities  are  alike,  and  have  numeral  coeffi- 
cients, the  operation  may  be  performed  as  in  common  arithme- 
tic^ if  those  to  be  subtracted  are  the  least : 

Thus,  from  —  7*  -I-  3r  —  4y 
take  —  5x  H-    z  —  3j^ 

rem.  —  2jc-#-2js —  y 


Other  Exaffiptes, 

From       Qax  —  ^x-h^cx  5  i/ « —  32* 

take  —  djc  +  QjX'^  P.gx  ^^ax+2z* 

diff.      2fl;r  — Aa  +  3cA:+rfx— 2/r  +  3^JC  GVax-^bz* 
'    or      (2a  -t-  3c  -K/  +3^  — ^  —  2/)  jg. 

From     (ax  + .;/)  *  -h  jmx  —  y'  («  '  —  «*) 
take  3a  (iijr  +  >;*  +  f^mx  +  a  )/  (a*-- A*) 

By  uniting  the  coe/Ticients,  as  in  the  last  example,  the  results  ate  fre- 
queatiy  simplified. 


MULTIPLICATION* 

39.  The  general  rule  for  the  signs  in  the  product  is^  that  likt 
signs  produce  plus  (+),  and  unlike  signs  minus  ( — )• 

TI)U8    +flX  +  3,  or  ax*  gives  +  «*  or  ab. 
And     — -  a  X  *-  *  is  ^^Iso  4-  ab  or  ab. 
But      +  fl  X  —  *  produces  —  ab, 
C  9 
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40.  Simple  factors,  as  a,  6,  c,  &c.  may  be  set  down  in  any 
order  to  denote  their  product : 

Thus  a  X  6  X  c  IS  the  same  as  abc  or  bca  or  cba,  &c. 

For  suppose  a  =  2,  *  =  3,  c=:4: 

Then  abc=:  :4  the  continued  product  of  3,  4,  and  2,  any  how  varied. 

41.  When  the  factors  have  numeral  coefficients,  prefix  their 
product  to  the  letters  with  their  proper  signs : 

Thus  3fl  X  'lb  is  ^,ah\  this  is  manifest,  if  it  be  admitted  tliat  ab  denotes 
tlie  product  of  a  and  b-. ' 
for  the  factors  of  Za  x  25  are  3,  2,  a,  and  h, 
and  therefore  3x2X«X^is  the  same  as  6  x  ah,  or  Qab, 

42.  When  a  factor  is  multiplied  into  itself,  the  product  be- 
comes a  power  whose  root  is  that  factor  : 

Thus  ^  X  ay^ai^xaaaox  a^  is  the  third  power  or  ruhe  of  ^;  uherr 
the  small  figure  3  is  the  index  or  exponent  (1  !)•  And  the  cube  root  of 
a  '  IS  a« 

And  aaaay  &c.  repeated  fo  «  times  is  a^^ 

And  the  «lh  root  of  a^  is  a. 

Also  ah  X  ab  is  abab  or  aa/^b  or  a»3«;  tl.erefore  (fl^)Ms  aH^ 
And  (rA)"  is  cV. 


Other  Examples. 

4b  ^J  ^ 

Product    2^db  ^Vcd 


—  Sx^z     .  3vA 


H-  'labxi^z 

—  i  Jv- 
Produce    -5a«3^'  i.<,-3^  ~^^y-J^ 

43.  When  one  of  the  factors  is  a  compound  quantity,  the 
product  ,s  found  by  multiplying  each  of  its  terms  by  the  other 
factor : 

Thus  a  +  *  multiplied  by  £  is  ca  +  (&, 
And  a  —  b  multiplied  by  c  is  ca  —  cb. 
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That  ca  H-  ch  is  the  product  of  the  factors  a  +  *  and  c,  will 
be  manifest,  if  we  consider  that  the  whole  is  equal  to  all  its 
parts  taken  together : 

For  let  mc  be  the  whole  product  of  the  factors  c  and  m  ;  then 
this  wliole  {mc)  is  made  up  of  several  products,  as  imc-h  \mc, 
or  ywc -4- ^Twc  +  ^Twc,  &cc.  &c. ;  tl'C  efori,  whatev  ■  'x*  the 
number  of  parts  into  which  m  is  divided,  the  products  of  those 
parts,  and  the  factor  c,  taken  together,  will  be  equal  to  the 
whole  product  mc.  If,  therefore,  we  consider  a  and  b  as  the 
parts  of  a  whole^  the  two  products  ca  +  cb  will  denote  the  pro- 
duct of  a  -t-  ^  and  c. 

Let  a  —  6,  ^  rr  2,  and  c  =  3  : 

Then  ca  +  c^  =:  18  -;h  6 1=  24,  the  same  as  the  sum  6  +  2 
multiplied  by  $• 

Again,  let  fn  —  Jm,  and  c,  be  two  factors ;  then  their  pro- 
duct will  be  equal  to  the  difference  of  the  products  mc  and  ^mCy 
or  equal  to  mc  —  ^mc  ; 

For  mc  —  -^mc  =:  ^mc,  which  is  the  same  as  (m  —  im)c,  or 
im  X  c. 

Here  it  is  evident  that  instead  of  m  and  ^w,  we  may  make 
use  of  any  other  two  quantities  whose  difference  can  be  ex- 
pressed in  a  simple  term.  Ii  therefore  appears  that  when  a  and 
b  are  quantities  which  can  be  compared,  the  product  (a — l)c  is 
equal  to  ca  —  cb. 

The  same  conclusion  however,  will  be  manifest,  if  we  con- 
sider, that  in  order  to  have  the  product  of  a — b  and  c,  the  pro- 
duct ca  must  be  diminished  by  c  times  by  because  a  is  greater 
than  a  —  b  hy  b. 

Hence  +  c  x  —  b  or  —  b  x  c  is  —  cb,  therefore,  unlike 
signs  give  minus  ( — )  in  the  product. 
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CoroL  Therefore  a  compound  expression,  as  axyx  —  bxy'z^ 
9cxyz,  where  one  of  the  factors  (xyz)  is  common  to  all  the 
terms,  may  be  set  down  thus  :  (a  —  l^  9c)  xyz. 

44.  When  both  the  factors  are  compound  quantities,  multiply 
all  the  terms  of  the  multiplicand  by  each  of  the  terms  in  the 
multiplier ;  then  collect  the  several  products,  as  in  Addition. 


Thus,  let  a  —  c  be  multiplied  by  *  —  d; 


Product    ab  —  bc^da-^^dc 

By  the  preceding  article,  the  product  of  a— r  by  b  is  ai  —  Ic, . 
which  would  be  the  true  result,  provided,^  was  the  only  multi- 
plier; but  the  multiplier  is  less  than  b  by  d,  and  therefore 
the  product  ab  — ^c  is  d  times  a  —  c  greater  than  what  ought 
to  be  produced  by  the  multiplier  b  —  d,  consequently  d  times 
a  —  c  should  be  subtracted  from  ab  -^bc  to  have  the  true  pro. 
duct : 

Now  d  times  a  —  c  is  da  —  dc,  which  subtracted  from  ab  — 
be,  gives  at  —  be — da  +  dc{36) ;  the  same  result  as  by  the 
rule.  Therefore,  — ex  — d  is  +  dc;  and  consequently  like 
signs  give  plus  (-J- )  in  the  product. 


Other  Extiniples. 

5j//  — fl^  +  »              — 2J-2  +  jr 

Sa^  +  2«J— y» 

Aa                              —14 

3ax 

roduct  20Axy  — 4fl*A  +  -1as       3j:r — I4< 

:W^*+6flA*— 3flX^3 

*+  1                                                    «+y 

«+ 1                                   «— y 

j«-+.j»                                          «*-*-*y 

-i-*+i                                 — fy- 

'^^ 

jt*4.2.»-+.l  the  square  of  «+l.    *» 

-y«orxa— 3^,  viz.  the 

duct  of  the  sum  and  dificr«&ce  of  tvo  aumbeis  is  equal  to  the  diifereace  of 


MULTXPLICATIOM.  13 

«'-f-AV+Ay*  +  i^^  jr*  — «*  +  **  —  * 4- 1 


—  v4or**~v*      «^  -Hlor^  +  1. 


x»-  —  ax  J^b 

jt^  +  CA*  —  ax*+&c  —  onr-^o^ 

'  ,  ;  ;  .  \  j.(  _,  .A  C  '>y  uniting  tne  coefficients  a,  c,  h» 
or,    X*  —  {a — c)  **  —  {ca  —  6)«<4-fd   >    •'  ^  '  ' 

In  this  example  let  fl  =  4,  c  =  2,  *=s3:  then  the  two  last  expressiooft 
will  be 

« »  +  (2  —  4)  X*  -«-  (3  —  8)  « -I-  6,  or  ar »— .  3jc»  —  5j:  4-  6. 
«3  —  (4  —  2)  *»—  (8  —3)  X  +  6>  or  « *  —  2ji»  — 5x+  6. 

But  if  c  is  greater  than  a^  and  b  greater  than  ea^  then  «*  and  x  with  their 
coefficients  ^ill  be  affirmative.' 

45.  Because  a><a  is  a%  ax^xaisa^axaxaxaXa 
IS  o*^  8cc.  (42) ;  it  follows^  that  the  addition  of  the  indices 
answers  to  the  multiplication  of  the  factors  (lU,  Arith.)  for 

6  3  S         ^    I   3 

^    X  a    ^^a    zza  y  &c.     Therefore,  when  powers' of  the 

tame  quantity  are  to  be  multiplied  together,  add  the  indices  to- 
gether for  the  index  of  the  product  : 

Thus  axa=a'^^ox  a*  fl*x»Xfl^x»=rfl^+^x^+^  or  flS  xK 

«»Xa=a2+»ora3  /*x«'"=^''-^' 

^3x«'=a^+^or^  /'^^XaA=a''+^A^  +  ^  = 

And  {a^xi'x  {fl^-^ ^f  X  {a^-x^'  is  (a«-*«f +'"+'' 
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46.  Division  in  Algebra,  as  in  common  Arithmetic,  con* 
siBts  in  finding  a  quantity  which  multiplied  by  the  divisor,  shall 
produce  the  dividend. 

Therefore,  the  rule  for  the  signs  will  be  the  same  as  in  Mul- 
tiplication 'y  namely,  like  signs  give  plus  in  the  quotient,  and 
unlike  signs  minus. 

Thus  +  a6  divided  by  +  ^  gives  +  a;  for  a  x  b  is  ab  the  dividend. 

Also  —  ab  divided  by  —  b  gives  -h  a;  because  —  b  x  a  is  —  aA  the  di-. 
Tidend. 

But  when  ab  is  divided  by  —  b,  the  quotient  will  be  —  a;  for —  *  X  —  A 
i»  +  fl*  or  ab. 

47-  When  the  divisor  and  dividend  are  simple  quantities,  the 
quotient,  in  most  cases,  may  be  discovered  by  inspection  only, 
if  we  make  a  fraction  of  the  terms,  and  consider  it  as  the  result 
of  the  division  (3?.  Arith.) 

Thus  if  3  be  divided  by  9,  tlie  quotient  fe  |  or  ^ : 

In  like  manner  when  3abc  is  divided  by  be,  the  quotient  may  be  denoted 
^abc 

And  dividing  the  numerator  and  denominator  by  the  factors  {he),  iwhich 
arc  common  to  both,  we  have     rr  =  -j-=3a  the  quotient: 

For  be  (the  divisor)  X  3fl  gives  3abc  tlie  dividend. 

OlAer  Examples* 

Divide  iSaxy  by  —  3ay 
i^  =5  — .  5«  the  quotient :  for  —  3«y  X  —  5*  =:  ISaxy. 
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Dinsxon.  ir 

bivide  —  7fl*  «"  by  —  Uaz. 
■  _^       ■  =  j^  the  quotient:  for—  liaz  x  itfzss— 7a*  z\ 


a^z^ 


Divide  —  «'«*  by  5tf8*, 
^^=  — ^a«z  the  quotient:  for-^jfl"»X  5<r*s=:— a^s^. 

Divide  iaxy  by  43x^« 

Divide<— 5zjv  by  —  lOosri 
-;±iii=  L  the  quotient 

The  preceding  operations  are  evidently  axulogous  to  that  of 
reducing  Fractions  to  their  lowest  terms  in  Arithtnetic; — 
(39.  Arithi)  ' 

48.  Divide  3jry  by  Saz.  Here  the  divisor  and  dividend  Imtc  no  com- 
mon  factor,  and  therefore  the  quotient  is  -r^. 

40.  Wheii  powers  of  the  saiiie  quantity  are  to  be  divided  one 
by  the  other^  subtract  the  index  of  the  divisor  from  that  of  thfe 
dividend,  and  the  dilTerence  will  be  the  index  of  the  quotient. 


5—2 
Thus  «'  divided  by  a*  gives  a  or  J '  the  quotient; 

For  fl«x  a^zza^  (45). 

Or  denoting  the  quotient  by  the  fraction  — —,  and  reducing  it  toltslow* 
<st  terras, 

^  =  — ^,  -  =5  ^  =  fl^  the  qtiotient 

4—3 
Also    A*  -t-  :c '  is  X  s  x'  Z5  X  the  quotient 

And    X     divided  by  x' is  *     "^  . 


^8  algebrX. 

Also    (c-^gf*  -A,  ic^zyov^-'^^\  -»is{c^zf^\ 

{c^zy 

!iO.  When  the  index  of  the  divisor  is  greater  than  that  v>f  thi( 
dividend,  the  quotient  will  have  a  negative  index. 

Thus  x^  divided  by  xS  will  give  x  or  «        ;   for  3  —  5    is  —  ?• 

(36.31.) 

But  x^  ^  x%  may  be  denoted  by  *j   which  nduced  to  its  lowest  terms 

is-t  therefore  --  is  the  same  as  x  "*   . 
A*  a* 

5\.  l(  the  dividend  be  a  compound  quantity,  and  the  divisor 
a  simple  one,  each  term  of  the  former  must  be  divided  by  the 
latter,  as  in  the  foregoing  examples. 

Thus,  let  ab  —  ac  be  divided  by  a: 
Then  the  quotient  may  be  set  down  thus  — '^ — ,   which  reduced  is 
-"^  ■■  or  *— -c,  the  quotient. 

For  (3  —  c)  fl  is  =s  a*  —  ac 
Or  the  quotient  may  be  denoted  thus ,  and  these  fractions  re- 
duced are  - — r  or* — c  the  quotient,  as'before. 


Other  Examples. 


Divide  6acx  —  8«V — lO^icx  by  l?ac. 

'     '  '    tiac'  ^^^^ — 4/1— TkU  the  q\joliogt. 

Pivide  5x»— I4fl.T4- 16^^  by  7. 

5i*        ]'\ax       \Gz^  5  '' 

^-  —  -TT-  +  -;r-,   or  -  i- — Sfl-x  4-2^2^  the  quotient. 

•  I  <  4  I 
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Divide  9ax^-^  12fl  V  by  —  Sflar. 

==  —  3jc  -}-  4fl*jc  the  quotient. 

Divide  acxJ^cx  —  ac  by  ac* 


■       =  — ^ ,  the  quotient :  this  is  found  by  cancelling 

c,  the  only  factor  common  to  the  whole  numerator,  and  denominator:  but 
if  we  denote  the  quotient  by  three  fractions,  it  may  be  reduced  to  a  more 
simple  lomi :  , 

Thus  -^-f-^.—_  =  x-4»-  —  l^the  quotient.    This,  however,  is  only 

the  former  quotient  reduced:  for  ^^"*"^'~— ts  the  same  a»  ~  +  *  —  ?. 
^  a  a       a      a 

orx  +  '— 1. 

Divide  (a;*-k:;)*+ <iy  by  A*. 
Here  the  divisor  and  dividend  have  no  common  factor,  and,  therefore, 
J- =-  IS  the  quotient 

52t  When  the  divisor  and  dividend  are  both  compound  quan- 
tiiies :  Arrange  their  terms  according  to  the  powers  of  some  one 
Jetter  in  both^  the  higher  powers  being  to  the  left. 

Find  how  often  the  first  term  of  the  divisor  is  contained  in  the 
first  term  of  the  dividend^  and  set  the  result  in  the  quotient. 
••' 
Multiply  the  whole  divisor  by  the  result  thus  found,  and  sub- 
tract  the  product  from  the  dividend :  to  this  remainder  bring 
.down  as  many  other  terms  of  the  dividend  as  are  necessary  for  the 
next  operation ;  then  divide  as  before,  and  so  on,  till  all  the 
t^rms  are  brought  down. 

Thus  to  divide  «*  —  2ab  -{-  &^  by  a  —  ^. 
^     «  — /;)  fl»  —  Qab^h*  (w^b  quotient 

^ab  +  6^ 

—  aA4-  b* 
0 

n  2 
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Here  a,  the  left  hand  tenn  of  the  divisor,  is  contained  a  times-in  «*,  the 
left  hand  term  of  the  dividend,  therefoi^p  a  is  the  first  term  of  the  quotient ; 
and  the  divisor  a — b  multiplied  by  a  is  a* — ab^  which  taken  from  e^^^2ab 
in  the  dividend  leaves  — od;  to  this  bring  down  4-^%  and -r-ii6  4*^*  is 
the  $ecpnd  dividend* 

Next,  «  in  the  divisor  is  contained  —  b  tinies  in  -*  a&  (the  left  hand 
term  of  the  dividend' —  ab  +'i*) ;  therefore  —  6  is  the  second  term  in  the 
quotient:  now  the  divisor  a  —  b  multiplied  by  —  ^  gives—  a3+  b*  the 
second  dividend :  therefore  a — b  is  the  quotient  without  a  remainder. 

For(tf— *)  ^  (a^^b)^^a^^-^Sab^b^;  tlieproof^  as  In  common  arilhr 
ijnetic. 

Ciher  Examples. 

Divide  »»+  1  by  «+!. 

a:+  1)  jri-hl  (x*^x*^x^^x+l  quotient 
y«  +  y^ 

-.«4+  1 


+  *'+! 


+^  +  l 

II       «•■■  ■ 
'     0 

In  this  example,  x  is  contained  «4  times  in  xs,  and  the  divisor  «  4*  1 

multiplied  by  x^  gives  x^  +  x*,  which  subtracted  from  x'  -4- 1  the  dividend 

and  — jc^4- 1  remains,  the  second  dividend. 

Next,  xis  contained  — x'  times  in-r-**,  therefore  — x'  is  the  second 
term  in  the  quotient;  and  (*+  1)  X  — *^  gives  —  jc* — ;r^,  which  taken 
from  —  x^  -{-  1*  and  the  remainder  isH-  x^  -)" '  •    ^^^d  so  on. 

(*♦  —  «*  +  «•  — *+l)x  Cjr  +  l)=AS  +  i.  See  the  multipUcatiiHi, 
Art.  44. 

Divide  6x*r^x —  12  by  2x-*d. 

i?jc— 3)  6**—*—  12  (3«  +  4  quotient, 

+li— 12 
+  8«—  12 
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—  ffjt*  — CflW 


+bx+eb 
j^bx  +  cd 


jc  +  2)  x»*-2»+^  (*^a:  +  —^  the  quotient 
x*  +  xz 

m 

—  XZ — 2* 


Here  y  is  the  remainder,  therefore  ——-'  is  a  fractional  part  of  the  qoo. 

tienty  as  in  the  dividon  of  whole  numbers.    In  these  cases  ho^pever,  thf 

«*  —  2*  4-  y 

quotient  is  usually  set  down  thus,  -  ■ , 

x^z 

^  — 3«r+a»)  4**  — 9ii*ac»+6fl'x— a4  (2a^  +  3«c  —  a*  quotient^ 

~  2rt«A*+  3a'x  —  <^ 
*+y)  «*  — V*  («—y  quotient. 


53 .  By  the  last  example  it  appears,  that  the  difference  of  two 
squares  is  divisible  by  the  sum,  and  also  by  the  differeace  of  their 
foots. 


Againi  *  J^^    =s  a:*  —  jey  +  y*  the  quotient 


*— y 


^  =:  x»  -I-  jry  +  ^»  quotient. 


f! — 3u  =  ac3^j^ty^xy»  — y  quotient^ 


.   • 


4 

-  ~i-  =  x^  -f  jc*y  +  jfy*  +y 5  quotient. 

il±ti=  X*  —  x*y  +  **^*  —  *^«  +  ^4  quotient, 

'^■"^•^■.  ;=  x^  +  X  'y  +  xy  +  *y '  +y*  quotient. 
&c.  ^a 

54,  Hence  we  conclude^  that  x    +  y     is  divisible    by  the 

fum  of  the  roots  ;e-4-y,  and  *  — y    by  their  difference^  wjicn 
the  index  n  is  an  odd  number: 

And  that  ay^-rU    is  divisit|}e  by  the  surn,  and  ^so  by 
the  difference  when  ?i  is  an  even  number^ 


ALGEBRAIC  FRACTIONS. 

5b.  The  learner  should  perfectly  understand  the  theory  and 
practice  of  Vulgar  Fractions  in  Arithmetic,  before  he  attempts 
this  part  of  Algebra,  because  be  will  perceive  that  the  same 
rules  answer  equally  in  both. 

To  reduce  a  Fraction  to  its  lov^'est  Term^. 

56.  Divide  the  numerator  and  denominator  by  the  factoip 
or  factors  common  to  both,  and  ihe  result  will  be  the  answer. 

The  rule  is  derived  from  t^iis  obvious  principle,  that,  if  the 
terms  of  a  fraction  are  multipUed»  or  divided  by  the  same  num» 
t)er  or  quantity,  its  value  is  not  altered. 

Thus,  let  ^  be  the  fraction: 

then  g^  =  j-rr-jjt  therefore  2  is  a  factor  common  to  the  numerator 
and  denominator,  and  because  it  is  the  greatest  pommon  measure  of  6a 
and  8d,  the  ftaotlon  in  its  lowest  terms  is  n. 

40 
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And  —  reduced  is  * ;  ^ora  is  the  factor  common  to  both  tenns. 
ac  c 

Also  ^J^^  reduced  is  ^^^-^;  whcie  $ax  it  the  common   factoid 

2zx  5ax  \Oaxs* 


Again,  ^;"-S  "^^  « ^^^'- 


57*  The  simple  divisors  are  readily  found,  as  in  the  preceding 
examples.  But  to  discover  the  compound  divisors^  let  the  terms 
of  the  fraction  be  resolved  into  their  factors  : 


Thus,  to  reduce  the  fraction  —7 — ^   r      ■  to  its  lowest  terms : 


4fl»i»  —  4fl»y*  _  4fl»  C^*— .y^)  _^4fl»(ic  — 5/)  (x  +  v) 
tx-t^^  /'(jf^^)  f^ix-iry) 

therefore  both  terms  of  the  fraction  are  divisible  hy  x  -^y,  which  is  evi* 
dently  their  greatest  common  measure;    and  the  fraction  in  its  lowest 

terms  is        ^  .   ■       or  ^  » 

58.  But  when  the  numerator  and  denominator  consist  of  sevei^ 
ral  terms^  the  usual  method  of  proceeding  is  to  find  their  greatest 
common  measure  thus : 

Reject  the  simple  divisors  in  both  terms  of  the  fVaction^  then^ 

Divide  the  greater  by  the  less,  and  the  last  divisor  by  the  last 
remainder,  and  so  on  till  nothing  remains ;  then  the  last  divisor 
is  the  greatest  ommon  measure,  as  in  Arithmetic.  (40.  Arith.) 

Thus,  to  reduce      ,.   ,    .  ii.^  ■  ..  ,*  .  'jl  ^o  its  lowest  terms : 

5fi'4-  \0a^b  +  5M'''  _  {a^+^ah^h^)  5a*  . 

"^"  a^b  -h  2«**»  +  ^ab^  +  M  "^  {a  *  +  i^a^Ff  iJflt^  + 1^)  i' 
for  the  simple  divisors  are  5«'  and  ^: 
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Therefore  we  have  to  find  the  greatest  common  measure  o£a*+2ab+b^ 
and  a3 -^2^  ^ 2ail^  +  b^i 

or    «   +.*)  ii*-f2fl&-F^Ca+^. 

0 
The  lirst  remaindef  is  ab^  4r  hi,  therefore  the  next  operation  is  that  of 
finding  the  greatest  common  measure  of  a5*  -)'  h^»  ^^^  ^^^  ^^^  divisor 
«*  4-  2tf*  -h  **,  for  which  reason  we  reject  fi*  the  simple  divisor  of  ab^  +  *», 
and  then  it  is  reduced  to  finding  the  greatest  common  measure  of  a  4*  6 
and  tf^  -i-  2ad  +  ^y  which  is  a  4-  5  the  hst  divisor* 

^  +  *)  "tx  .  o^iAi  .  cTjl,  .  JL.'  (  ^   >!  :    ja  .  Ai  ^^c  fraction -m  hs 
lowest  terms* 

The  reason  that  a^h  measures  the  terms  of  the  proposed  fraction  19 
evident  from  this  consideration^  that  if  a  divisor  measures  a  quantity,  ft 
must  also  measure  any  multiple  of  that  quantity. 

The  simple  divisors  are  2b  and  3/i,  hence  the  fraction  becomes 

{\(^^hah-Jfh'^)2b 

{3fl3  —  3«**  +  flA*  —  A»;  3a ' 

Therefore  we  have  to  find  the  greatest  common  measure  of  tlie  terms  be*, 
tween  the  parentheses  ? 

Now,  that  the  less  may  divide  the  greater,  let  the  latter  b«  multiplied 
by  4: 

3/i3  —  3d»3  +  fl^  —  *J 
4 


ag^iin,  multiply  by 4 

+  Vla^b  +4aA»       ICAi  (3* 
+  \2a^b  —  15flA»  +  3^3 

divide  by  19i* ~...        +  19aA*—  I.9A3 


PHACTIONS.  il 

—  abJ^h^ 

0 
therefore  the  last  divisor  a— - d  is  the  greatest  coQunon  measure. 

lowest  terms. 

59.  The  multiplication  of  the  dividends  (as  in  the  last  ex- 
ample) cannot  affect  the  common  measure,  because  the  divi- 
dends thus  increased,  are  only  multiples  of  the  former  dividends: 
Sometimes  however,  the  necessary  factor  or  factors  for  that 
purpose^  are  not  discoverable  at  first  sight;  .for  example^ 

1«  it  be  required  to  reduce  the  fraction  ^    ,       „ 7  r.^  j      »'A    ■ 

to  its  lowest  terms : 

Here  it  appears  that  a  numeral  multiplier  will  not  answer  the  purpose^ 
and  therefore  one  term  of  the  fraction  must  be  multiplied  by  some  factor 
or  factorsjof  the  other  before  a  division  can  take  place:  but  in  the  present 
case,  the  shortest  method  of  reduction  is  that  of  resolving  the  numerator 
and  denominator  into  their  factors : 

.,        3bcz  4.  bmxz  4-  30mx  +  18  ^  (3bc  +  5mx)  z  -f  30mx  +  18^ 

4adz  —  Ivrz  +  '2\ad  —  42  j/t    "~  (4ad~-^  yvr)  z  ^'24ttd  — .  4t^r 

_  {r^bc  -h  hrnx)  z  +  {jmx  +  3^)  6  _  (3^  +  5mx)  (z  4.  6) ,    .j,_-r__ 
^  (\ad^  Ivr)  z  +  {Aad  —  7rr)  6  ""  (iarf  —  Ivr)  {z  ^  6)'    ^^^^^^^ 

z+6  is  a  common  divisor;  and  the  fractioif  is  reduced  to    •  ^      ^ — , 
^  4ad  —  7  w 

which  is  in  its  lowest  terms. 

To  reduce  an  improper  Fraction  to  its  equivalent  whole  or 
mixed  quantity* 

60.  This  is  nothing  more  than  a  division;  therefore,  divide 
the  numerator  by  the  denominator,  and  the  quotient  will  be  the 
answer.  (53.) 

vol,  II.  » 
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Thus,  if  the  fraction  to  be  reduced  is  — r  : 

2aJb 

CfmlfL  I 

Then  —r  =  Zb  ihe  quotient,  or  the  fraction  reduced  to  its  equivalent 
whole*  Consequently  when  there  Is  no  remainder  after  division,  the  opera- 
tion is  that  of  xeducing  a  fraction  to  its  lowest  terms:  for  -^  =  y,  the 
fraction  in  its  lowest  terms. 


Also    Jy^  reduced  is  *«^xy  +  y».  (53.) 

^nf  B^v  ^OC 

Suppose  the  fraction  to  be  reduced  is =—  : 

a  —  o 

«  —  ^)  3«;  —  4fc  (3c  4 -.,  or  3c  — ? ,  the  quotient. 

a — Q  a  -^  o 

Sac  —  33c 


—  be 


Here  the  remainder  is  r—  he,  therefore  : r  Is  the  fractional  part  of 

a — (f 

the  required  mixed  quantity,  but  this  fraction  is  negative  (46) ;  and  since 

•*-  ^^^^  and  — ;  denote  the  same  thing,  the  quotient  inay  be  set 

down  cither  way. 

Again,  let  the  proposed  fraction  be  ■     ■     .    ■       . 

a*.^)  ac-^cb^-m^-^n  (c  +  — ^^y^*  orcr-^^-^,  the  quotient. 


ac  —  cb 


—  m  —  n 


In  this  example  the  remamder  is — m  —  n,  and  the  fraction  is  — T" ; 

|}ut  -—  m^-n  is  the  same  as—  (m  +  'O'  namely,  the  sum  of  m  and  n  is 
negative ;  therefore  +  ^^^  and  —  ^^^  are  expressions  for  the 
same  quantity. 

To  reduce  a  mixed  quantity  to  an  equivalent  Fraction. 

61.  This  is  the  reverse  of  the  operation  in  the  preceding  ar» 
tide;  therefore. 
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Multiply  the  integral  part  by  the  denominator  of  the 
fraction^  and  add  its  numerator  to  the  product;  then  the  sum 
placed  over  the  said  denominator  will  form  the  fraction  re* 
quired. 

Thus,  let  the  mixed  quantihr  be  a  4.        *:. 

then  ax  (/i  +  ^)  =  fl*  4-  ab 
add X — y 


sum  «*  +  fl^  +  »  — y 


aud  — T — ^  is  the  fraction  sought. 

Reduce  3c  —    __    to  an  equivalent  fraction. 

3c X  (a— *)=:3flC  — 3c* 

__--Acadd 

3ac — 4^  the  sum: 

therefore  the  fraction  is  —      ,  ■. 
a  —  p 

Reduce  c  +  "— ^^t~  f  o'  ^"^    3a  )  *®  *"  equiyalent  fractions  . 

c  X  (<«  —  *)  =  ««  — A: 

—  fn^.if  add 

cc  — fc— »»— »  the  sum, 

and  —^ — *".   '^■-  is  the  fraction  required. 
a  —  (f 

If  the  quantity  were  given  in  tliis  form,  c  — ■        .  ,  the  thing  to  be 

dbimia  evidently  that  of  subtracting  the  fraction  ■   ^.  from  the  integer  c» 
•I  t  « 

Also,  'cx-^ax^tlS.  reduced  to  a  fraction  is  -^^^-^^^ 
which  denotes  the  difiference  ol  cxmmmot  and  -^. 


*  9 


iet 
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To  tring  Ftactions  with  differenU  denominators  to  equivalent 
Fractions  having  a  common  denominator. 

62.  Multiply  each  numerator  into  all  the  denominators^ 
except  its  own^  for  the  new  numerator  of  that  fraction ;  and  all 
the  denominators  together  for  the  common  denominator. 

The  rule  may  be  investigated  exactly  as  in  Arithmetic. 
(45.  Arith.) 


Let  the  fractions  j,   f. ,    -,  be  brought  to  equivalent  fractions  havmg 
a  conimon  denominator. 


cfm      >  the  three  nt^  numerators. 

mU>    3 

bdn  the  common  denominator. 

And  the  three  fractions  are  j-j-,  ry,  t-t-» 
bdn   bd?i'  bdn 

Reduce  t>  ->  ~»  to  a  common  denominator. 
o   c    c 

ace     ^ 

bbc     \  the  numerators. 

a(A    S 

bcc  the  common  denominator. 

,-  ^,      ^     ^.  ace    bbc   acb  aCf  bb   ah    ,         '.    . 

Hence  the  fractions  are    — ,  j^,  -^,  or  ^  ^,  -,  m  their  lowest 

terms. 


63.  When  the  denominator  of  one  fraction  is  a  multipki  «f 
the  denominator  of  another,  divide  the  greater  denominalof  fcy 
thd  less,  then  multiply  the  terms  of  that  fraction  which  lutth 
the  least  denominator  by  the  quotient,  and  the  two  fractions  will 
be  reduced  to  a  common  denominator.  (47.  Arith.) 

Thus,  if  the  fractions  are  ^  and  -r : 
'  a         ao 
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Then  eA  is  a  multiple  of  a ;  and  ab  divided  by  a  gives  the  quotient  b ; 
therefore  if  the  terms  of  the  fraction  -  are  midtiplied  by  b,  ve  have  --r 

which  has  the  same  denominator  as  -r. 

ab 

In  like  manner  the  fractions  -,  —,  ^  when  brought  to  a  common  de« 

nominator  are  —.  —.,  ~:  For  the  terms  of  the  first  Y- j  are  multiplied 
by  cd,  and  those  of  the  second  by  d, 

64.  Let  a  4- a?  and  — be   brought    to  fractions  having   a 


7IX 

ac 
common  denominator. 


Making  1  the  denominator  of  tf -i-:r  gives  the  fraction  ^ — ,  and  if  itt 

terms  are  multiplied  by  ac  we  get • :  and  the  two  required  frae» 

a*c  4-  acx       ,  w.t 

Uons  are  — -^ —  and  — . 

ac  ac 

« 
Hence,  an  integral  quantity  (a  +  *)  is  brought  to  an  equiva- 
lent fraction^  having  a  ^ven  denominator  (ac),  by  multiplying 
the  former  by  the  latter^  and  placing  the  product  over  that  de« 
nominator. 

To  Add  fractional  quantities  together* 

65.  Bring  the  fractions  to  a  comtnon  denominator^  then 
add  the  numerators  together,  and  place  the  sum  over  the  com* 
mon  denominator,  as  in  Vulgar  Fractions. 

Examples. 

]»  Required  the  sum  of  the  fractions  -r^  j,  and  —  ? 

'^+'^+'^^^!L±E+±oT  <i±f*^  thesum. 
boo  b  o 

t,  Kequiued  the  sum  of  -*  ^i  and  -7—  * 
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The  fractions  brought  to  a  common  denominator  are 

QOz    302    —272 
36"    36'      36   ' 

AL      r        202   ,  30s      27z       202  +  302  —  272       232., 
therefore  _+___  =  -^^ =  _  tte  answer. 


5    5  3 

Or  the  fractions  -,  -,  and  -  may  be  considered  as  the  coefficients 


of  z; 


5        5       3       23  -23 

then  s»  +  ^  -"  T  =  ^-^  ^"^  ^^  answer  is  —2,  as  before. 

S^         o        4>       00  30 


3.  Let and be  added  together. 

a    a*  J  a  —  c a*  —  2ac  4-  c* ^ 

then  -3 — —  + 2 — -!—  ss -!- —  =2  +  — the  sum. 

4.  Suppose  the  fractions  to  be  added  together  are  -— -"-^  and  ■  "^  .. 
Reducing  tlie  fractions  to  a  common  denominator,  they  take  this  form, 

(c  +  *0  (c— rf)          (c4-  rf)  (c  — <0' 
Then ^\,^^j;(U^)     ^=-c*-5ir  the  sum  required. 

5.  To  add  i=i^,   i=i!,    and  i^^^^  together 

The  three  fractions  may  be]  denoted  thus,  l(x-^y),  j.  («— y),  and 

Then  i(x— y)+  ?(^-5^)+«(x-y),  or  (i  +  i  +  H)  {x ^y)  mz 
(tS)  C^^^)  =  2jc— "2y  the  sum  of  the  three  fractions. 

To  Sultract  one  fractional  quantity  from  another. 

66.  Bring  the  fractions  to  a  common  denominator;  then 
set  the  diiTerence  of  the  numerators  over  the  common  denomi-* 
iMitor  for  the  answer^  as  in  Vulgar  FracUoos* 


FRACTIONS.  ^\ 

Examples. 


1.  From  -7-  take  -— ■  ? 

16  io 

5ax  —  3ax      ^ax      ax  ..  .    , 

— =  — r  =  —  the  remainder. 

16  id        8 

2.  From  take  — ; —  ? 

a — c  a+c 


The  fractioQS  with  a  common  denominator  are  — ~ ^  and  —-5 5-^  I 

^,         dxia-^-c)  —  dx(a — c)       dx  (^e)  ^,  .     ,  ..- 

then   — ^— — ^5 T^ i  =   -  ^    '  the  required  diflfercncc 


3.  Let  —,i r  be  subtracted  from  -rr- v  ? 

a{b  —  2)  d{b —  z) 


_^^ — 1--  and  _^-  xi—  are  the  fractions  with  a  common  denominator* 
4ia{b — z)  da{b — z) 

Therefore     ^       .  -,t — \ '  = ^->f  -  ^^-—^  the  remamder. 

4«  Let  the  fraction  ^^J^  be  subtracted  from  the  integer  a  (61.) 

The  integer  e  brought  to  an  equivalent  fraction  having  the  denominator 
,    .    ea — cb  ,^. 

Then  7 r  «= E ^s  the  fraction  denoting  the 

difference. 

To  Multiply  fractional  quantities  together. 

67.  Multiply  the  numerators  together  for  the  numerator 
of  the  product,  and  the  denominators  together  for  its  denomina- 
tor^ as  in  Vulgar  Fractions* 

Examplcsm 

ad  fn 

I;  Required  the  product  of  -*   -,  and  -  ? 

O       C  Tt 

ax  dx  m      adm  . ,  1     *  -^    •    j 

7 —  or  —  the  product  required*  — 

bxcxn        ben         '^  ^ 
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2.  What  is  the  product  of  ~,  — ^,  and  ---  ? 

— -r — I — -^ — = ;s^ —  =  4*'— 4*  the  product. 

3.  What  is  the  product  of  ^  and  — ^  ? 

^[X^*  or  ^2i^O<i^  =  1^  the  product  in  its  lowest  terms. 

6S,  By  resolving  the  terms  of  the  fractions  into  their  factors, 
the  operation  is  frequently  abridged  : 

4.  Thus,  to  find  the  product  of -2=1'.  T^-^.^,-^J 

fl^  — g* (a^x)  (a—^) 

ma*  —  ntb* m(fl-<-A)  (a — bj 

ax-^x*    ""         X  (ja-\-x) 


mrta  —  mrtd      mn  (a-»-^)' 

Then   (^  ■*-^)  (^—^)  X  rn  (a^b)  {a—b)  x  ^^-  ^  -^  —  (^~^)  X  ^x* 
*  («  +  ^)  X  *  («-♦-*)  X  mn  {a^h)  n 

'  -,  the  product,  by  rejecting  the  like  factors  in  the  numerator 


n 
and  denominator,  as  in  reducing  fractions  to  their  lowest  terms.  (56.) 

69.  Thfe  product  of  an  integral  and  fraction  is  found  by  mul- 
tiplying the  numerator  of  the  fraction  by  the  integral^  as  in  Vul-. 
gar  Fractions. 

Thus  («  +  *)  X  *X  J3J  =■  ^_^  ■-  the  product. 

70.  Powers  of  the  same  fraction  are  multiplied  together  by  the 
addition  of  their  exponents^  in  the  same  manner  as  integral 
quantities.  (45.) 

byn       fb\m^n 


t^-CTx  ©"-©'"■"'' ^h^p^^j"^*- 
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And  — -x 


A^«>(jr^xf=(f)"  the  product. 

Division  of  fractional  quantities^ 

71*  Invert  the  divisor^  then  proceed  as  in  Multiplication. 
This  rule  is  the  same  as  that  for  Vulgar  Fractions  in  Arithmetic. « 

Examples, 
,    •..  .,     9ax   .      3a. 


(actors  in  the  numerator  and  denominator). 

Or  ^hu«,  jI  j  -^  (  r^  the  quotient,  as  before. 

o.  i^.t  ^7  +  f  be  divided  by  -i!-? 


C Af  -^     C * 


^ax-^x*       c  —  JF        c — X  (2a  +  x)x         c  —  x    ^^  2a+ »    ^,   . 

quotient. 


Now  -5 1  in  its  lowest  terms  is 


«'  +  cx  +  c» 

*h«-fore  -^r— jrp  X  --i±i^  =  ,,^+;,,   U  the  quotient  i. 
its  lowest  terms. 

3.  Divide  x+  -il-  by* ^?  ^ 

2jr  jc«  —  ;c  ,  2«  x*  —  5* 


* 

4.  Let  -rr — r-^  be  divided  by    ■  ^    .  ...     « 
iroL.  II. 


by 

2jc  — 2z  -^       2*-h2« 
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5,  Divide  7-  by   -j"^ 

02*  &  06  Z*        oft  1       « 

But  «  =«^"^^  =r«""^  (50);  therefore  ~  ^  r*^^  also  denote^ 
tfa^  quotieot 

6,  Let  ^ be  divided  by  ~. 

«iitii— *•      ^  — ^      1 

ITierefeie  ■      o^^'^'a  <  ^oticot» 

To  (hqnge  afra^Honal  qwtUity  Into  fi  S^i^i. 

T8«  Divide  the  nwierator  by  the  denomi|iator»  and  exl^ 
(be  quotient  to  as  mafiy  terms  as  may  be  thought  necessaiy. 

1.  Ijet  fhe  QnctipQ  '^- —  be  changed  to  a  leries. 
— « 


+7 


•T+r. 
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Now  it  is  easy  to  percei  ve,  that  the  next  or  Bth  tenn  of  the  quotient  will 

be  +  -^  and  the  6th  tenn  -«f  i«  &c.,  and  so  on»  altematdy  ptM  and 

nUfttis :  this  is  called  the  law  of  amtinuation  of  the  series.    And  the  sum  of 
all  the  terms  when  infinitely  continued  is  said  to  be  equal  to  the  fraction 

— —.   Thus  we  say  the  Tulor  fraction  -  when  reduced  to  a  decimal*  it 

=  '6666,  &c.  infinitely  continued. 

N.  B.  The  terms  in  the  quotient  are  found  by  dlYiding  the  remalndert 
by  («)  the  first  term  of  the  di visor t  thus,  the  first  remainder  ^«  divided* 

by  a  ^ves  <i—  ->  the  second  term  in  the  quotient ;  and  the  second  reniaindet 
f- —  divided  by  «  ^ves -4«  ^  the  third  term,  &c 

S.  If  the  fraction  is  ~^  the  series  becomes  wholly  affirmative  > 

Thus«^*)a       (i  +  i  +  5+7i  +  *<^ 

a — » 


a 
^  a       a« 


+5 

Id  this  ejcatnple,  if  x  '^  ly  the  series  is  convergent,  or  the  va^u^  of  the 
terms  oontlnually  diminish ;  but  when  »>e,  it  is  said  to  diveige: 

To  explain  this  by  numbers,  let  a  s  3,  and  xs:  S: 

Then 1  +?+  ^+ ^1  &c. 

o        A        g 
corresponding  values   ^  +  3  +  o  *^  ^>  ^c*  where  the  factions  or 

terms  of  the  series  grow  less  and  less,  and  therefore  the  farther  they  are 
extended  the  more  they  converge  or  approodmate  to  0,  ivhich  is  supposed 
to  be  the  last  term  or  limit. 

9  S 
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Baii(az^2,  andx=:3. 

3       9       27 
corresponding  values  1  -|-  -  -j- -  + —-,  ^c.  iu  which  the  terms  become 

Uiger  and  larger.    This  is  called  a  diverging  series. 
If  jr:=ly  anda^l  \n  Examp.  1. 
Then  — : —  ±=  1  —  -  +  —  =  -„  &c. 

will  be  j-~-j  =  1  —  1  +  1  —  1,  &c. 

Now  because  =  i,  it  has  been  said  that  1  —  1  -h  1  —  1  -f- 1>  &^» 

if^itdy  continued  is  =  ^ :  —  a  singular  conclusion^  when  it  is  perceiva- 
ble from  the  terms  themselves,  that  their  sum  must  necessarily  be  either  0, 
or  4- 1,  to  whatever  extent  the  division  is  supposed  to  be  continued* 

The  real  quotient  however,  results  from  the  fractional  part,  which  (by  the 
division)  is  always  «4-  ^  when  the  sum  of  the  terms  is  0 ;  and  — - 1  when  the 
sum  is  -f.  1  :  consequently  ^  is  the,true  quotient  in  the  former  case ;  and 
1—i  in  the  other. 


3.  Let  the  fraction be  expanded  into  a  series. 

c  ■—  X 


)(            a    ,  ax  .   ax*'   ^  ax^         _  ^.     . 

a  I  --i---4-— -4 +,  &c.  quotient, 

y,»  ^  C     '    C*  C*  L* 


,   ax      ax^ 


+ 

0** 

+ 

ax* 

ax^ 

+ 

axi 

+ 

+ 

av^ 
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By  substituting  other  quantities  for  a,  c,  and  *,  in  the  quotient  j  +   ri 

G  C 

ax* 
+  ~3 1  &c.,  different  series  may  be  produced. 

Letfl=:3,  c=10,  and*=  1: 

then;: — ;  =  :+^  +  ^T^ h  &c. 

wUlbe  7^^    ,  =  — +  -2^+-2_-i — iL_  -I-&C.  "whichiflthesame 

10 — 1         1/        lot)        1000  ^10000^  wiuvu » uic  wire 

scries  as  the  decimal  answering  to  ^  or  — ^— : 


4.  To  reduce  %—, — -  to  a  series- 


-S-- 


fl^ 


+^+*' 


y.10       I      * 


a 
and  the  4/A  term  will  be  —  -^,  the  5th  +  -jj,  and  so  on, 

73»  It  may  be  worth  observing,  that  the  same  fraction  will  give  different 
series  if  the  order  of  the  terms  in  its  denominator  is  changed. 

Thus  taking  Examp.  1. 

1— :;  +  .-z— r3+&c. 


a  +  x  a      tt^      a' 

The  two  quotients  however^  will  always  be  equal  when  the  remaindccs 
aitt  taken  into  the  account* 


39  ilLGBKltA* 

OF   EQUATIONS. 

74.  When  the  symbol  =  is  placed  between  two  quantidef 
that  are  equals  but  differentiy  expressed,  it  is  called  an  £()ua« 
tion.  (5*) 

Thus,  7  -f  3  and  JO-^  1  are  equals 

And  7  +  2=10— -I  isanequationdenotingtheequafity  of7*f  Sand 
to— K 

Also  X9ic*^d  is  an  equation  which  ahe^  that  the  <jaantiiy  « is  equal 
to  the  difference  of  the  quantities  €  and  d. 

Equations  take  their  denominations  from  the  highest  power 
of  the  unknown  quantity,  which  they  involve:  For  example,  if 
that  quantity  is  of  one  dimension  only^  it  is  called  a  Simple 
Equation ;  if  of  two  dimensions^  a  Quadratic  i  when  of  thiee^ 
aCubic^  &c. 

Thus»  if  X  be  the  unknown  quantity  ^ 
then  lOx— >7=:4«-f-tfi8a simple eqUatloiU 
(ufi  —  2x  s  a{  a  quadratic  equation* 
xs+x^— cvsso^^a  cubic  equadMu 
a4-l-ax>-f-i£r:saAca  biquadratic. 

X     — X    "~    -}- c»     **    aioS  an  equation  of  mdimearfoiii^ 

75.  When  »,  y,  z,  &c«  or  otiier  symbols,  are  put  to  denote 
unknown  quantities^  it  is  from  oertaiti  given  relations  they  have 
to  each  other>  and  to  such  as  are  known,  that  equations  are  de- 
rived. And  to  resolve  or  reduce  an  equation,  is  to  discover  the 
value  of  the  unknown  quantity  which  it  involves :  but  no  rule 
has  yet  been  found  sufficiently  genieral-  for  that  purpose  in  all 
cases.  The  resolution  of  Simple  and  Quadratic  Equations  how* 
ever,  principally  depend  on  the  following  obvious 

AXIOMS: 

1.  If  equal  quantities  are  added  to  equal  quantities^  the 
are  equal. 
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9.  If  equal  quantities  are  subtracted  from  equal  quantities^ 
At  remainders  are  equal. 

3.  If  equal  quantities  are  multiplied  by  equal  quantities^  the 
products  ane  equal. 

4.  If  equal  quantities  are  divided  by  equal  quantities^  tht 
quotients  ai!e  equal. 

5.  If  two  or  more  quantities  are  eaeh  equal  to  another  quan* 
^ty^  those  quantities  are  equals 

6.  Like  powers  of  equiil  quantities  are  equal# 

7.  Like  roots  of  equal  quantities  are  equi^. 

6*  A  whole  quantity  is  equal  to  aH  its  p^rts  taken  together. 
76.    RESOLUTION  op  SIMPLE  EQUATIONS* 

1.  GivE)i  f  ^--7  ssS2 ;  to  fiad  the  valu^  of  x. 

Pj  adding  7  to  tach  side  of  the  equation 

wehave^— 7  +  7  =  22+7    {Jx.  I.) 

jpr  dr=29  the  value  requiced. 

Therefore^  any  quantity  saay  be  transposed  from  one  side  of 
an  equation  to  the  other^  by  cbapguig  its  sign. 

For  4rr?-7s22: 

And       jr=s22  +  7,  ^here 7  is  transposiBd from  OQS sids of  ihf 
cquatkxi  to  the  ptber,  and  its  sign  changed  frpm  —  to+t 

la  like  manner^  if  «— a=& 

then         »=s£+.  A 

77*  Hence  also  it  appears^  that  if  all  the  sjgps  in  n  eqnatioa 
aie  cha^^y  the  equi^ty  stil)  subsists : 
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Thus,  changing  the  signs  of  x  =s:  ^  -(-  a 

And  it  becomes — *s=  —  b  —  a 

Now  by  transposing  a...  — jc  +  fl  =  —  b 

Next,  Iransj'OiCj; a  =  — b-^x 

Lastly,  transpose  b ....  then       a-^'hzz.x,  as  before* 

2.  If  «  +  8  =  18 ;  vhat  is  the  value  of  «?* 

Let  8  be  subtracted  from  each  side  of  the  equation ; 

Then    *  +  8— .8  =  18  — 8     [Ax.Q.) 
And  «— 10    the  answer. 

Or  thus.    Since  «  4-  8  =  18 ;  then  x=  IS  — -  8  =  10,  the  answer. 

3.  Given  — ^  =  13 ;  to  find  *. 

If  each  side  of  the  equation  be  multiplied  by  3, 

we  have    (i±^l2i2-=39    (^x.3.) 
or    *  +  7  =  39    (56) 
And    «  =  39  —  7  =  32  the  answer. 

In  like  manner,  if     "*"    ^  ^ 
c 

then    (*  +  °)X^=fe    (^,.3.) 

or     *  4-  a  =  ^     (56) 
And       «  =  Ac  —  a. 

4.  Suppose  3«  +  14  =  50 ;  what  is  the  value  of  x? 

3«  4-  14  ==  50 
then...        3jc  =  50  —  14 
or ...        3*  =  36 

And  dividing  by  3  gives  ...         «  =  y    {Ax,  4.) 

or....        *  =  12  the  value  required* 

And  if ax^b^zc 

then...  ax^=zc  —  b 

And  dividing  by  the  coefficient «...    a  =  -^^^  the  value  of  x. 


SIMPLE    EQUATIONS.  41 

5.  If  —  . —  =r  x;  what  is  the  value  of  jc? 

4 

By  multiplying  each  sidif  of  the  equation  by  4 

(7*  — 45)  X  4       . 
we  get . . ..     ^- 7-^ s=  4* 

or 7«  —  45^4* 

by  transposing  45 7jc  =  4«  H-  45 

Subtractirg  4r  from  each  side gives  3«  =  45 

And  dividing  by  the  coefficient  3  {Ax.  4.)...         «  ==  15  the  answer* 

6.  Let  — ~—  — 2«  =  - :  required  *? 

In  order  to  clear  the  equation  from  fractions^  let  both  sides  be  first  mul« 
tiplied  by  3, 

and  we  have — ~ 6jr  =  x 

and  multiplying  again  by  2.... gives  3«  + 15  —  12x  =  2jir 

But  3x  —  1 2*  =  —  9*,  therefore  we  have  15  —  9jc  =  2* 
•   And  transposing  9x giyes      15  =  11« 

And    *  =  JT  =  1  f]  —  the  answer. 

Or  thus : 

The  given  equation  is  — jr—  —  2*ss  - 

Which  is  the  same  as .^  4*-*-  24—  2*  =  jx 

Now  transposing  24 gives  ^x — 2*  =  j« — 2^ 

But^x— .2*=— l^x...  therefore  —  i^xsj*— 24 

And  transposing  jx gives— l^x  —  jx=  —  2^ 

or  —  lix=:i-2i 

And  dividing  by  the  coefficient  —  1^  gives    x  =  1^  as  before. 

7.  Given  — ~ =  100;  to  find  x 

4 

» 

Multiplying  both  sides  by  4  gives  5x  +  7x  — 9x  =  400 

or        12x  — 9x  =  400 
or  3Jr  =  400 

And  *=-7p=:  133}  Ads. 
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Or  thus. 

therefore    (5  +  7  —  f)  *  =  400 
then  (^,.4.)  '=n^- 

And  according  to  this  last  method  the  value  of  the  unknown  quantity  is 
denoted  when  it  has  literal  coefficients : 

^     ,  .    oar  4-  dx  —  ex 
For  let  — 31- =5  „, 

4 

Then  ax-^-  bx  —  ex  =  4m 
or    (tf  +  A  — c)*=4m 

Therefore  *  =  — i2?_.  /^j^,  4). 


8.  Given  ? +?  =  </;  to  find  *. 

X        X         X  ' 

Both  sides  of  the  equation  multiplied  by  *  gi  ves  a  —  ^  -^-  c  =:  ^jr 

And  dividing  both  sides  by  ef ^        T.5  ^  g^ 

d 

3x 

9.  Given  yj__^  =  19  ;  to  find  jr. 

Both  sides  multiplied  by  17  —  4*  gives  3*=  19  (17  —  4x) 
\  or  3jc  =  323  — 76* 

And  transposing  76* 3jp  +  76*  =  323 

or 79*  =  323 

^""^ *=79    =S-9   ^^"'' 

10.  Given    ^^T/=(e^— n;  to  find  *. 

Let  both  sides  of  the  equation  be  multiplied  by  *  —  c ; 

Then ax-h  bx^(d^rt)  (x—c) 

^                or    ax+bx=:cn  —  </c  +  rf*--w* 
And  transposing  4*  and  nx„.  ax^bx  +  fix—dxz=cn  —  dc 
or      (a  +  b-i-n—d)  x-^cn-^dc 
Therefore ^^      ot^^dc 

II.  Let  a«— A*  =  ^  +  *flf;  to  find*. 


SIMPLE    EQUATIONS.  43 

When  each  side  of  the  Equation  is  resolved  into  its  factors, 

we  have (<»+*)  («  — a:)=3  («+«) 

Then  dividing  by  a  -h  x      gives     a — *  =  3 
And  transposing  x  and  b,  the  result  is...     tf  —  *  =  *.  ' 

12.  Given  ?!^±^=ax  +  i*.  to  find*. 
u^  X 

Multiplying  by  «  +  *  gives...  ^w*  +  ac*  =  (flw  4- ^)  («  4- «) 

or    iw*4.ac*  =  a*Jc4-flaf*+*»«  +  fli* 

And  subtracting  ox*  from  each  side, oc*  =  a**  -4-  4**  H-  fl6* 

And  transposing  o^ iK:»>-^al^z=.aH-\'b^x 


Then  dividing  by  the  coefficient  a*+  i^  gives 


1^.    Let  A— *  = ;  to  find  x. 


fl»  +  ^ 


If  each  side  be  multiplied  by  a — jr,  we  have  a*  —  2/ue  +  «*  =  «* 
And  subtracting  * '  from  each  side  givcg    a*  —  Sox  =  0 
by  transposing  24U( a^szSax 

And  dividing  by  2a  gives  —  =  o^** 


Of  reducing   Simple   Equations    when  the  values    of  two 
unknown  quantifies  are  required. 

78.  If  two  independent  equations  are  given^  which  involve 
two  unknown  quantities^  find  two  expressions  for  one  of  tbem^ 
one  from  each  equation^  by  the  foregoing  methods  ;  those  ex- 
pressions being  put  equals  an  equation  will  arise  with  only  one 
unknown  quantity  in  it^  whose  value  may  be  found  as  before. 

Examplesm 

1.  Given  3* — 4y=l  , 

7x-f-3y  =  64.    To  find  ;r  and  ^. 

First, 3*— 4y=:l 

By  transposition         3x  =  H-  4y 


therefore     xsz 


LtHL. 
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*-» 

Secondly, 7x4-3^  =  6i 

By  transposition 7j:  z=  64 — 3y 

,  G4  — 3v 

and...         jf= — - — ^ 
7 

Therefore  l±iii==5i=:2^(^,,  5)^ 

This  equation  cleared  of  fractions  (Examp.  G.)  gives  7  +  23^  =  192  —  9y. 

And  by  transposition  »  37y=  185 

185       . 
or        y=37^^. 

f 

And  substituting  5  for  y  gives  *  =       ,    -^  =  — ;; —  =  7  the  value  of  jr. 

79.  But  it  will  frequently  be  more  expeditious  to  multiply,  or 
divide  the  equations  by  such  numbers  or  quantities  as  will  make 
the  term  which  contains  one  of  the  unknown  quantities  the 
same  in  both  equations ;  then  by  add'mg,  or  subtracting  the 
equations^  as  the  case  may  require,  that  term  wifl  be  exter- 
minated. 


Thus,  if  the  first  equation  in  the  preceding  example  be  multiplied  by  7, 
and  the  second  by  3, 

we  have 21jc  — 28j/=     7 

and..., 21xH-  9^^=192  , 

The  upper  subtracted  from  the  lower  gives       37^  =  185  {Ax.  2.). 

Therefore y  =  ^  =  5,  as  before. 

Again,  if  we  would  exterminate  y,  multiply  tlie  first  ecjuation  by  3,  and 
the  second  by  4 : 

Then 9*— 12^=     3 

and    28^+12^=256 

The  sum  is 37*  =259  {M,  1 :) 

t  259 

whence  *  =   _  ==  7^  as  before.- 

2.  Let  az  +  ^x=zc 

dz-^gxziLp.    To  find  2  and  «. 
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The  first  equation  multiplied  by  d^  and  the  second  by  a. 
gives        dtaAr  dbx^zdc 
and         daz  -|-  agx  =  ap 
And  subtracting  the  lower  from  the  upper      dbx-^agxrzdc — ap  {As.2.) 

And  dividing  by  the  coefficient  db — ag «  =  ^ ■. 

09     ag 

But  to  exterminate  x,  let  the  first  equation  be  multiplied  by  g^  and  tiie 
second  by  b ; 

Then gaz-^^gbx^gc 

and bdz-^gbM^bp 

Subtracting  the  under  from  the  upper......    gaz^^bdzzzi gc-^bp 

whence z=z^     ^ 

ga-^bd 

Remark.    In  this  example  there  is  nothing  to  Indicate  which  of  the  two 
equations  is  greatest^  and  consequently  we  are  at  liberty  to  subtract  the 

upper  from  the  lower;  in  that  case  *  2=  ^'~' .. ;  and  2  ^  r      y,     11,^ 
^'^  ag — db  bd — ga 

same  expressions  however^  result  from  the  equations  by  changing  thdr 


For  if  dbx'''^gx=zdc''^,  then  (77)  agx — dbxssap^Hk,  whence  *=^^*T^f 

aod^oss  —  bdzzsgc — bp,ihenbdz — gazzsbp'^gc,  znd zsz^f^^^. 

ou'-^ga 

But  such  expressions  are  usually  set  down  thus  *  =  ^^  „,  and  2 =^^     > 

3.  Given  '*4-«  =  52 

X  — 2f=:I6.    Tofindxandz. 
id 

7jj  •• « 

Fiom  the  second  equation  we  have  r  =  16  +  rj 

which  fubstituted  for  z  in  the  first,  gives...  7*  4. 1 6  +  ^  r=  52 

7*      7x      ^„      ,^      ^  ' 

Whence    56«+7*=£36x  16=576 
or    63* =576 
and        x=:?f 

Now  put  9f  for X,  and  wc  have«=  16+ j?=:164- I~i  =  20  the 
▼alue  of  X. 
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4.  Given  i*  —  2»  =  3S76 

«-*--•;=  102.    To  find  x  and  ;:. 

Divide  the  first  equation  by  the  second...   ^=  —  —  (Ax.  4.) 

which^  by  actual  division gives  * — 2  =  38 

whence         x  =  384-2 
And  putting  38-1-2  for  x  in  the  second  equation...  38  +  2  +  2  =  102 

or  22=102  —  38 

Therefore  2  =  32 

And  X  =38 +  2  =  38 +  32  =70 

fyken  Three  Equations  are  given,  involving  Three  unknown 

quantities, 

SO.  If  the  three  unknown  quantities  are  found  in  all  the 
equations^  find  three  expressions  for  one  of  them,  one  from 
each  equation,  then  compare  the  first  expression  with  the 
second,  and  also  with  the  third,  by  which  means  that  quantity 
will  be  exterminated,  and  the  equations  reduced  to  two  ;  which 
may  be  resolved  as  in  the  preceding  articles.  But  the  method 
in  Art.  79,  will  generally  be  found  the  least  tedious. 

Examples^ 

!.  GivL'ii  x-h  yz=z  19 
X  4-  z  =  20 
2+^=21.    To  find  jf, 5^,  and  2. 

Subtracting  the  first  equation  from  the  second  gives  z  — ^  =  t 
To  this  remtiindcr  add  the  third  equation,  and  we  have  2z  ^  22 

whence    2^11. 

Now  putting  1 1  for  2  in  the  2d.  and  3d.  ec^u  itions^ 
behave  11 -*-j^  =  21,  and*-|.  11  =  20;  whence y=  10;  and  x  19 9, 

2.  Let  *-Hy+2=10 
«  +  %+32  =  23 
2x  +  2\yJ^5z  =38.    To  find  x,y,  and  2. 
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By  the  fint  equation  *  =  1 0  — ^ — s 

From  the  second *=23  —  2y  —  3z 

therefore        10 — y— 2    =23  —  2y— Sc 
whence  y  =  1 3  —  22. 

Next,  by  the  3d,  equation  *=  —     ^     — 

And  from  the  first «=10 — y — a 

,,       r            .                         38  — 3^  —  5^ 
therefore...  10 — y  —  a= ^ 

whence      20  —  2y — 22  =  33  —  3y —  52 

and y=lS  — 32 

But y=  13—22 

therefore        1 8  —  32  =  13  —  22 
and....  2  =  5* 

Now  substituting  5  for  2  in  the  two  first  equations,  we  have*+^  =  5, 
andjr«^2y  =  8;  whence xas2,  and^=:3. 

Or  thus: 

Subtracting  the  \st,  equation  from  the  2rf.  gives  i/'^^z^nlZ 

and  double  the  2 J.  from  the  3d.  gives  — y — 2  =  38  —  46  =  — >S 

or       y+2  =  8  (77) 
whence.  ..        yss8  —  2 
But...       ^  +  22  =  13 

and...  y  =s  13  —  2z 

Therefore    8—2  =  13 — 22 
which  gives        ^  s::  5,  as  before. 


3,  Given  «+|-4-|  =  32 

*-hf -*-  -=  12.    To  find  x,^,  and  2. 

4        d         o 

Tlie  equations  cleared  of  fractions  become 

6x  +  3y  +  22=192 
20*+ 15^+122=900      ' 
15*+12y+  102  =  720. 

To  exterminate  y  (for  example)  let  the  second  equation  be  subtracted 
from  5  times  the  first,  and  the  third  equation  from  4  times  the  first : 
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5  times  the  first  30x  -i-  15y  -f  IO2  =  960 
the  second  20x  4-  1 5y  +  1 22  =  DOO 
remainder    10*  —  22  =  60 

4  times  the  first    24jc+12y4-    82  =  768 
the  third       5jr4-12j^4-  102  =  720 
remainder      9x  —  22=   48  ^ 

Then  the  last  remainder  subtracted  from  the  first  gives  x=  60  —  48  =  12. 
Now  substituting  12  for  x  in  the  first  remainder,  we  have  10  X  12  —  22 
c=  60,  whence  2  =  30 ;  then  from  the  first  equation  y  is  found  =  20. 

4.  Given  a«-f-^4-C2  =  m 
dx+gy  +  hz=:7i 

/c  +  ry  -h  J2  =  p.    To  find  x,  y,  and  2  in  teniis  or  func- 
tions of  the  other  quantities. 

If  we  begin  with  extenninating  z,  let  the  first  equation  be  multiplied  by 
the  product  hs  (the  coefficients  of  2  in  the  other  equations),  the  second 
equation  by  cs,  and  the  third  by  he ; 

and  we  have  hsax  +  hsby  +  hscz  =  hsm 
csdx  4>  csgy  -4-  ^^^ = ^'^ 

^c/x  4-  hcry  -|-  hcsz  =  hep:  where  the  coi  fficients  of  2 
ate  the  same. 

Now  subtracting  the  first  of  these  equations  from  the  second,  and  also 
from  the  third,  the  rvsults  will  be 

^    csdx — hsax  -J-  csgy  — -  hsby  7=:  csri — hsm 
hcfx — hsax-^hcry  —  hsby:=ihcp  —  hsm 
or    cdx  —  hax  +  cgy^hiy^icn — hm 
and    cfx  —  sax -^  cry — sbyzi^cp^sm  (by  dividing  the  first  by  s^ 
and  the  latter  by  h). 

From  the  first  of  these  equations.,.  ^^■y~^^^-^+% 
And  from  the  second ^^^p^^rn-^cry^sby 

Therefore  ^^^^"^^Sy-^^^ __<^—sm'^cry'^rsby 
cd'-^ha  cf^^sa, 

tmn.-  t      J       J    •  f^^ — dsm-\' san  —  cjn-^- cdp  —  hap    ,.^ 

Which  reduced  gives  y  =  -721 — ttt *;    '    J — r-^,  (A) 

»        ^        Jhb — dsb-^-sag  —  cjg-^cdr — har*  ^  ' 

(fh—ds)  m  +  (sa—c/)ft^-{cd^ha)p   ,.. 
^^""  0^*-^)  b  +  {sa^cj)g^{cd^ha)r  ^^^ 


Froril  this  valiie  of  y,  the  expressions  for  *  and  t  maj  be  obUifffcd  wpthout 
tubstitiitioD,  or  nipeating  the  procen  : 

For  it  is  evident  from  Ex.  2.  (Art.  79.)  that  the  expressions  for  x  and  z 
will  have  the  same  denominator  as  this  fory.  And  since  the  coefficients 
of  m^n^  and  p,  in  the  expression  (B)  arc  respectively  the  same,  and  have 
the  same  signs  as  those  of  i,  g,  and  r  in  the  denominator  (these  latter  being 
the  coefficients  of  ^  in  the  given  equations)^  it  is  manifest  from  analogy 
that  m,  n,  and  p  will  have  the  same  respective  coefficients  and  signs  in  the 
required  numerators  as  a,  d,  and/;  and  c,  /r,  ami  s  have  in  the  denomina- 
tor: Ot  df  and/;  and  c,  k,  and  s  being  the  coefficients  of  »  and'z  in  the 
given  equations,  following  the  same  order  as  those  of  y. 

Kow  the  given  denominator  (A)  when  resolved  into  factors  exhibiting 
those  coefficients 

will  be        (gs  ^rh)a'\-  (re  —  bs)  d  +  (M  —  cg)f,  for  x : 
and        {dr^^gf)  c  +  (Jb — ra)  h^{ag — bd)  s,  for  m. 

igs—rh)  a  +  (tt— Aj)  rf-f*  [bh  '^cg)  / 

{dr—gf)m-^ifb^ra)n^  jag^bd)  p 
'^"'^     ''""   (dr^gf)  c+  t/6-rfl)  A+  {ag-^bd)  s' 

Instead  of  subtracting  the  first  equation  from  the  other  two,  a  contrary 
order  might  have  beten  sdoptt^  ;  for  that  reason,  perhaps,  the  symbol  co 
would  be  mor^  proper  than  the  negative  sign  in  the  final  expressions:  See 
Ejcamp.  2.  (79.) 

The  last  example  is  sufficient  to  direct  the  process^  when  four 
or  more  unknown  quantities  are  concerned.  But  methods  of 
reduction  different  from  those  we  have  given,  will  frequently 
present  themselves  in  practice. 

61.  When  the  number  of  equations  is  less  than  the  numbet 
of  unknown  qoaatities  they  involve,  the  problem  is  said  to  be 
iadetcfmiaate  or  unlimited.  'Thus  if  jr+y  :r  10,  then  x  and  y 
may  be  any  two  numbers  whose  sum  is  10.  Or  suppose  x — y 
=  6,  and  z  —  x  =:  9,  in  which  case  y  may  be  any  number 
vriiaterer;  tnd  cotisequently  the  values  of  the  three  unknown 
^unfitietf  wiA  be  iiid«fiili«e.    The  like  totist  ako  take  place 
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when  the  number  of  equations  and  unknown  (Quantities 
are  the  same,  if  one  of  the  equations  is  deducible  from  the 
others  : 

Thus  in  Ex,  4.  lei  «=  1,  5  =  2,  c  =  3,  d  =  4,  ,<=3,  ;i  =  6p/=7, 
r  =  8,  J  =  9,  w  =  JO,  n  =  47,  and  p  =  7 1 : 

Then  the  three  equations  become      *  +  2j/  +  3z  =  20 

4jr-H  ^5^4-^^  =  47 
7x4-Sy  +  i'2:  =  7'l. 

Now  substituting  those  numbers  in  the  expressions  for  the  values  of  *, 
y,  and  z,  the  numerators  and  denominators  brcoine  =  0,  or  the  expres- 
sions vanish.  The  reason  perhaps  is  not  obvious  at  first  sight ;  but  on  ex- 
amining the  equations  we  find,  that  double  the  second  is  equ  il  to  the  sum 
of  the  other  two, .  and  consequently  there  are  only  two  independent  equa* 
tion».  Also,  with  these  numeral  coelTicient-,  i;/  must  be=:;;i  +  p,  other- 
wise the  equations  are  incongruous. 

82«  Sometimes  equations  may  involve  an  absurdity  ;  as  when 
jc  —  y  =  8,  and  x  +  y  rr  7  ;  for  it  is  impossible  that  the  differ- 
ence of  two  quantities  should  be  greater  than  their  sum. 

The  young  Algebraist  will  now  perceive,  that  the  art  of  re- 
solving Equations  consists  in  bringing  each  of  the  unknown 
quantities  on  one  side  of  an  equation  having  known  quantities 
on  the  other. 


OF  RATIOS  AND  PROPORTIQNS. 

83.  The  relation  or  proportion  which  two  quantities  of  the 

same  kind  bear  to  each  other  in  respect  of  magnitude^  is  called 

,  the  Ratio  of  those  quantities  :  this  is  found  by  considering  what 

part  or  parts  one  is  of  the  other»  or  how  often  one  is  contained 

in  the  oilier. 

Thus  if  12a  and  4a  are  the  two  quantities^  then  by  com- 
paring them,  we  find  their  magnitudes  sucb>  that  theiorm«r 
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contains  the  latter  3  times,  and  in  common  language  we  say  it 
is  3  times  as  big,  because  4  is  contained  3  times  in  12 :  the 
quantities  therefore  appear  t«  have  the  same  ratio  or  proportion^ 
the  greater  to  the  less,  as  3  has  to  1 .  Hence  it  is,  that  the 
equality  of  two  Ratios  constitutes  Proportion. 

The  terms  of  the  two  equal  ratios  are  sometimes  set  down 
thus : 

12a  :  4a  =  3  :  1 ;  viz.  the  ratio  of  12a  to  4a  is  equal  to  that 
of  3  to  1 . 

Or  thus,  12a  :  4a  : :  3  :  1>  which  my  be  read  thus  —  12a 
bears  the  same  proportion  to  4a  as  3  docs  to  1 ;  or.  As  12a  is 
to  4a,  so  is  3  t©  1, 

The  4th  term  1  is  called  a  4/A  proportional  to  the  otI;er 
three. 

The  Antecedents'  of  the  two  ratios  are  12a  and  3,  and  their 
con'^equents  4a  and  1. 

SI.  The  terms  of  the  ratio  3  :  1  are  like  subm'ultiples  of 
l'2d  :  4a,  the  divisor  being  4a.  But  any  other  like  submultiples 
or  multiples  of  12a  and  4a  will  have  the  same  ratio  or  propor- 

t;/^«     f^r'^^       ^       ^"       3a       24a       \5ab    «  u  u 

tion  ;  tor  — -  —  ^  =:  ~    =-z=---zi  — ^  ,  &c.  where  each 
4a        1       20        a         8a         5ab^         .    . 

numerator  has  the  same  ratio  to  its  denominator  as  12a  has  to 
its  denominator  4a.  This  is  evident  from  the  nature  of  frac- 
tions. 

Hence  12a  :  4a  : :  3  :  1  : :  6a  :  2a  : :  3a  :  a  : :  2*4a  :  8a  : :  \5ab 
;  bal^  &c.^  arc  a  rank  of  proportionals. 

12a 
85.  The  fraction  - —  or  the  antecedent  divided  by  the  con- 

4a  ^ 

sequent,  is  by  many  authors,  called  the  magnitude  or  quantity  of 

H  2 


ratio  of  lf«  to4«(  and  sometimes  its  measure,  ar  expgpoent. 
But  writers  differ  on  this  subject.  Some  will  have  the  ratios 
(when  considered  as  faagnitudes^)  to  be  the  exponents  of  thp 
powers  of  their  termst  Thus  i\'  i  denotes  the  magnitude  of  (he 
ratio  of  a  to  b,  that  of  the  ratio  of  a*  to  /•*  will  be  fi;  that  qf 
a'  to  /?*  will  be  3,  &c.  these  indices  or  ratios  are  therefore 
analogous  to  the  scale  pf  Logarithms ;  and  consequently  thq 

ratio  of  equality  will  be  0 ;  for  if  a  iz  i;  then  r  —  1,  whoseloga-r 

rithm  is  0,  Dr.  Barrow  however,  says,  *^  Reason'*  (Ratio) 
^'  is  not  quantity;*'  and  maintains  that  the  magnitude  of  a 
simple  Ratio  cannot  be  expressed  in  numbers  :  but  if  its  quan- 
tity be  referred  to  the  fraction  formed  by  the  two  terms,  then 
he  makes  the  magnitude  of  the  ratio  of  equality  greater  than  O. 
See  his  Math.  Lectures. 

If  the  terms  of  the  ratio  however,  are  commensurable,  the 
ratio  itself  may  be  expounded  by  the  quotient  arising  from  the 
division  of  the  antecedent  by  the  consequent,  as  in  Arithmetic. 
Thus  in  the  progression  ld8,  64,  39,  16,  8,  &c.  we  call  9  the 

(128  64  \ 

for  jTT-=  $9  ^^  oQ  ^  ^*  ^^  )• 

Also  in  the  prc^^aion  ar',  ar',  ar^  a,  -,  ^,  &c.  r  is  the  com- 
mon ratio.  But  when  the  terms  are  incommens«]lrable,  the 
fatio  cannot  be  exhibited  in  this  manner :  Thus  it  is  impossi^ 
bk  to  find  in  numbers  the  ej^act  ratio,  or  proportion  which  the 
square  root  of  1  has  to  the  square  root  of  3.  And  in  comparing 
geometrical  magnitudes,  the  ratios  are  not  set  down  fracfion- 
wise,  except  the  terms  are  supposed  to  be  subjected  to  some 
pommon  pleasure. 

86.  When  tl)c  terms  of  two  ratiias  p«  commensurable,  the 
greatest  of  the  two  may  be  found  thus :  Let  Ja  and  8a  be  the 
terms  of  one  ratio^  abd  8^  and  9^  the  terma  eS  the  o^Fj  Iq 
tbe  sam?  prdcr ; 
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Then  expounding  the  ratios  by  the  fractions  ^  and  -ni  and 

•    •        ,  ,         .  la      63ai 

reducing  tnem  to  a  common  denommator.  we  get  t-  ::^  7«iil* 

J  8*       64ai  .  , .  ,  .  ,        63a&     .       ^        i.        .• 

and  -J  =  — -T  which  is  greater  than  — -t,  tbeidore  the  ratio 

8i  to  9&  is  greater  than  that  of  la  to  8a^  or  the  ratio  7  to  8 
less  than  that  of  8  to  9* 

87  •  Ratios  equal  to  the  same^  or  to  equal  ratios,  are  equal  to 
each  other. 

Thw  \i  axhwcxd 

and  g\h\\c\d 

Then  a\hx\g\h  (75.  A. 5.) 

a      c 
Or  thus,  since  j  ?=  j 

and  f  =  >  therefore  ?  =  ?. 
h      d  b      h 

88.  If  4  quantides  are  proportional^  the  product  of  the  means 
is  equal  to  the  product  of  the  extremes* 

Thus  suppose  aihxicid 
Then    adsibc. 

a       c  * 

Yot  x= :/  (^^)'  ^'^d  multiplying  both  fractions  by  hd 
P      d 

we  have  -r-  =  ^7-  (75.  Ax.  3),  or  ad  z:zk,  by  reducing  the  fractions. 

Cor.  1.    Qence  the  terms  may  be  any  how  varied  so  that  a  and  d,  ox  h 
and  c  are  the  extremes  (135  Arith.) 

Thus  b\  a  II die 

d: c  11  b:a,8ic. kc  &r in eitiier cam adsiie. 

Cor.  2.    When  two  fractions  (f = j)  are  equal,  their  reciprocals  are 
cqoai  (t  =  i). 

Cor.  3.   If  the  product  of  two  factors  is  equal  to  the  product  of  two  other 
factors,  the  4  fa(ctors  are  proportional. 
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Thus  suppose  (a^b)  x=r(c  +  d)z. 
Then  a^-b:  c  +  d::z  :  x. 

Cor,  4.    Hence  a  proportion  may  be  converted  into  an  Equation : 

Thus,  let  a^x:  c  ::  abz  X, 
Then  ax  +  x^=:cab. 

N.  B.  l(a:b  ::  cid;  then  bia::d:c\s  called  inversett/ ;  and  aicw  h\d 
mitemalefy. 

89.  When  4  quantities  are  proportional ;  Then,  as  the  sum 
of  the  first  and  second,  is  to  the  first  (or  second),  so  is  the 
sum  of  the  third  and  fourth,  to  the  third  (or  fourth  \ 

Let  alb::  c:  d 
Then  a  +  biaiic^l-dic. 
And  a-^b  i  b  iiC'k'd:  d. 


Because  -  ^  -  (88.  Cor.  2.),  if  we  add  -  to  the  fust  fraction,  and  -  t* 


-  ^  -  (88.  Cor.  2.)»  if  we  add  - 
a      c  a 

the  second  (or  1  to  each) 
we  have  -  +  -  =r  -  +-  (75.  Ax.  I.) 

or = ,  and  since  the  terms  of  two  equal  fractions  arc  pto- 

p^rtional, 

h  -pfl :  fl  : :  rf+c  :  c.    This  is  said  to  be  by  coniposiiutu 

In  like  manner^  since  r  =  j*  '^  i  and  -  are  added  to  the  two  frat* 
tions,  respectively, 

a^b      c+rf 

^eget-^-  =  -:r-, 

therefore  a  +  A  :  A  : :  c  +  rf :  rf. 


90.   And  by  subtracting  -, -,  &c.  (instead  of  the  addition)  we  shall 

ft  — a      rf— c 
have  — — r=  — --, 
a  c 

ff 

whence  b — aia  ::  d — c  \4 
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Therefore,  as  the  difference  of  the  two  first  terms,  is  to  the  first  (or 
second),  so  is  the  difference  of  the  third  and  fourth  terms,  to  the  third  (or 
fourth).    This  is  called  divisionm 

CoroU    Because  b^ax  rf+  c  i:  a:  c 
and  3— a  :  rf— c  ::  a:  c. 

Therefore  by  equality,  b-^aib — an  d+  c  :  rf— c.  (87.) 

91.  If  there  he  any  number  of  proportional  quantities,  Then 
either  antecedent,  is  to  its  consequent,  as  the  sum  of  all  the  an- 
tecedents, to  the  sum  of  all  the  consequents. 

Let  a:b::  c:  d:  \J\  g\ 
Then  a\h\\  c\  d^  lience  ad  =  6c 

fi'hwfg agirzbf 

Therefore  arf  +  a^  =  3c  -+-  A/    (75.  Cor,  1 .) 
ora(rf+^)  =  *(c+/) 
Whence  a :  c  +/: :  bid-\-g  (88.  Cor.  3.) 
»  And  a^C'J^/i  a  :;  b-^-d+gib  (89.) 

Or  alternately,  <?  +  c  4-/:  A  +  rf -j-  ^  : :  a  :  A  (c:  d,  &c.) 


Cor,  Because  r  = ;.  =^ ,  if  there  be  any  number  of  equal  fractions, 

then,  as  either  numerator,  is  to  its  denominator,  so  is  the  sum  of  any  two 
or  more  of  the  numerators,  to  the  sum  of  their  corresponding  denominaton. 


92.  Let  there  be  four  proportional  quantities ;  Then  if  like 
multiples  or  submultiples  be  taken  of  all  the  quantities,  or  of 
the  first  and  second,  or  the  third  and  fourth,  or  of  the  ante- 
cedents, or  consequents ;  in  either  case  the  resulting  terms  will 
tftill  be  proportional. 

This  is  manifest  from  Art.  84,  or  from  Ax.  3  and  4,  Art.  Ji. 

Thus,  let  aibiicid;  then  j=  ^• 

And  na  :nbi:  nci  nd, 
a     b       c  '  d 
n    n       n    n 
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na 

\fA\i 

t  Id. 

IM 

ih  i: 

nc:  eL 

a 
n 

:  b  : 

5:A 

n 

na 

n  ■ 

ft 

fUVXnb  : 

.tnci  mtL 

&c. 

&c. 

For  in  each  proportion,  the  antecedents  divided  by  their  consequents 
form  equal  fraction^ 

93.  In  four  prop<Att6ttaI  (^uantitlfed^  if  the  two  consequents 
be  either  augmented  or  diminished  by  quantities  that  have  the 
same  ratio  as  the  respective  antecedents^  the  results,  and  the  an- 
tecedents will  still  be  proportionals. 

Let  aibiic:  d 
Then  na:  b-- me  id  (by  the  preceding  Art.) 
And  b:i:na  :  fta  ndzhne  :  nc  (89.  90}. 
Or  alternately,  bdtnat  d:±znc  unat  ttc. 

Whence  6±na  :  d±nc  ::  a  ic,  by  taking  equal  submultiples  of 
naandnc. 

94.  In  a  proportion,  if  the  second  and  third  terms  are  the 
same,  the  product  of  the  first  and  fourth  is  equal  to  the  square 
of  the  second. 

Lctdtbiibic 
Tbm  acts  l^     ($8). 

The  fourth  term  c  is  called  a  third  proportional  to  a  and  b^  And  ^  is  a 
mean  proportional  between  a  and  c.  Also  the  three  terms  are  continued 
proportionals. 

95.  Like  Powers,  or  Roots>  of  proportional  quantities,  are 
also  respectively  proportionals. 

Suppose  aib::  ad, 
Thenf=€ 


HATIOS  AKtt  PROPORTIONS.  57 


AndgsrJ    (75.  ^x.  3,  or  50 

Whence  ti^  i  f^  :< i^  i  dK 
And  if  p'  :  ^'  : :  r  :  1 ; 

Then  ^=  -  ;  and  ? si  ^,  by  Uldjof  the  cMbe  q^ati  of  Ulfe  fractions, 
W1iebc«^:|r:5#-'«#^. 

Gmeraiiy,  if  a  .  b  .ic  :d\  then  i^;  ^*: •  f;":  d^,  wheR  m^Wf  lw aay 
tiumbeTj  whole  or  fractionaL 

The  ratio  of  two  squares  is  calM  dupUcate  ratio  \  of  two  square  roots, 
tuhdupti€0te\  of  two  eutei,  trifiiBaia  raiio;  and  of  two  oobe  roots,  sukri" 
flicaie,  8tc^  Thus  if  a  and  A  denotes  the  Sireas  of  two  drcks^  and  d  and 
P  their  respective  diameters : 

TheQ  tf^t  D*  : :  a  ;  A  (Geom;  105;  Cor.)  that  is,  the  areas  are  in  the  do« 
plicate  ratio  of  their  diameters* 

And  taking  the  squ^  roots  of  the  four  terms, 

diDiid^iA\  «fs.  the  diailn(*ter8  ate  !b  the  subduplicatA 
ratio  of  the  areas. 

Also,  if  a  and  A  ar6  the  solid  contents  of  two  splieres,  and  d  and  t)  their 
&uneten. 

Then  d^.Di.'.a.A  (Geom.  135.  Car.  30 

And  if  :  D  : :  tf^  :  AT, 

Or,  The  solid  contents  of  spheres  9re  in  the  |ri(rtipate  ratio  of  thdr 
diameters: 

And,  Tlie  diameters  of  spheres  are  in  the  subttlplidite  ratio  of  their  solid 
contents. 

^*  If  there  be  sei^rertU  nmka  of  prbportioiHri  qtiamttios^  tbea 
Ihe  products  of  the  correapon^bg  terfas  ^ill  ht  proportiocudt* 

Let  0  :  5t:c:</} 
Atidf'.gi.^zk 

Thtaa/xbff::ch:^. 

VOL.  II.  I 
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b       S  g      k 

Whence  ufihgxxtkx  ik»    And  to  for  any  number  of  ranks. 
^  This  is  called  com/x)um2ti^  the  proportions.   ' 

97.  In  a  rank  of  continued  proportionals^  the  ratio  of  the 
first  term  to  the  last  is  compounded  of  the  ratios  of  all  the  an^^ 
tecedents  to  their  consequents. 


Let  a  :  A  : :  ^  :  C  : :  C  :  if  : :  J :/ 
4i       b       c        d 

Then  j  a:-  s=  ^a: ^  and  the  continned  product 


»  jr3>*  ^hich  in  its  lowest  terais  is  %,  the  ratio  of*  fco^ 
«^  y 

Ctt.  Hence  the  ratio  of  the  first  term  to  the  third  vlU  be  equal  to  the 
ratio  of  the  squares  of  the  first  and  second. 

Tor  l^ssca 
And  a6«sca* 
Whence  fl:c  ::««:*«: 

And  the  ratio  of  the  first  to  the  fourth  is  equal  to  the  ratio  of  the  cubes  of 
the  first  and  second. 

Because  aici',t^\h\ 
Therefore  I  =^;:  But  |=J: 

Whew*  f  X 1  =  J  Xf,  or  J=  J;  CIS.  A>.  3.> 

Therefore  a^d-.-a^ibK  And  in  like  manner  it  is  proved  that  a  -/ 
li  a^  ib^m    And  so  of  others. 

And  the  first  term  is  said  to  have  to  the  third,  the  duplicate  ratio  of  that: 
which  it  has  to  the  seoond ;  and  to  the  fourth,  the  triplicate  ratio  of  that 
which  it  has  to  the  second  ;  and  so  on. 

N.  B.  This  compounding  of  ratios  by  multiplication  is  called 
addition  of  ratios  by  those  who  consider  ratios  to  be  the  expo* 
aents  of  the  powers  of  their  terms. 
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98.  If  there  be  four  prop{>rdonal  quantities  of  the  same  Idnd^ 
the  sum  of  the  least  and  greatest  is  greater  than  the  sum  of  the 
other  two. 

Suppose  asb'.icid;  and  let  a  be  the  least,  and  d  the  greatest.  Now 
if  the  quantities  are  commensurable,  c  and  d  will  be  like  multiples,  or  sub- 
multiples,  of  a  and  ^,  respcctivdy: 

Tiierefore  if  c  and  ^  are  expounded  by  (n  +  1)  a,  and  (n  Hh  1)  ^> 

vehave  a:  b:-.  fia  +  a:  nb-^b. 

And  nb-^b'i^a  is  the  sum  of  the  least  and  greatest  terms  {a  -f-iQ. 

na  •i-a  +  6  is  the  sum  of  the  other  two  {b+c);  which  is  lest 
than  the  oilier  sura,  because  6  is  gieater  thano^iby  the  bypethesis,  and 
therefore  nb  greater  than  na» 


OF  INVOLUTION. 

99*  If  a  quantity  be  continually  multiplied  by  itself*  it  is 
said  to  be  involved  or  raised  to  a  power  equal  to  the  number  of 
times  it  has  been  employed  in  the  multiplication. 

Thus  a  X  A  =  A*9  the  2d.  power,  or  square. 
«  X  fl  X  «  =  fl^  the  3rf.  power*  or  cube. 
flX  ^XoXazsa^,  the 4/A.  or biquadratc. 

a  =:  the  nth.  power.    (42.) 

Here  +  a  is  the  root ;  and  all  the  powers  are  positive.  But  if  the  root  is 
negative,  then  its  odd  powers,  or  the  3d,  5t/t,  1th,  Sec.  will  be  negative. 

For  — a  X  — a=B  tf»,  the  square  (44). 
fl*X— «= — fl',  the  cube  of— a. 
— fl*  X  —  fl=sa*,  the4//#.  power, 
fl^  X  —«=  —  «'»  l^c  bill.  &c. 

100.  But  simple  quantities  are  raised  to  any  power  by  multi*^ 
plying  the  index  of  every  factor  in  the  quantity  by  the  exponent 
pf  the  power. 

18 


^H 


t 

TlVlipf^lWW  ff  "X^it  "l**^  ^«1 
Tt^t  (SiAf  of  a^  M  a**^  :7  ^. 
Tbecube  of  a^*is«>^^*'^s=a'^.    FnrAftt  x  «^  X  «^'s<i'a^.. 

Alip— ,^  raised  to  the  ittb.  po^wer  if -♦-«*"«:— d"",  according  ts  n  it 
CTtro,  or  odd. 

And  SflT"  ^  raised  to  the  «th*  povvtr  Is  3*V»—  ^. 

101*  rractions  are  faised  to  given  pov^rs  by  involving  theu 
terms: 

...  *^       »»the»qu«of  g    i.  ^. 

^■Aad  the  cube  of  — .    is   -y-r- 

A.  ' 

103.  ^ompound  quantities  are  involved  by  actual  muUiplip(, 
^\  tion»  a9JaArt.44: 

^*       .     •       ^     Tb«stf4cn)Qti>eii+i; 

«*  +  «* 
(is4.3}*s=  a*  +  2flA  +  i»  the  square  or  2*  pover. 

rf*  +  2a»64-tf^» 
<«*!■*)'»  AHhl^^+laSH^  the  cube  or  3<i  powec 

^       :•  «-!-* 

(4  +  5)»  =  2TlMfl5^^65?T'Ia2M^  the 4 A.  power. 
&c. 

If  the  root  be  a— &  then  the  terms  ivhich  involve  the  odd  poivers  of  I 
IfiU  ^  n^tiv^^.  V19.  the  signs  are  alternately  fius  and  mimtf ; 

•Fhte  («— fr)^c=4»^Stf«+3fl>«-.ii,the'flBipanentofi.beingaiiodd 
number  in  the  2d.  and  4/A.  terms. 


fonflti^imkisniostcofiveiiicnl  toiepoBe^vit  tb^pfV^bf  ^eindiqesf 


Of  evolution  or  the  EXTRACTION  of  ROOTS^ 

103.  This  is  the  neverse  of  Inv;oIutiop^  and  consist  in  dis* 
.corertng  the  roots  of  given  powers,  or  i(UJmtiti|9S« 

The  rale  for  Simple  Quantiti^  Is^ 

iXvide  tb«  ea(()M)«nit>  orcxppn^nis,  of  tb^  given  quantity  hf 
the  index  of  that  pcywer  wbi9s^  iwt  i$  requis^.  Tbis  SoUpw^ 
^om  Inval\ition^  Art.  lOO* 

ThvB,  to  find  the  3iE.  or  cube  root  of  64a^? 

1      0  1 

The  exjK>nent  of  64  being  I,  we  have  64^  c^,  or   64^  «',    or  4«'  th^ 

root  lequiied :  ior  64^  =s 4.    And  4«*  x  4fl*  x  4a*=;  64fl*. 

AiMi4Mauhe«oo*of-^filii^  if-r^ 

There  lore  the  root  of  die  product  of  two  or  more  powere  i^  the  pvodiicf 
,ot  th^  vopts ;  for  4a'  5=  4  X  A* ;  and  the  square  root  =  2  x  <>• 

Alio  the  cube  root  of  lOx*  is  lOV  or  10?^.  The  coefficient  10^  is  callr 
cd  a  turd,  because  10  Will  not  adcait  9f  aa  enact  root. 

}0i.  ^  ^ven  voqX  of  an  affirmative  quantitj'  m^y  be  eitlier  -i-  or  7- ; 

Thus  the  square  foot  of  a^is-^-tf,  or  — a;  for  +  fl  X  r*-«=^*;  and 

But  any  even  root  of  a  negative  quantity  is  impossible : 

Thus  the*^2d:  or  square  root  of—  a*  is  impossible,  for  -f- tf  X  +  <»»  nor 
— a  X  — *«  vrill  produce  — a**    In  this  cas^  ihe  root  is. represented  thvs» 

V( — «•)>   o*"  thus  {  — fl*)'.     Also  (6+**)*  -denotes  the  3rf.  or  cu^ 

^t  Of  (*  +  **)  .    And  (4*— xy)"  the  «th.  root  of/i  *—  a:y. 
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105.  An  odd  root  of  any  quantity  will  have  ihe  same  sign  as 
the  quantity  itself:  thus  the  3d.  root  <^  +  644*  ^  -^  Aft';' 
and  the  3d.  root  of —  64a®  is  — 4a*»  as  pboYCf 

» 
.106.  Hie  root  of  a  fraction  is  found  by  taking  the  lo^ts  of 
the  numerator  and  denominator : 

Thus  the  cube  ^ogt  of  -zp  »  ^*  And  the  «th.  root  of  —  is  — •  Alio^ 

the  square  root  of  t=j  is  db  r:ri 


-  r 


If  the  numerator  of  the  fhiction  be  1,  the  root  may  he  denoted  by  (he 
root  of  the  denominator  jrith  a  contvary  ngn  to  the  index  t 

Thus,  the  cube  root  of  -,  is  -  or  «""*:  For-  =:  ^=s«         =**"", 
(71.  Examp.S-y 

To  extrq,ct  the  Square  Root  of  a  Compound  Quantity. 

107*  In  order  to  discover  the  rule  for  this  purpose^  it  ^ay 
he  necessary  to  consider  ^  fpqnatip^  of  a  sc^uare, 

^  The  square  of  a  binomial  x-^a  is  «'-f>2ax+a*,  or  j;^«^a^-f-  twice 
th^  product  of  the  ]?oots  x  and  a; 

of  a  trinomial  «H-  a+c,it(x+a)*+^+  twice  the  product  of 
the  roots  (considering  x-^  a  as  making  one  terai)  *. 

of  a  quadrinomial  «  +  a  +  c4-</,  is  (x-i-a-)-c}*  +  <^^4-tivicc 
the  piod^t  of  the  roots^  &c«  &c. 

Therefore  {*+a  +  c)«=  (*+<»)»+  {*  +  «)  cx«4-^ 
or  «•  +2«+  «*«J-  Scjr  +  2ca  -^0%  which  consists  of  the  three  UfU 
lowing  products; 

viz.     a  X  « 

(2»«f  2aHhc)c: 

Consequenlly  if  x^  the  first  term  in  the  square,  be  divided  by  x,  the  c|iio* 
tient  is  x  the  first  term  in  the  root: 


And  2ax+  c^  divided  by  2x  -)-  a  gires  a  the  second  term  in  the  rooU 

Also  the  remainder  2cff  +  3m  -1-  c*  divided  by  3jp  -|-  2ii  4>  c  ^^ves  c  the 
third  term. 

Again,  , 

vhich  is  made  up  of  the  4  products 

>         «  X  « 

(2*+ a)  a 

(2*  +  2/1  +  2c  +  £Q  (f. 

Kow  the  three  first  terms  of  the  root  are  fottnd  as  In  the  preceding  tri* 
uomial ;  and  ^x-^^a^ 2<;  -i- ^  is  the  divisor  which  gives \he  Mh  term  d. 

And  here  we  may  observe  that  the  terms  in  the  roost  are  constantly  dou^ 
Ued,  and  the  next  term  added^  to  form  the  divisors:  Hence  the  followii^ 
rule, 

Rattge  the  quantities  according  to  the  dimensions  of  sooae 
letter*  and  set  the  root  of  the  first  term  in  the  quotient : 

Subtract  the  square  of  the  root  thua  found  from  the  first  term  j 
and  bring  down  the  two  next  terms  for  a  dividend : 

Divide  the  first  term  of  the  dividend  by  double  the  root,  and 
set  the  result  in  the  quotient^  and  also  in  the  divisor : 

Multiply  the  divisor  thus  augmented  by  the  last  result^  and 
subtract  the  product  from  the  dividend  :  then  proceed  as  before^ 
till  all  the  terms  are  brought  down,  or  the  root  extracted  as  far 
as  may  be  thought  necessary. 

Examples* 
1.  To  find  the  squara  root  of  ji*  +  2fljc  +  a*  +  foe  +  2f «  +  c*  +  2dir 


Sat  +  a* 
ijc+2a+c)     0        2cx-¥2ca^c* 

2*  +  2«  +  a?  +  i)  5  2Ac  +  2<&  +  2dfc  4-^^ 

2d:it-fu2<fflr-f2£fc,|.rf« 

0 
Heric^  the  rule  for  extracting  the  square  root  of  a  number  is  imtiiediatcr^ 
derived :  and  if  the  root  consists  of  4  figures^  x  will  stand  for  thousands,  a 
for  hundtiedSft  e  for  tens,  and  d  for  units. 

2.  To  extract  the  square  root  of  4^  — 1&;^—  l&iJ  -f.  l2/i«  +  32<^  +24tfa^ 

4ii»— le^— ieai+12fl^+33a»  +  24<i?-f  8a+l  (2tf»— 4«»— 
ff^«  4tf— l.root^ 

♦fl*— 4«*)    0— lft«*— Ififli 

4rf4— 8tf»— 4a)     or  ~.16as— .  4tf*  +  32tf3+24tf» 
—  16a5  4-32a5  +  l6a* 

%R»— 8fl»-- to — 1)  —  40^4-   8a»+   Sa;f. I 

—  4«4+8<;^   +8a   +1 
0 

3.  To  find  the  square  root  of  c^x^  +  a*. 

•*x*  +  «*=»«»  (x*  4-  ]>»  therefore  we  have  to  approximaie  the  TD<it  •£ 
^ 1  V*     25""?P  +  rS*~128*7»  «c-  ra* 


'*'^*'~»W  4J( 


4rf* 

4^*       8jc^  "^  64j> 

5,+  l_±+^^    +i -L 

^X      4a*  ^16x5/         8jc^       64*^ 


.  J.  + J L.J 

"'"Sx*       16**      e4«"       16V« 


6^      64je»       16*«'<> 
&Ct       4cc. 
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To  extract  the  Cube  Root  of  a  Compound  Quantity . 
108.  We  shall  derive  the  rule  from  the  fonnation  of  a  Cube. 

(a  +  c)5  =  fl3  +  3a»c  +  3tfc*  +  €»: 

or    fl^+  3(tf)*  +  3(a)c-|-c*  Xc. 

And  (fl  +  c  +  (/)3=(fl  +  c)5  +  3(a-|-c)«  +  3(/i  +  c)ii  +  rf*  X  rf,  (by 
cf)i)sidering  a  +  c  as  making  one  tenii  of  a  binomial)  : 

And  so  on,  for  the  cube  of  any  multinomial. 

Hence 


I  +1 


■  (3tf*  +  3ac  +  c*)c 
(3a»  +-6flc  +  3c*  +  3«/+ 3crf  +  d*)  d,  &c. 
(From  the  preceding  fiitmulde^  the  rule,  flr/.  117r  ArUlu  is  readily  deiired) 
Or 


3«c»4.c' 

Gacrf  +  3c*rf+  Zad'^^Zcd^'^d^ 


Ilrnre,  in  the  cube  oi  the  trinomial  a-fc-|-^  it  appears*  that  the  2i/. 
temi  3^*c  divided  by  3d'  (three  times  the  square  of  the  root  a)  gives  c  the 
Jfl.  term  in  the  root:  and  when  the  cube  of  the  two  first  terms  a  +  c  is 
subtracted,  the  next  term  {}aH)  in  the  remainder  divided  by  the  same 
divisor  (3a')  gives  d  the  3(f.  term  of  the  root,  &c,  whence  the  VoUowing 
•Rule, 

Arrange  the  terms  according  to  the  dimensions  of  some  letter^ 
as  in  extracting  the  square  root,  and  set  the  root  of  the  first 
term  in  the  quotient^  and  subtract  its  cube  from  the  <pMntity 
whose  root  is  required  : 

Divide  the  first  term  of  the  remainder  by  3  timet  the  square 
of  the  root,  and  the  quotient  is  the  second  term  in  the  root : 
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Subtract  the  cube  of  the  root  already  found  from  the  given 
quantity,  and  divide  the  first  term  of  the  remainder  by  3  times 
the  square  of  the  first  term,  as  before,  and  the  quotient  is  the 
third  term  in  the  root : 

Subtract  the  cube  of  this  augmented  root  from  the  proposed 
quantity;  and  proceed  as  before,  should  there  be  any  remainder. 

Examples* 
1 .  To  find  the  cube  root  of  «  '  +  3tf  %  +  3/7C*  +  c«  +  3a^d  -k-  Cacd  -h  3c»rf 

c^  +  ZaH  +  3^6*  +  c  3  -h  3fl*i  +  Coed  Jk-3c'>'d  +  3fli»  -f-  3a/*  -h  ^^ 

(fl  H-  c  -4-  rf.  root. 
a>      9 


-)°+ 


3tf»c...  first  term  of  tlie  remainder. 


fl3  +  3aac  +  3flc*  +  c3  -f- 3aV+  6acd^-  3c^d  ^  3ucP  +  3crf»+  dK 

0  3fl*)     +  3a^d first  ttTm  of  remainder. 

Now  (fl-f.c  +  rf)3  will  be  the  quantity  proposed,  and  consequently 
*  +  c  -f.  rf  is  the  root  required. 

2f  To  extract  the  cube  root  of  x^  +  a^ 

x'H-fl3    (x^%-i  —  /-,  &:c.  rooL 
\        3a*      9xi 

*3 

3x*)     -I-  a'.... first  term  of  the  remainder. 

('+3-?)    =    ^-^^'+3-^+^^ 


J  3a}       Tii 


3a^       Tii^ 
&c. 


109.  This  rule  adapted  to  the  extraction  of  a  cube  root  in 
numbers,  will  be  as  follows ; 

Point  the  number  into  periods  of  three  figures  each  (beginning 
at  the  units)  anfl  find  the  greatest  cube  in  the  first  period  on  the 
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left  hand,  and  set  its  root  in  the  quotient  for  the  first  figure  of 
the  required  root : 

Subtract  the  cube  from  the  period  above  it,  and  bring  down 
the  next  period  to  the  remainder  for  a  dividend  : 

Divide  the  dividend  by  3  times  the  square  of  the  root,  and  the 
first  quotient  figure  will  be  the  second  figure  in  the  root : 

Subtract  the  cube  of  the  root  from  the  two  first  periods  on 
the  left  hand,  and  to  the  remainder  bring  down  the  next  period 
for  a  new  dividend  : 

Divide  this  dividend  by  3  times  the  square  of  the  root,  and 
the  first  quotient  figure  is  the  third  figure  in  fhcProot : 

Subtract  the  cube  of  the  root  from  the  three  left  hand  periods; 
then  proceed  as  before  till  all  the  periods  are  brought  down. 

N.  B.  In  dividing  by  3  times  the  square,  it  is  only  the  first 
quotient  figure  that  is  wanting,  and  therefore  it  will  not  be  ne- 
cessary to  continue  the  division. 

3.  To  extract  the  cube  root  of  269210725993. 

269210725993     (6457  root, 
216 
6*X  3  =  108)"53210  (4 


26i;'JlO 

643...  =262144 

C4*x: 

3=12288)  706G725  (5 

26y'^  10725 
6453=  268336125 

645*  X  3 

= 1248075)   874600993 

(7 

2692'!  0725993 

6457'=  269210725 

993 

K  2 
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This  rule  is  easily  remembered ;  and  may  be  made  general 
by  changing  the  indices :  Thus  if  the  mth.  root  is  required ; 
then,  instead  of  the  3d.  root,  and  3d.  power,  we  must  take  the 
mth.  root,  and  mih.  power ;  and  for  3  times  the  square,  make 
use  of  m  times  the  wi— 1th  power :  &c. 

But  in  extracting  the  higher  roots  of  numbers,  the  divisors 
frequently  give  the  quotient  figures  too  great ;  the  true  figure, 
bowcTcr,  is  found  by  a  trial  or  two :  Thus  to  extract  the  5th 
root  of  5559S513490Si. 

'  55*59251349024  (354  roar. 

35  S5  243 
3^X  5  ss405j  31292513  (4 

55592513  ...  two  first  periods 
355=  52521875 
35^X5  as 7503 125)  307063849024  (4 

354$  =  5559251349024,  therefore^54  is  the  roo/. 

The  second  divisor  405  will  give  7  for  the  second  quotient  %ure,  but  6 
n  too  great ;  and  5  the  true  figure  is  found  by  nusing  35  to  the  5///.  power. 

In  Algebra,  when  the  proposed  quantity  is  an  exact  power, 
its  root  may  frequently  be  found  by  inspection :  Thus  in  Ex.  1 . 
we  find  the  three  cubes  a',  c%  and  d'  ia  the  given  quantity  ; 
and  the  three  roots  connected  with  their  proper  signs,  is  the  root 
.required* 


Of  Dr.  Halley's  rational  Formulae  for  the  Roots  of  pure 

Powers, 

110.  Let  a^  +  h  be  a  quantity  whose  square  root  is  re. 
quired :  where  b  is  supposed  to  be  small  when  compared  with  a'. 

Put  «  +  *=  (^+^)^»    Then  squaring  both  sides  (75,  Ax.  6.)  we  have 

«*«+.2«c  +  4r*ss:«(*  +  ^;  and 2ax4-jc*=^:  whence xsr — : — . 
^        ••  •  2a -I*  X 
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But  if  6  i«  sitiaU  when  compared  with  a»,  then  x»  will  be  much  less  than 
Stt,  and  consequently  2ax  niay  be  taken  for  the  value  ofb,  nearly  :  there- 
fere  if  wc  reject  **,  in  the  equation  Sax+x^ssf,  we  have  2ax  =  b,  and 
#  =  ^  for  the  first  approximate  value  of  * ;  which  being  substituted  for  x 

in  the  fkactioa  Qa-^x  ^**"  * "^ T  ^ 4^*4,^  ^^  second  approxi- 

nation ;  therefore  the  root  i»  +  iss  a  4-  -J^ — j.  =  (a*  +  *)^. 

Again.  Let  the  c»Je  root  of  a'  -f  3  he  required ;  (b  being  supposed  small^ 
as  before) :  and  puX  a  -^  x  sz  (a^ -^  b)^  i 

Theua^+3a^x  +  3ax*^x^z=za^-^b; 
whence  3a*x -^  3ax* -^  x^  :^  b ;  and  rejecting  «3  on  account  of  its 
smajlness,  w  get  3a*M  +  3/w»  =s  i,  whence  *  =  ^  ,  .  ^    . 

Now  in  the  equation  3tf»«  -|.  Saa*  =  ^,  the  term  3ax^  is  supposed  to  be 
small  when  compared  with  3a*x,  therefore  that  being  rejected,  we  have 

3cflx  =  *,  and  *si  —  the  fiwt  approximate  value  of  x  in  this  case,  which 
put  for  *  in  the  fraction  — -— _,  gives  *  = — -  the  second  ap- 

proximation ; 

Whence  the  root  a^x  =  a+      *^     =r  (aS  +A)i. 

And  if  tf+je=(fl^  +  ^)*,  then  (omitting  all  the  terms  in  which  x  is 
labove  the  Qd.  power)  a  +  x  will  be  =  a  -|-  ^^^      ,^  =  (a*  +  ^)^. 

llence(a.+  *r  =  «+./-^. 


'-'+*)*=«+ dx*• 


&c.  &c. 

*  Let  o  M  50,  and  6  a  1  (a  small  number)  then  2ax  ^.  «•  »  5  becomes  100« 
^xi^^t,  in  whicb  cquttion  «.tnust  be  isss  than  ^^,  and  consequently  x*  less 


70  AXOEBRA^ 

When  the  givea  quantity  is  a  residtial,  the  latter  factors  in  the  root  will  be 
negative  :  Thus  (fl«  —  4^  =  a  — -  —^——.    And  so  of  others. 

These  are  the  rational  formulae  of  Dr.  Halley  {Philos.  Trans. 
1694.)  who  has  informed  us  however,  that  M.  de  Lagney  first 
gave  the  rule  for  the  cube  root.  The  irrational  formulae  are 
surds  derived  nearly  in  the  same  manner. 

111.  But  the  foregoing  expressions  may  be  rendered  more 
commodious  for  practice  as  follows  : 

Let  N  represent  the  quantity  whose  root  is  required,  and  r  its  root : 
Then  because  a  +  ^^5-^^  =  -^j^^-p^  =  -y^.^^a  +  ^   X 

ah  SflSj^       3g44-5  ja^^'b)^  ^^ 

&c.  &c.  '  &c. 

If  N  be  substituted  for  a* -4-3,  a ^-h*,  &c. 

^^  ^^"^  ^a^^a^^b-  ^ "  =  3-^^inr  ^ "=^' 

3q^-^5  ia^A-h)  __3a<  +  5N  _ 

&:c.  &c. 

Which  converted  hito  analogies  (88.  cor,  3,)  will  be 
3a»  +  N  :  fl»  +  3N  : :  a  :  r. 
4fl-^4-2N  :  2fl3-j-4N  ::a:  r. 
5fl*  +  3N  :  3rt4  +  jN  ::  fl  :  r. 
&C. 

And  since  it  appears  that  the  numeral  coefficients  are  constantly  1  greater, 
and  1  less  than  the  index  of  the  power  whose  root  is  to  be  extracted,  the 
law  of  continuation  is  manifest :  Therefore,  putting  n  for  that  index,  we 
have  the  following  general  Rule : 

(«+  1)  a"+  («—  0  N  :  («  —  1)  «•-*-  («+  1)  N  ::  a  :  r  (118.  Arith.) 
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For,  tuppose  the  4th.  root  is  reiiuired  ; 

Then,  in  the  proportion  5tf*  -f  3N  :  3a^  +  5N  : :  «  ;  r, 

ft  is  =4 

the  cofficients  5  and  3 are  n  +  1  and  n —  1  ; 

and  N  =  a*  +  *,  where  b  is  small  when  com- 
pared with  a-*. 

Ifnis  an  odd  number, — - —  and  — ^-  will  be  whole  numbers  which 

may  be^sed  instead  of  n  +  I  and  n —  1,  as  in  extracting  the  cube  root 
(118.  Arith,  Ex.  1.) 

This  method^  when  applied  to  the  extraction  of  the  higher 
roots  of  numbers,  is  the  most  expeditious  of  any,  if  we  except 
that  by.  Logarithms.     See  Arith.  Art.  118,  ice. 


OF  SURDS. 

112.  Surds  or  Radical  Quantities  are  such  as  have  no  exact 
root.  The  joots  however,  are  designated  by  means  of  the 
radical  sign  y",  or  by  fractional  indices. 

I 
Thus,  the  square  root  of  5  is  expressed  by  v^5,  or  5^. 

Also  y^,  or  3*  denotes  the  square  root  of  the  cube  of  5. 

And  |/(fl  +  ^),  or  (a +  6)^  the  5(h.  rooiofa  +  b:  &c.  (104.) 

113.  A  rational  quantity  may  be  exhibited  under  various 
surd  forms : 

Thus,  taking  the  number  6,  for  example; 
Then  6=V'36=i/(6xC)=^(4xr)=t/(3x  lC)=t/(2x  l8);=V(lx36) 
=y'4XV^9  =  2l/9  =  3v'4=:v'3xv'12  =  t/6xv^6=216^&c. 
And  if  the  quantity  be  a, 

We  have  fl=t/fl*=/(flX  a)^V  (i^^  4fl)  =  t/flX  •«  =  ••<»  X  v' — 

=  fl^X  fl"^=  «*»=  a"  X  fl  "  5;;  \^^  =\^ /"»  and  innu- 
merable other  expressions,  which  will  be  evident  if  we  consider  that  the 
square,  or  cube,  &c.  root  of 'any  quantity  when  squared,  or  cubed,  &c. 
must  give  the  quantity  itself. 
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114.  Hence,  to  bring  a  rational  quantity  to  the  form  of  a 
square^  or  a  cube.  Sec.  root,  raise  it  to  the  d(/.  or  3d,  &ur* 
power^  and  set  this  quantity  under  the  index  denoting  the  rooU 

Thus  4  under  the  forms  of  the  Qd,  3d,  ith,  and  f  roots, 

wiUbel6^  64^,  256^  8^. 
Also  a^  reduced  to  the  form  of  the  square  root  is  \a^ )^ , 
And  a   reduced  to  the  mth.  root  is  \a     r, 

*  '  n  (  '  X  "^- 

Generalfy:  a'  reduced  to  the  form  of  the  -th.  root  is  \«'       V", 

or  (a")^ 

For  if  the  multiplication  by  -  involves  to  the  power  --,  the  muUipHca* 

Cion  by  its  reciprocal  -  must  reduce  it  again  to  the  root. 

115*  To  reduce  quantities  with  different  indices^  to  other 
equivalent  ones  having  a  common  index. 

Reduce  the  indices  to  a  common  denominator ;  then  involve 
each  quantity  to  the  power  denoted  by  its  numerator. 

Examples. 

V  I 

1.  Reduce  8^  and  9^  to  equivalent  quantities  having  a  common  ini^ex, 
|  =  f;andi  =  |. 
Therefore    8^  =  8^  =  64^ 

X  I 

And  the  quantities  arc  64^  and  729^,  havii)g  the  common  index  J. 
For  8^  =  2,  and  64^  =  2.     Also  9*  =  3,  and  729^  =  3. 

116.  When  the  quantities  are  to  be  reduced  to  equivalent 
ones  having  a  given  index^  it  may  be  done  by  the  general 
form  in  the  preceding  article :  thus^ 
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9.  Let  S^  and  9^  be  reduced  to  equivalent  quantities  having  the  com* 
moQ  index  |. 

Then(8"^->=(80i=(4096*)*=16*. 

Ans.  16^  and  81^. 

IS 

5»  Reduce  3^  and  2^  to  the  common  index  ^ 

(34'<t)*=(3')^  =  27*. 

(2^'<*)i=;(2*)ial6i 

Ans.  27*  and  le*^* 

III 

4.  Let  «',  *^,  and  c^  be  reduced  to  the  common  index  f . 

(.4^i)x=Gi)f;  GJx|)f^(,i)}.  (,ix4)j^(,i)f 

Ans.  («*)J     GO*     (,i)l 


f 


5t  Reduce  ^  and  b'^  to  a  common  index. 

Therefore  1^  =  0^=  U*)^* 
and  6"  =5^  ^  =?  G"  )^. 

Ans.  V^"/"",  and  v*/    • 

Of  Multiplying'  Surd  quantities  together. 

117.  It  appears  from  Art.  113.  that  the  product  of  surds 
having  a  common  index,  is  the  product  of  the  quantities  thepi^ 
kIt^  with  the  same  common  index. 

Thus  ^3x  1/12  =  v^36:  or3*X  IS^sSS': 

And  ^ax  V^  =  V^«* -  or  a' x  (^  =(a')^. 

Also  t/«  X  •*  =  /^^  •  or  a*  X  A^  =  (^)i 
YOL.  II.  L 
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Andsincc  2/^X31/41=2  x3v^  (9x4)=6/36; 
Therefore  if  surds  have  coefficients  their  product  must  be  prefixed  i 

Thus  aybx  c^dz^ac^bd. 

And  a-C*^)  x  (f  (^)  =flV  (w)-,  or  i^ifbrd'*. 

118.  The  product  of  like  quantities  in  the  form  of  surds  with 
the  same,  or  difierent  indices,  is  found  by  adding  those  indices 
together  (45); 

Thus  64*  X  64^  =  64^"*"^  =  64*. 
And  a*  X  fl*  =«*^*  =fl'  =fl- 
Also  (a  +  3)"  X  (rt  +  3)'"=U  +  *>'"     "  =  U  +  *;  - 

lid*  If  surds  have  different 'indices,  reduce  them  to  the  same 
index  (115)  5  then  find  the  product  as  in  the  preceding  articles, 

'  X  X 

Thus,  to  find  the  product  of  S^  and  9* : 

12  ,13 

-  =x  - ;  and   -  =r  - : 
3        6'       "    2       6 

X  a  X 

Then  8^  =  8^  =  64*: 

and  9*  =  9^  =  729* 

Therefore  64*  x  729*  =  (64  x  729)*  =  46656*,  the  answer, 

Oiher  Examples, 

i.  Required  the  product  of  6*/ 16  and  10v^6« 
^X  lOy'  (10^  6)  =60v'60.    Ans. 

X  X 

2.  What  is  the  product  of  5  (9)'  and  2  (6)^  ? 
5X2  (9  X  6)'  =  10  (54)^    Jns. 

3-  Hequired  the  product  of  i  (g)^  and  f  (|)^> 

*x»(T'<l)"^i(l)^(Tfe)'=(,l)'    ■"<• 
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4.  Required  the  product  o(  a  (a  4.  y^c)*  and  *  (tf  •«)*  ? 

tf*X  («  +  ^0  (fl  — •O*  =fii  (a*— c)*.    -rrfn*. 

—  2  8 

5;  Rcqairtd  the  product  of  {x-^y)  afld  («— y)  ? 

6.  What  is  the  product  of  (x— ^)*  and  -.    ^^x? 

7.  What  is  the  product  of  (a—x)^  and  *M  ' 

•ft  * 

8.  Required  tlie  product  of  v'("—fl)  and  •(  —  <!)? 

VC — fl)  X  v'C— fl)=/( — «X — a)  =  v^fl*:  butthesquani 
root  of  fl*  is  -#-  tf,  or  —  tf. 

Or  thus:  (— fl)'  X(—fl)*=(—fl)*  ■*■*  =  (— «)'=—«. 

This  last  method  shews  that  the  square  of  ^(  —  a)  is  —a;  but  it  doei 
not  prove  that  it  is  not  4-  a.  Now  the  preteding  operation  gives  both 
+  fl,  and  — a,  conformable  to  the  rules  of  multiplication,  and  the  extrac- 
tion of  roots :  for  if  v^( — a)  6e  a  negative  root,  its  square  by  actual  mulr! 
tiplication  tvill  be  positive,  and  this  positive  square  will  have  a  positive^ 
and  a  negative  root.  But  it  may  be  said  that  V'{  —  a)  denotes  the  root  of 
a  negative,  not  a  negative  root ;  this  objection  however,  is  obviated  by  the 
process;  for  •(  — a)  X  V i  —  a)  or  \^ {  —  a x  —a),  -^nd-^^a  x  — V'tf, 
both  give  +  V^*-  ^^  seems  therefore  not  more  repugnant  to  algebraic  me- 
thod, in  making  the  square  of  y( — a)  equal  to  4- a  or  — a,  than  in  ad* 
mitting  +  tfi  or  —  a  to  be  the  square  root  of  +  a*. 

ilence  it  appears  that  tiie  square  of  |/{  —  a)  is  dza, 

of  v'(— «')  w=±=«*. 
of  l  +  t/C— 2)  is  l-i-v'C  — 8)±j?i 
And  that  the  product  of  V( — a)  and  v^C-^*)  is  =fc  •oA* 
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Division  of  Surds. 

ISO.  Reduce  the  surds  to  the  same  index ;  then  the  quo* 
licnt  of  the  surd  quantities,  with  that  index,  will  be  the  answer* 

Examples* 

U  Divide  y^IS  by  ^2. 

5!-— -=r  ^  —  =  v^9=:3.  Ans. 
y/2        ^    2        ^ 

f.  Divide  46656^  by  8M 

A  a  i 

8^   =8^=:  64*: 

S,' Divide  ^a  by  ^h. 

i         i 

4.  Divide  a"  by  IT. 

<f  =:^  =  (fl")"" :  and  6"  =  i"-  =  (a")'-  . 

ISl.  If  the  surds  have  coefficients  their  quotient  must  be 
prefixed.  And  the  quotient  of  like  surds  is  found  by  subtract* 
j«g  the  index  of  the  divisor  from  that  of  the  dividend.  (49). 

5.  Divide  Sy^lO  by  ^2. 

|^  =  2i/^  =  V5.    Am, 
«.  Divide  iy/^  by  \y/^} 

7.  Divide  a  y/b  by  cy/d} 

ay/b      a    ,b        . 
—h^i  =  ~  V^  :]•    Arts* 


S,  bividc  ax^  by  Ax"^  > 


S-  Divide  (a— )^  by(a— Ji)h 

lOw  Divide  H-v'(-^8)±2  by  I4.y'(  — 2)f 
•  (-8)=2v'(-2): 

I^-V'C— 2)  \   l+2t/(--2)±2  /l  +  v'C— 2)^»tf*lf. 

»•«-     •(  — g)  ^ 

,/(-8)  ±S 

0 
11.  IMvide  ««-"  by  Ax". 

£:^=;(?)=!r-")=f(--'"n- >» 

Of  reducing  Surds  to  their  simplest  terms* 

1S2.  This  priticipally  consists  in  resolving  the  quantity  into 
its  component  factors^  or  separating  the  rational  and  irrational 
parts ;  which  being  done^  the  root  of  the  greatest  rational  power 
it  contains^  will  be  t^e  coefficient  of  the  irrational  part. 

These  reductions  are  frequently  necessary  when  surds  are  lo 
be  added^  or  subtracted. 

Examples. 
1.  Reduce  ^  (ja?bh)  to  its  simplest  terms. 

4/  {d^l^x)  or  {a^l^^jiy  =  (a^o^j^  X  ^^  =  adx^.    Am. 
L*.  Reduce  v^363  to  its  simplest  terms. 
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i.  Reduce  T-- j     to  its  simplest  terms. 

81/         \Si  X  9^        729^ 


i        -^ 


f-i08)i    ^.^ 


4.  Reduce  y/rrr-  to  its  most  simple  terms; 

*J47        ^^49X3       "J^a       7X3^3       ai^      3  21^ 

5.  Reduce  {54ai»—  54flbc<)*  to  its  simplest  terms.    . 

X  X  i 

(54<a»— 54fl»*)^  3=  (27*^  x  2a  —  27a'  x  Sax)^  =3*  (2fl— 2tf*)^    -<^to* 


ty  /Ae  Addition  and  Subtraction  of  Surdsm 

l23»  Reduce  the  proposed  quantities^  by  the  precedio^ 
article^  so  that  the  surd  parts  are  the  same  (if  they  admit  of 
such  reduction) ;  then  denote  the  sum^  or  difference^  by  meanft 
6f  their  coefficients; 

Examples 

U  Required  the  sum,  and  dilTerence  of  ^a*b  and  i/t'ft. 
^aHz:zai/b:  SLnd  '^ c^b  s=  c \^ b. 
Tliercfore  (a  +  c)  -^b,  is  the  swn : 
And  (a  :/i  c)  ^b,  the  difference, 

2:  Required  the  sum,  and  difference  of  ^^245  and  -^605. 

V'245  =  V(49X  '^)^1^/h,     And  ^^0*05  =  ^/(121  X  5)=:n  v'5. 
Hence  18  t/ 5,  the  Jiwi.    And  4-/ 5  the  differerica 

2  27 

3.  What  is  the  slim,  and  also  the  difference  of  ^^  and  ^  -  } 

,2      3    /2_J    y2X9_l 
ji     ,     ,27         ,Px3        3     .3       3X2    ,3       3      ,3x43      _ 
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35  V6  —  35  1/6  —  -  i/ff,  the  difference. 

X  I 

4.  Required  the  sum,  and  difference  of  (24tf»«)^  and  {/^Oi^x^. 

(24a*x)^  =  Q4^a^x^.    And  (4033x)3  =  403i»:t3  . 

Therefore  (24^  «^  4-  40^%^  is  the  jwiw. 

i    4  i        i  ^ 

And  (24'a^  w  403^)*3  the  difference. 


Of  involving  Surds:  And  extracting  their  Roots, 

ld4«  Surds  are  involved  by  multiplying  the  index  by  the 
exponent  of  the  power  to  which  it  is  to  be  raised.  (100)« 

—        *  V  3 
Thus,  the  cube  of  a^  is  a^         =  a\ 

And  the  square  of  (a»— x*)*  is  (a»— *»)*  ^     =  a*  — x*. 

Also  the  ith  power  of  (a—*)*  is  (fl— 2)*  ^  "*=  («— 2)»  =  /2«— Snz  x  «•. 


If  the  Surds  have  coefficients,  their  powers  must  be  prefixed. 

X 

Thus,  the  cube  of  3x^  is  27x. 

And  the  ?  power  of  8«^  is  SV  ^  ^=4jc^ 


0/Aer  Examples. 

X  „  J 

!•  What  is  the  mth.  power  of  iw"?  Jns.  a  ^ 

2.  Required  the  square  of  7  (9^)  ?  Ans.  49  (81^). 


3.  Required  the  cube  of  2^  ? 


X  w  4  4  X  X 

2*  ^^  =  2^  =  8*  =2(2*).    -rfjw. 


4.  Required  the  4th,  power  of  j  t/7  ? 

!^,=vl  =  (!)*,„a(iy''*=(i)-=i,  ^"^ 

5,  What  is  the  square  oi  ^aJ^y/b}  Am,  a  +  2^(ib  +  b. 
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&  Required  the  square,  and  ajiso  the  cube  of  t/5  —  y^  > 

1/3  — 1/2 

t/3— t/2 

3  — |/6 

—  •64-2 


5 — ^24,,..^,,.  the  square* 
t/3  — t/2 
'      5V'3  —  v^72 

—  5  v^2-|- t/48 
5^3  —  ^72  — 5y^2  +  y48  =  9  t/3  —  n  ^2,  tlie  fl^ 

For  t/72  =  6V'2;  and  V48  ==  4  ^3  ;  whence  4  |/3  +  5  v^3  =  9 ^^3 ; 
»nd6^2  +  5v^2=ll  i/2. 

IS5»  To  Jind  the  root  of  a  surd,  divide  its  index  by  the 
index  of  the  root  to  be  extracted.  And  when  the  surda  hav^ 
rational  coefficients^  their  roots  must  be  prefixed. 

Examples, 

1.  What  is  the  square  root  of  n*  (bj)  ? 

The  square  root  of  a*  is  a:  and  the  square  root  of  p^  it  *^  X2  -^ ^3  . 

X 

therefore  ab^  is  the  root  required. 

2.  What  is  the  square  root  of  49c«  (81 3)? 

The  square  root  of  49c*  is  7c. 

And  81^X2  ss  81*  or  9  *  is  the  square  root  of  8P. 

Ans.  7c  (9^). 

3.  Required  the  square  root  of  12  '? 

12^  =  1728*   or  12  (12*).    Am.    ' 
4»  Required  the  4th.  root  of  5«y  ?  Jfts,  5*  (xy)*^ 

5.  What  is  the  wth.  root  of  <u"?  jins,  cx^. 

X 

6.  What  is  the  cube  root  of  {ah^x)*  > 

3         1 
(AJx)»  =  {ac)h^ ;.  and  {acf  X  5^  2  x  3  _  ^?^f ^f     ^^^ 


SURDS, 


7.  What  is  the  —  mth.  root  of  ax       ? 


81 


—  M     —  -t  —mm 

a      X       1:^.(1      X  ,    Ansm 


8.  Required  the  square  root  of  a  —  2'^ab  +  bi 

Arts,  ^a — ^b,  OT  y^b-^^a. 
And  the  square  root  of  a  +  2^ab  +  A,  is  v'fl4-  v^*« 

126.  The  joots  in  the  two  last  examples  are  obvious  by  in- 
upection  only ;  but  if  numbers  are  substituted  for  the  letters, 
the  square  becomes  a  binomial :  thus,  let  5  r=  a,  and  3  —  i, 
then  (v^5-|-  v^3)*=:  S  +  v^GO,  where  the  rational  part  8  is 
the  sum  of  the  squares  of  the  two  surds,  and  the  irrational  part 
V^60,  twice  their  product.  To  discover  the  root  in  such  cases, 
suppose  a  -f  v'i  is  the  binomial,  and  let  x  and  y  denote  the 
two  members  of  its  root,  viz.  put  [x-^yf  =  a+y/h. 

Then  «» +5^*  +  2jcy  being  =  a  4-  y'd, 
we  shall  have  «»  +  ^*  =  cr,  and  2xy  ■=iy/b. 

Andy4  =  fl— x».    Also  4x^  =  ^5  whence ^ *=  ^^^• 
Therefore  a  —  a*  =7--. 
And  flic*— -x^=:^,  or  jH  —  fljc»  =  —  -     (77). 

Now  if  -  be  added  to  each  side  of  this  equation,  we  get 
4 

*•— rtX*4.7-=--— i=-   .       J(75.^».  1) 

4  4  4  *  r 

But  at4  —  flx*  -I-  ~  is  a  square,  its  rOot  being  x*  —  -  : 

Therefore  «*  —  ^  "^""T"  ~  ^ — 2 '    ^  ^' 

Now  y  being  =  V(a  —  **), 

wehavey=v'^fl ^       — ;-V^\^ ^  ;• 

VOL.11.  M 
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Therefore  the  square  root  of  g4t/ii,|/(''+»'^''*-*))+t/('*"^J'^^), 
And  if  the  surd  be  a  residual,  a  —  ^hi 
Then  ^pjJi£(;!ri))_^(^-V^^*-^?)  i,thereot. 

Examp,  Let  12  -^  |/  liO  be  the  binomial ; 
Then  the  expression  becomes  |/li±J^--.|/ill^£ls=:  VT-^v'S, 
the  square  root  of  12  —  t/  i^O. 

The  .above  expressions  are  general  for  t  binomial :  but  when  applied  to 
surds,  it  is  necessary  that  ^(a* — h)  be  rational  to  bring  out  one  or  both 
members  of  the  root  in  simple  quadratic  surds. 

QUESTIONS  PRODUCING  SIMPLE  EQUATIONS. 

127*  According  to  the  natural  arrangement  of  parts  into 
which  Algebra  may  be  divided,  this  should  immediately « have 
followed  the  Resolution  of  Simple  Equations^  Art.  74,  &c.  But 
we  found  some  knowledge  of  equations  requisite  in  the  articles 
on  Proportion,  the  extraction  of  roots,  &c.  And  an  acquaint- 
ance with  these  latter  branches  frequently  becomes  necessary  in 
the  resolution  of  Problems,  whether  they  produce  simple,  or 
quadratic  equations. 

128.  When  a  Question  is  proposed,  the  student  should  re«« 
present  the  unknown  or  lequired  quantity,  or  quantities,  by  a 
"  letter,  or  letters^  as  x,  y,  jk,  &c.  then  let  him  operate  with 
both  the  given  and  unknown  quantities,  by  addition,  subtrac- 
tion, multiplication,  Sec  according  to  the  conditions  and  tenor 
of  the  question  j  by  which  means  he  will  obtain  one  or  more 
Equations  involving  the  unknown,  letter  or  letters.— But  on  this 
head,  a  few  examples  are  preferable  to  many  precepts. 

Examplesm 

1.  What  number  is  that  to  which  7  being  added^  and  the 
^8um  divided  by  3,  gives  the  quotient  13  ? 
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Let  X  denote  the  required  number : 
Then  the  sum  of  x  and  7  is «  +  7 

vhich  divided  by  3  gives  .• -^^ 

*4-  7 

And  tHts  must  be  =:  13^  viz -——=13 

3 

Whence  xsz32,  the  number  sought.    See  Art.  77.  Ex.  3. 

S.  There  is  a  number  to  which  if  we  add  5,  and  subtract  its 
double  from  |  the  sum^  the  remainder  will  be  equal  to  the  said 
number  divided  by  3.    Required  the  number  ? 

Let  X  represent  the  number  sought : 
To  which  adding  !>  gives  x.+ 5 

Half  of  this  is  ....: ^~- 

And  fubtracting  double  the  required  number,  leaves — ; Sif 

ff  -4-  5  % 

Which,  by  the  question  is  =  ^  of  that  number,  vix.  --|-- — 2*  ss  - 

Whence  x  =  l^V    Art.  77.  Ex,  6. 

3.  What  two  numbdrs  are  those  whose  sum  is  %Qy  and  dif- 
ference 6. 

Suppose  the  less  number  to  be x 

Then  the  greater  must  be ,..  «+  6 

Their  sum  is J«+  6 

This  sum  is  =  20,  viz v  2x+6  =  20 

Whence  2«  =  20  — 6  =  14 

And  «=i^5=7the/(«r. 
And  7-*- 6=:  13  the^ea/p". 

Or  Ckus%    To  £nd  ^o  numbers  whose  sum  is  5,  and  difierence  i% 
Let  the  less  be  x\  then  the  greater  7s  x  -)-  (^ 
And  their  sum  is  2ji?+  «^ 

Therefore  2x<4-^s:« 
Whence  2jf=;f^-rf,  and  *=§*— i</  the^xf. 

And  i'r-»c^+<^  =  t*+a<'»  the^Twiicr, 
Therefore  when  the  sum»  and  difierence,  of  two  numbers  are  given, 
half  the  difference  added  to,  and  subtracted  from  half  the  sum,  will  be  V^^ 
greaUr  and  kss^  respectively, 

M  9 


N 
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4.  The  sum  of  two  numbers  is  19.  and  the  difference  of  this 
squares'  95 :    What  arc  the  numbers  ? 

Put  X  for  th(*  greater  number,  and^  for  the  less. 

Then  by  the  questioh x-hi/=  19 

And a*— j^»  =  95 

Now  dividing  the  second  equation  by  the  first,  we  have  -  _-—  =  *—  (TSt^JC^.) 

Or  by  actual  division x — ^  =  5 

Therefore  we  have  Ihe  sum  of  the  two  numbers,  x  +y  =  19 

and  their  diiTtTcnce  * — ^  =  3 

IQ       5  19       5 

Whence,  by  the  preceding  example,-;-  +)t=  12  ihe  ^realer ;  and  ^  —  :; 

=  7  the/«^. 

5.  What  two  fractions  are  those  whose  sum  is  1,  and  the 
greater  divided  by  the  less  gives  the  quotient  1 0  ? 

For  the  less  put « 

Then  the  greater  will  be 1  — x 

Whence  by  the  question :=  10 

or 1 — j:=  IOjc 

■  therefore...  1=11* 

And...        -    =*,  the  Ust 
And  I  —  -—==--  the  greater, 

6.  A  General  having  detached  620  men  to  take  possession  of 

3 
a  strong  post,  and    -  ot  the  remainder  of  his  troops  to  watch 

3 

the  motions  of  the  cnemy^  finds  that  he  has  only  -7-  of  his  army 

left ;  what  was  his  whole  force  ? 

I^t  the  whole  number  of  men  be j» 

Then  after  U'iO  were  detached  iic  remainder  was x — 1>20 

-■  of  these  are » 

7  7 

3  ?iX 

And -f-,  of  the  whole  is '— ■ 
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Kow  by  the  question,  the  two  last  parts  with 

€'20  must  make  the  whole ;  viz 620  4-^-^^—-+^*=* 

which  cleared  of  fractions  gives      56420  +39x— 24180  +  2];c=9U 
whence...     56420 — 24180=31* 

or 32240  =  31* 

and    4r=  1040,  the  ^«ia«r. 

7.  Three  battalions  of  unequal  force  are  in  column  of  march ; 
the  extent  of  the  first  battalion  is  216  paces,  the  extent  of  the 
second  is  equal  to  that  of  the  first  and  third  together,  and  the 
extent  of  the  third  is  equal  to  that  of  the  first  and  half  the 
second ;  what  is  the  length  of  the  column  ? 

Let  the  length  of  the  third  be  g 

Then  that  of  the  second  will  be 216+* 

The  first  and  half  the  i?ccond  together  is 216+  "      "tli^ 

Which,  by  the  quest,  is  equal  to  the  third,  viz.  216  +  - '     "^-f  =  x 

whence 432-f-216  +  x  =  2* 

And j:=648  the'third 

64  8  +  2 1 6  =  8/54  th^  second 
216  the  first 
The  whole -=  iTiS  paces, 

8.  The  Double  Rule  of  Fal.^e^is  founded  on  the  supposition. 
That  the  differences  between  the  true  and  supposed  numbers  are 
directly  proportional  to  the  respective  differences  between  the 
true  and  erroneous  results :  now  it  is  required  to  show  if  the 
Arithmetical  process  is  conformable  to  that  supposition.  (Arith. 
ArL  109.) 

Ix't  S  and  s  be  the  two  suppositions,  D  and  d  the  corresponding  errors 
or  ditferences  between  the  results  and  the  number  with  wiuth  they  are 
compared ;  al^,  let  x  denote  the  number  required. 

Then  x—S,  and  jc  —  j  will  be  tlie  didereuccs  between  the  true  and  sup- 
posed numbers  when  the  latter  are  both  too  little : 

And  S  —  ;f,  and  sy^x,  when  they  are  both  too  great. 
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Now  by  the  tupposhion»  x-^Six — siiDid;  whenceJ!>«— Dj=rd!f — dS, 

and  Dx^dx=sDs'-^dS 

^.      ,  Ds  —  dS 

therefore  *  =s    .,     ■■  . 

And  «y — X :  5— « ::  2) :  rf  gives «=:     . ^  , 

Now  in  both  these  eases,  the  errors  are  alike.  And  each  expression  is 
the  difference  of  the  products  divided  by  the  differtnte  of  the  errors.  \Firsi 

But  when-  theferrors  are  unlike,  we  shall  have 

either  S^^x  :  x-»— ^  wDid^  whence  jcas    ,'*'  ^; 

or  «  — <y :  J— .«  II  Did,  and g=  n  .  J  » 

Where  the  expressions  give  the  sum  of  the  products  divided  by  the  uan 
of  the  errors :  wiuch  is  the  second  ruie^ 

9.  Divide  10  into  three  such  parts^  that  when  the  first  is 
multiplied  by  S^  the  second  by  3^  and  the  third  by  4,  the  threo 
products  may  be  equal  ? 

Let X, y^  andz,  denote  the  three  parts : 

Then,  by  the  question jc+^^  +  zsIO 

and....  3jr=3jr=4z 
Now  because  2x=:U,  therefore  x  =  22 

Also,  since  3y  =  Az,  we  have  y  ==  ~ 

4z 
Now  putting  2z,  and  ^  for  x  and  y  in  the  first  equation 

and  we  have  22 -|--^  +zs=  10 

whence  fo -)- 4z  ^- 32  =  30 

J  30       ^  4 

*°^ ^«=i3«^3 

Orikus.  ^  Assume  three  quantities  which  being  multiplied  by  2,  3,  aad 
4,  respectively,  shall  give  the  same  quotient;  thus. 

Suppose  ^,  'y  and  *  ;   then  |+ 1  +  ?  =s  10 
whence  ldjc=:120 


SIMPLE    EQUATIONS.  Sj 

3  8         14 

And  9  Y^  divided  by  2, 3,  and  4,  respectively,  give  ^Y^^^yy^y^f  ^^ 

three  parts  required. 

lO,  Let  10  be  divided  into  4  parts  such,  that  when  they  are 
TCdpectively  divided  by  2,  3,  4,  and  5,  the  quotients  shall  be  in 
the  same  proportion  as  6,  7,  8,  and  9  ? 

Assume  2  x  6»,  3  x  7x,  4  x  9x,  5x9*  for  the  4  parts ;  (these  betiy 
divided  by  2,  3,  4,  and  5,  produce  quotients  in  the  given  propoitioosj. 

Then 12a+  21«  +  32»+45*=  10 

or, I10«=  10 


Thenefore 


I 
SMd, '~Tl 


ix45  =  4i 


K  the  4  parts  reqiured* 


11.  There  is  a  number  consisting  of  two  digits,  and  if  72  be 
subtracted  from  it,  the  digits  \^ill  be  inverted.  What  is  the 
Aumber  ? 

The  answer  is  found  from  the  following  property,  namely ;  The  difTcr- 
cnce  of  a  number  consisting  of  two  digits,  and  the  number  vrhen  those 
digits  ate  inverted,  is  9  times  the  difference  of  the  digits:  Thus,  if  35  be 
the  number,  then  the  difference  of  35,  (?  x  10  -♦-  5)  and  53,  (5  x  10  4-3) 
is  IS,  or  2  (the  difference  of  3  and  5}  multiplied  by  9. 

Generally,  M  n  and  b  are  the  digits,  and  iOa-f-  ^  the  number,  then 
10^ 4- a  is  the  number  when  the  digits  a'and^  change  places:  nowsub^ 
tracting  the  latter  from  the  former,  ive  have 

lOtfH-A— lOA  — ^  =  9fl  — 93=(a  — ^)  X9. 

To  apply  this  to  the  question,  we  have  only  to  divide  72  hy  9,  and  tlie 
quotient  8  is  the  difference  of  the  digits ;  therefore  1  and  9  must  be  the 
digits ;  and  91  the  number.     For  9 1  —  72=19. 

CarxA.  Hence  the  difference  between  any  number,  and  the  number  made 
bj  its  digits  in  a  contrary  order^  is  always  divisible  by  d^ 


Therefore  a  +  -  +  ^+  ^  is  what  thcj'  all  can  produce  in  lUc  lime  f^ 

g  fl  K 
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15.  If  four  agents  A,  B,  C,  D,  can  produce  the  effects  a,  l, 
c,  dy  in  the  times  /,  g^  A,  A,  respectively;  in  what  time  would 
they  jointly  produce  the  effect  m  ? 

time    effect    time    effect 
As    g    :    b    ;:   /   ;    -,  what  I>  can  produce  iu  the  time yi 

k    :    c    II  f   I    ^{,  what  C  can  produce  in  the  time y. 
h 

k    :    rf   : :    /    :     ^,  what  D  can  produce  in  the  time  /". 

a,  what  A  can  produce  in  the  limey. 

acting  together. 

Hence,  As  a  +  -  +  --  +  —  :/: :  i/i :  lime  required : 

or,  dividing  the  two  first  terms  of  the  proportion  by/  (92) 

-^O-     ^-T  +7  *  1  •  •  w  •  f^  divided  bv  -  4-  -  +  -  +  -,  the  Ans^  ' 
/     g      h^ k  ^  J      g      h      k 

Corel.  Hence,  whatever  be  the  number  of  agents,  the  required  time 
will  be  m  divided  by  the  sum  of  the  quotients  -h  -  +  &c.  For  exam- 
ple: Suppose  A  can  dig  50  yards  of  a  trench  in  8  days;  B,  80  yards  in  12 
days;  and  C,  90  yards  in  16  days;  in  what  time  would  they  finish  20O 
yardtif  they  work  together? 

Here  ^2  =  50,/=8;  i  =  80,  ^=  12;  c=z90,  h=i\6\  and  w«  =  i?005 
Thea?  4-J  +  |  =  -^Ur- +1-;  =  '«  l^  -nd  200  divided  by 
18^;^  gives  10  —  days,  ihe  answer. 


13.  Suppose  the  effect  m  can  be  produced  by  the  three  agents 

A,  B,  and  C  together  in  the  time  a,  by  B,  C,  and  D  together 

'in  the  time  b,  by  C,  D,  and  A  in  the  time  c,  and  by  A,  B,  and 

D  in  the  time  d.     Required  the  time  in  which  each  would  pra- 

duce  it  alone  ? 

I^t  jr,  y,  ar,  and  v,  denote  the  respective  times: 
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ti97te     effect     Unit     effect 
A3     X     :     ni    \\    a    \    — ,  wh^  A  can  produce  in  the  time  a^ 

jf     \     tn    \\    a    \    — ,  what  B  can  produce  in  the  time  a. 

a     \    m    \i    a    I    — ,  what  C  can  produce  in  th«  time  a. 

Now,  by  the  question,  the  sum  of  those  effects  is  the  eifect  vHf 

.,    ^  .    ma  ^  ma  .  ma 
that  IS  —  + h  —  =  w, 

X         y         z  ' 

or  (dividing  by  m)    -  4 1--=:1 


whence    ayz  J^*  a:cz  ^i"  axy  =s  xyz. 


Again 


'# 


inb 
y     I    m    ::    b    :    — ,  what  B  can  produce  in  the  time  ^. 

y  , 

mb 

z     I    m    i:    b    I    — ,  what  C  can  produce  in  the  time  b* 

mb 

V     z    m    :i    b    :    — ,  what  D  can  produce  in  the  time  b, 

V 

And»  by  the  quest,  these  effects  together  are  equal  to  the  effect  tru 

mb      mb      mb  ,  ,      .  ,      .   , 

-VIZ.  -—  +  —  -+-  —  =  mi  whence bso  +  byv  +  byz  =  s^t 

And  proceeding  in  the  same  manner  with  the  times  c  and  d, 
wc  get  COT -4-  C2X  -4-C2P  =  ZDX,  and  ((yp.+  dxu  +  dxyzsxyt. 
Whence  these  four  equations,  ^ 

namely,  ayz  -H  axz  +  axy  =  xyz 
bzo  +  ^v  -#-  byz'sniofv 
cux^czx'\'Ca>^i7sax 

dyv  +  dxD  -^  dxy = xyv 

From  tiie  first  equation,  ayz  -f-  axz — xyz  z=:-^axy 

whence  «ss — i~    ^  —•• 
ay+ax-^xy 

-  By  the  second  equation,  bzv  +  b^ — zyv  =  —  5y» 


whence  z 


_^       — byv 
'  bo^by — yv 


Therefore  — r-^SJ —  =  ,    .  /^ —  (the  two  values  U%\ 
i^  +  fl*— »y       bv-f- by  —  yv 

which  reduced  gives  axo'^ahxz^box — abom 

vol..  11.  N 
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Again,  hy  the  third  liquation,  czt  +  cxv  —  zvm = — cxv 

.  —  cxv 

vbence  x  = 

tjr  -+•  CO  —  vx 

And  -r — T*.     ■■ —  r=  — '^- (two  values  of  2  made  equal) 

tfo-f-  o^  —  y^       car  +  or  —  vx  ^ 

This  reduced  gives  bj^  -^bcyzzz  cx^- — fjcx 

We  now  have  three  equations  involving  three  unknown  quantities, 
viz.    axv — ahx  =  hvx  —  abv 
6yx —  bc^zscxy^^icx 
ifyv  +  dxp'-i'dxy=:xyv» 

By  the  first,  axD^a/fo~^bDXz:iabx, 

abx. 


whence  v  = 


ax'\'ab  —  bx 

From  the  third  equation,  </yv  -h  (/jbp  — Aryp  =  — .  dxy^ 

—  dxt/ 


whence  p  = 


Therefore 


dj/'^dx  —  xi^' 
ahx  — dxy 


ax  '^ab'^bx       dy-h  dx  —  xy 
which  rcducc3  1>ecoines  ^abtfy  ^  abdx  —  abxy  ==  bdxy  —  adxy* 

Now  V  being  exterminated,  the  equations  are  reduced  to  the  two  follow^ 
ing,  involving  only  x  and  y, 

viz.  2abdy  +  abdx  —  absy  :=  bdxy  —  adxy. 
bxy  —  bcy  zz.  cxy '-^  bcx. 

By  the  first,  ^abdy  —  abxy  —  bdxy  4-  adxy  = — abdx         "^ 
,  —  alydx 

^       2abd  —  abx  —  bdx  -^^^^dx' 

From  the  second,  hxy  —  bey — cxy  =  —  bcx, 

which  gives  y  =  :      "" 


'  bx  —  be  —  ex' 


Therefore,  r --~" —  =  ^tTj 1  — ;  j — : — r  {^^^  *wo  values  of  v.) 

I  '  bx^^bc  —  ex      '2abd  —  abx  —  bdx  H-  udx  ^  ^  ^ 

This  reduced  gives  x  = 


aoc  4-  ud  -f-  L'ud  —  <,adc 

}  " 

Now  the  values  of  y,  2,  and  r,  are  easily  discovered  :  Por  ^abcd  will  evi- 
dently be  a  common  numerator:  And  since  b  is  not  found  in  the  negative 
part  of  the  denominator  in  the  expression  for  x,  it  folloM's  that-^2aM, 
—  2adc,  and  — 2^i,  arc  the  other  negative  quantities^  where  Cy  d,  and  a, 
are  lespectivcly  exchided. 
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Therefore  y=    ,       ^  ^"^ . r> 


3abcd 


jaoca 
■~  bed -k- acd  +  ft^d  —  Qabc* 

:)a6cd 

J-^abd  -k-abc  —  ^bcdT 


V  = 


A  single  example  proposed  ki  numbers  and  wroaght  arithiiicticallT»  b 
IcM  tedious  than  the  precet!ii)j{  operation.  But  the  algebraic  method  has 
the  advantage  of  giving  general  formula  or  expressions  for  all  cpicstioDi  of 
the  kind. 

14.  Suppose  £  battalions  of  troops,  of  equal  strength^  are  in 
three  columns  H  A,  RC,  S£,  and  that  they  have  to  pass  through 
the  roads  or  defiles  BK,  DL,  GT,  Avhose  breadths  admit  of  dif- 
ferent  fronts.  Let  the  times  of  marching  from  A  to  K»  from 
C  to  L,  and  from  E  to  T,  be  denoted  by  a,  i,  and  c,  respect- 
ively ;  also  put  ry  s,  and  /  for  the  respective  times  in  which  a 
battalion  can  march  its  own  length  in  BK»  DL,  and  GT« 
Now  it  is  required  to  determine  the  numb^  of  battalions  of 
which  each  column  should  be  composed  in  order  to  enable  their 
rears  to  quit  the  defiles  at  K,  L,  and  T,  at  one  and  the  same 
time,  or  that  the  whole  march  through  the  defiles  may  be 
made  in  the  least  time  possible  ? 

Let  X,  y,  and  x  denote  the  number  pf  battalions 
in  the  column8  IIA,  RC,  and  SE,  respectively. 

Tlien  r%^  sy,  and  tz  will  be  the  times  in  which  ^. 
tlu'v  can  march  their  own  lengths  in  the  respective  ' 
defiles* 


And    tf  4-*  rjr  1  (  H  to 

,  C        ^i'^ies  of       3  p   f 

i   marchin£^  from   J 
c-^/zJ  ^  C»  to' 


Now,  by  the  question,  those  times  must  be  equal : 
or,  a^rx^szb'^ sy 

From  the  first  equation  -^ =y. 


N  % 


/ 
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But  2:^^— 5r— .y   (because  *+y+«  =  JB)  which  put  for  z  in  the 
second  equation,  gwesa^rxzszc^-  Bi'-^lx — /y, 

whence  fll£Zl^±Il±£i  «y.. 

Therefore  ezzttI£^^.IZl:z?L±I5±l? 
which  reduced  gives  x  =  -g^-»->^  +  ^^-~^^-^^. 
And  repeating  the  operation  for  y  and  2,  we  have 

^x/4-s«  +  r3 — cr — cs 

z  = •- , 

/r  4-  jr  -4-  J/ 

Examp.    Suppose  the  number  of  battalions  to  be  20  =  B, 
And  let  BK=  2  miles  =  4224  paces  of  2i  feet  each,  and  the  rate  of 

marching  70  paces  per  nitJtute, 
DL  =  2j  miles  =  4752  paces,      '  rate  65  p.  per  mitu 

CT  =  1  mile  =  S 1 12  paces, rate  50  p.  per  niin, 

AB  =  1  mile5=:2U3  p,      ^ 

CD  a=  I  mile  =  1584  p.      v  rate  of  marching  80  p.  per  min, 
EG  =  f  mile=  1056  p.     3 
Paces 
S05  depth  or  extent  of  a  battal.  in  the  defile  BK 

270 inDL 

350  ^ inGT. 

Then 

♦    4224 

•T^  2=  60.34  miu,  time  of  marching  from  B  to  K. 

2112 

-g^  =  26.4    min.  time  of  marching  from  A  to  li. 

^^'"^^  w*"-  =«,  time  of  marching  from*  A  to  K. 

4752      ^,  . ,      . 

-gj-  =:  73. 1 1  mm,  time  of  marching  from  D  to  L 

1584       ,«„..** 

-^  =  J  3^  mm.  time  of  marching  from  C  to  D 

^^'^^  *"*«•  =  *,  time  of  marching  from  C  to  L. 

2112 

--^  =  42.24  min,  time  of  marching  from  G  to  T 

^056       .„  ^       .      . 

-g^  =  I3»2  min,  time  of  marching  from  E  to  G 

^^'•^^  "«'«.  =  c,  time  of  marching  from  E  to  T. 
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—^  =  2,93  tnin.  ^=,r.  ^ 

-rrr  =  4.154  nun.  =:  s 
bj 

350  \ 

----=:7.0  !»<».  =  /. 

Those  values  being  substituted  In  the  foregoing  expressions,  give  x  =  8, 
y  =  4,  and  2  =  8,  the  nearest  integers.  Therefore  the  columns  HA^  EC, 
must  each  consist  of  8  battalions,  and  RC  of  4. 

In  this  example,  the  three  columns  are  supposed  to  begin  their  march  at 
the  same  time ;  but  should  it  be  found  necessary  to  delay  the  movement  of 
either  column,  the  numeral  value  of  the  corresponding  letter  must  be  varied 
accordingly,  and  a  new  division  of  the  battalions  take  place.  .  Thus  sup- 
pose the  troops  at  A  and  C  are  to  begin  their>  march  25  minutes  before 
those  which  pass  the  defile  GT, 

Then  c  will  be  55.44  +  25  ==  80.44  min.  and  the  resulting  values  of  JC,y, 
anil  z,  are  10,  5,  and  5  (the  nearest  integers)  for  the  number  of  battalions 
in  the  columns  AH,  RC,  and  SE,  so  that  the  whole  body  msty  clear  the 
defiles  in  the  least  time  possible,  in  ihat  case. 

Should  the  value  of  either  expression  be  less  than  f ,  the  whole  body 
will  pass  in  two  columns  only  :  Thus  suppose  the  rate  of  marching  in  D£4^ 
the  middle  defile,  is  only  45  paces  per  miuiUe  :■ 

4.7  sc 
Then  ~T  =  105.6,  and  105.6  +  19.8=  125.4  wf7f.=  A. 
45 


270. 
45 


And  -27-  =  6  mm  =  s»    Whence  y=z^  nearly ; 


And  retaining  a,  e,  r,  and  /,  as  in  tlie  first  example^x  and  z  will  be  found 
12  and  3>  (the  nearest  whole  numliers)  respectivelyy  for  the  number  of 
battalions  in  the  columns  UA,  and  SB. 

But  when  it  is  proposed  to  make  the  division  for  two  roads  or  defiles 
ofily,  the  expressions  become  much  more  simple ;  for  in  that  case  we  have 
but  two  equations, 

namely,  a-^-rx^sb  +  sy^ 
and      X'-^-yzziB. 

Whence  «=  -    ^^^     ,  and  y  =      ^^^     . 

Now  suppose  the  20  battalions  are  to  march  through  BK,  and  DL  only  ; 
and  let  a  =^86.74,  6  =  02.91,  rsz2^^,  and  j= 4. 154^  as  before; 


/ 
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Then  *  =  ^  -    -  =c  12.6,   and  v  =  „^„,  =  7.4 
7.084  -^        7.084 

or  13,  and  7  battalions  in  the  coUimm  HA,  and  EC,  T«pectiveTy. 

15.  In  drawing  up  a  certain  number  of  men  into  a  square 
column,  It  was  found  that  21  men  were  left ;  but  when  the  side 
of  the  square  was  increased  by  1  man,  then  34  men  were  want- 
ing to  complete  the  square.     Required  the  number  of  men  ? 

Let  X  be  the  number  of  men  in  the  side  of  the  first  square ; 
TTien  «*+  21  is  the  whole  number  of  men  : 
Aiid  (.t+1)*  — 34,  or  jc* -I- 5* +1—34,  is  abo  the  number : 
Therefore  a*  +  21  =i*4-2«— 33 
or    21=2*  —  33 
Whence    «  =  27;  therefore  27* +21  =750,  the  fl«jw«r. 

16.  To  find  3  numbers  in  Harmonical  Proportion,  when  the 
difference  of  the  first  and  second  is  denoted  by  o,  and  that  of 
the  second  and  third  by  L 

If  3  mimben  arein  musieal  proportion,  the  first  will  he  <o  the  third, as  the 
difference  between  the  fint  and  second,  is  to  the  difference  of  the  second 
and  third. 

Let  the  first  number  be  x ; 
*Then  the  second  will  be  *4-  dr; 
And  the  third x-^a  +  b. 

Whence,  as  * :  x  +  /7  +  * ::  /r :  * 

therefore  ax^a^^ab:s:lx 

and    *=-. . 

b — a 

Let  fl  =  2,  5  =s 3.    Then  -r— —  =:  10,  the  first  number. 

10+2=12  the  second. 
10  +  2+3=15  the  third. 

This  Harmcmic  Proportion  relates  to  the  lengths  of  Musical  Cords. 
Thus,  if  ^  strings  of  equal  thickness  and  tension,  are  made  to  soniid  or 
Tibrate  together,  the  greatest  harmony  they  can  produce,  will  be  whca 
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their  lengths  are  in  t!ie  proportion  of  f ,  J»  \,  i*  f>^=  Whence  those  frac- 
tions are  said  to  be  in  Musical  Proportion. 

Since  the  denominators  1,  2,  3,  4,  5,  (>,  are  in  Arithmetical  proportion, 
it  follows,  that  numbers  in  harmonic  proportion  are  the  reciprocals  of 
numbers  in  arithmetical  proportion,  (and  vice  versa).  For  f,  i,  f,  ^,  f,  i, 
are  the  reciprocals  of  1,2,  3,  4,  5,  6i 

If  the  fractions  are  reduced  to  a  common  denominator,  the  numerators 
win  be  60,  30,  20,  15,  12,  10;  which  are  6  numbers  in  harmonic  pro- 
portion. 

1 7.  What  is  the  least  number  of  weights^  and  the  weight  o^ 
«ach,  that  will  weigh  any  number  of  pounds  from  lib.  to  aa 
Hundred  weight  ? 

It  is  evident  that  one  of  the  weights  must  be  lib : 
Xow  let  X  denote  the  next  ^eater  weight:  then  in  order  to  weigh  2lb* 
r— .  I  must  be  etjual  to  2, 

viz.  X — 1  =  2,  or  «=  3: 
And  since  3  -4-  1  s=:4,  it  follows  that  J,  2,  3,  and  4lb.  may  be  weighed 
with  lib.  and  a  3lb. 

Again,  put  x  for  the  greatest  weight  next  greater  than  3 :  Then,  to  weigh 
3lb.  with  the  weiglits  !»  3,  and  jr,  the  value  of  «— 3-— 1  must  not  ex« 
ceed  5; 

therefore  making  x — 3  —  1  =  5,  gives  jc=  9. 

And  P  +  3+  1  =  13;  consequently  any  number  of  pounds  up  to  13 
may  be  weighed  with  the  weights  1,  3,  and  9« 

For    9-4-3+  I  =  13  9         =8+1 

9-4-3  =12  9  +  1=7^-3 

9H-3  =:11  +  1  9         :=z6+3 

9  +  1  =10  9         =5-h3  +  l 

9  =9 

And  if  *  denote  the  weight  next  greater  than  9  ;  then  x — 9  —  3—^1 
=  14;  and  x  =  27:  Hence  it  appears,  that  the  least  number  of  weiglitsi 
in  all  ca«es,  will  be  the  geometric  series  1,  3,  9,  27,  81,  243,  &c.  The  first 
5  hovev«r,  aw  sufficient  in  the  present  example:  forl  +  3  +  9-4-27-h8! 
9 1211b.  that  n»y  be  weighed  with  those  5  weights. 
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OF  QUADRATIC  EQUATIONS. 

129.  It  has  already  been  observed  (74)  that  when  the 
highe^^  power  of  the  unknown  quantity  In  an  equation  is  of  two 
dimensions^  the  equation  is  called  a  Quadratic. 

If  the  equation  involves  the  square  only,  it  is  a  simple  quadra- 
tic; asx*  zz  ICy  where  the  value  of  X  is  —  ^Ic. 

But  when  one  term  contains  the  square,  and  another  its  root» 
the  equation  is  an  adfected  or  affected  one :  These  are  all  redu- 
cible to  the  three  following  forms : 

x*  +  ax  =:  b. 
X*  —  ax  iz  c. 
x'  —  ax  =:  —  d. 

The  method  of  resolving  these  equations  is  easily  deduced 
from  the  square  of  a  binomial^  thus : 

Let  ;c  +  r  be  the  binomial,  then  its  square  is  «*  •+-  Qrx  +  r% 
in  whioh  we  are  to  remark,  that  half  2r  the  coefficient  of  x  in 
the  middle  term,  is  r  the  root  of  H  the  third  term.  Therefore 
the  third  term  of  the  square  of  which  x*  4-  a;rare  the  two  first 
terms,  will  be  {a*  the  square  of  half  the  coefficient  a ;  the  whole 
square  being  jc*  -*-  «jf  -+-  4a%  and  its  root  x  +  |a.  This  is 
called  completing  the  square. 

To  find  the  value  of  x  in  the  equation  x^  ^  ax  =.  b:  add  ^a* 
to  each  side  of  the  equation,  and  we  have    . 

x*±  ax  +  ia^z=  b  +  ia^  [75.  Ax.  I.) 

And  Uking  the  root  of  each  side,  *  +  |a  =  -/(i  -h  ia*J  {Ax.  7.) 

whence  x  =:  -/(i  -+-  ^J ,—  ^a. 

But  (104)  the  square  root  of  i  +  ^a^  is  also  denoted  by 
-  •(*  •+■  ia^h  therefore  j:  =  ~  V(i  +  ^a*)  -  |a,  which 
is  the  native  value  of  jr ;  the  former  being  the  affirmative  ozie« 
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The  value  of  x  in  the  second  equation  is  found  in  the  same 
manner:  for  by  adding  ^a^  (the  square  of  half  the  coefficient  a) 
to  each  side  of  the  equation^  we  get 

x^—ax  +  iff*  =  c  +  ^* 

and  extratJting  the  roots x  —  ^azz  ^/{c  H-  ^a') 

whence  Jr  =  la  -+■  ^/(c  +  ^a*) 
which  is  the  affirmative  root. 

But  in  this  case,  la  —  ;c  is  also  the  square  root  of  «*  —  ax 
+  Ta%  for  fifl—  op)'  -  x^  —  ax-i-  ia% 
therefore  |a  —  ;r  =  |/(c  -+-  ^a^) 
which  gives    *  =  la  —  -/(c  +  ^a*),  the  negative  root. 

This  ambiguity  is  usually  denoted  by  means  of  the  double  or 
uncertain  sign  +,  thus  x-  \a±_  /(c  +  ^a^). 

By  completbg  the  ^square,  and  extracting  the  roots  in  the 
third  form  «*  —  or  =:  —  J, 

we  get  X  -  \a±  Vf^a'  —  d),  where  both  rootg 
or  expressions  will  be  affirmative.  For  since  ^^^  is  =  |a, 
/(ia*  —  d)  must  be  less  than  \a  5  therefore  ^a  —  -/(^a* — rf) 

will  be  affirmative. 

* 

Ifd  be  greater  than  ^a*,  then  /(-Ja* —  d)  is  an  imaginary 
quantity  whose  root  cannot  be  assigned  5  in  which  case  the  roots^ 
or  values  of  x  are  both  impossible. 

Respecting  the  two  affirmative  roots  \a  +  ^{^a^  —  d)  that 
result  from  this  thiixl  form,  the  nature  of  the  problem  will 
determine  which  is  to  be  taken  :  both  values  however,  frequently 
answer  the  conditions  of  the  question, 

1 30.  Other  Examples. 

\.  Given  a*  +  8*  =  209.    To  find  x. 

The  stjuare  of  \  the  coefficient  8  is  16, 

Therefore        ««  +  8jr  +  16  =  209  +  16, 
or  JE«  +  8j:+ J6=:225. 
VOt.  II.  o 
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And  taWng  the  square  roots,  *  +  4    =  \/'QQ5  =15, 

■whence  *  =  15  —  4  =  11,  the  Aniteer. 

2.  Given  »»  —  6jc  =  72.    To  find  *. 

Tlie  squate  of  half  6  is  d ; 

Whence  *•—  6*  +  9  ==  72  +  9  =  81, 

And  by  evolution,     x  —  3  =  |/81=9, 

Therefore  «  =  3  d=  9  =  12  and  —  (>,  the  positive,  and  negative  rOot% 
©r  values  of  jr. 

3.  Given  «»  —  12  *  =:  —  35.    To  find  x^ 

Completing  the  square  gives  *» —  I2af  +  3^  :s:  36  —  35  =  1. 

And  by  evolution  we  get  x  —  6  =  I, 

whencexss  6±  1  =  7  and  5  the  two  roots: 

And  both  answer  the  conditions  of  the  question : 

For  7»— 12x  7  =  —  35 
And  5*— 12  X  5  =  —  35. 

4«  Given  3x>  4-  2 Ix  =;  1 80.    To  find  x« 

In.  this,  and  all  other  examples  in  which  the  square  of  the  unknown 
quantity  is  alfected  with  a  coefficient,  it  is  evident  the  whole  equation 
jpust  be  divided  by  that  coefficient  before  the  «quare  can  be  completed. 

Kow  dividing  by  3  gives  *•  +  7*  ss  60 

And  completing  the  square,  x*  -J-  7*  +  12^  =  60  +  12|  =  72  J. 

Whence,  by  evolution,  x  +  3^  =  ^^72^  =  8-J 

therefore  x  =  8J  —  3i  =:  5,  the  Anstcerm 

5.  Given  x»  —  x  =  — •  |.    To  find  the  value  of  x. 

Here  \  is  the  coefficient  of  the  second  term  x.  Therefore  the  square 
being  coropleated,  we  have  j^  — x  +  J^=:».  — »=^; 

And  taking  the  roots, x  —  i  =  1/75  =  i» 

whence x=  i  ±  i  =  f  and^  the  two  values 

•f  X ;  both  of  which  answer  the  question. 
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C,  Given  a**  — .  x  =  3.    To  iind  *. 
The  whole  divided  by  a  gives ,...«* x  =  -* 

And  complcling  the  square **  — -«  +  r3=-  +  r^; 

Whence,  by  evolution x  —  ^  =  V  {"^rV 

Th*efore.=-l±/(^+i,). 

7.  Given  ox*  +  &i;«  4.  (2w  —  cr s  m.    To  findx 
DlvidiDg  by  a  -f-  ^  the  coefficient  of  Ji^^  we  have 

«^--«- '*.tS= (^+  G4^# 

whence  »  =  (^_p+  (j^-j-^^)  )   _  g-^-^^. 

8.  Given  x  4-  V*  =  a.    To  find  x. 

By  transposition tf-*-«=^  ^x 

And  squaring  both  sides a*  —  2tfx  +  x  *  =  » 

Whence,  by  transposition,... x*  —  *2ax  —  *  =r  —  a* 

or   **  -^  (2/1  -t-  1)  «  3K  -—  «■ 

And  completing  the  square  jk* —  (2a  +  1)  «  +  (a  H-  4)*=  (^  +  t)**^''' 
»  or    Jf»— (l?a  +  i)*  +  (a+iy  =  tf  +  i 

And  taking  the  roots * **—  (a  +4)  2s=  t/(a  +  i) 

whence        at  =  a  +  J  ±  V(«  -^  J)« 

Let  «  SB  15|.  Then  *  =-  16J  rfr  4  si  12|  and  20J,  the  two  values  of*; 
but  it  is  only  the  first  which  answers  the  conditionrof  the  equation*  The 
other  value  20^  is  what  would  result,  supposing  *  —  -/jcss  15J  («);  for  in 
that  case,  —  ^sc  =  a  —  x,  whence,   by  squaring  both  sides,  we  get 

O  2 
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«  =  £(«-«  2ax  4-  ^  AS  before^  because  tlie  sc^uare  of  -—  y^x  is  t!)e  same  a^ 
that  of  ^x. 

Sometimes  the  process  of  resolving  an  equation  may  be  abridged  by 
mikiBg  use  of  a  substitutioui  as  in  the  two  next  examples. 

9.  Given  v/(a  -h  «)  —  A  {fl  -J-  xj-f  =  fn.    To  iind  «. 
Let  2^  =  a  -4-  *. 

Thenu z  =  (a  +  *)* 

And 2*=  t/{a  +*). 

Therefore ^....z'  — A^  =  ^  ; 

Whence,  by  completing  the  square^  and  extracting  the  roots^ 
we  get    2  =  4^  dfc  t/(;«  -h  J^). 

Consequently       24=  [^Z^  sfc  y^Cw  +  i^»)]4; 
or     a  +  x=:[i3=fci/(m-Hi^-)]^ 

Therefore    *  =  UAd=y/(mHT  JA*)]^— it 

10.  Givenx*  +  xy  =  918. 

«y—  3y*=  42.    To  find  «  and  y, 

Putzy  =  *i 

918 
Then  a'y*  +  :j/*  ^  918 :  whence^  -  =  ,^  — -^ 

And  2^-—  3y*  =  42:  wht  ncf^*  r=  ;:^^J 

Therefore  ^^^=:^r^j: 

And,  by  reduction,  42-2*  +  42;:  =  918*  —  2754  : 
whence    z  '  —  20  jZ  =r  —  65^ : 

Now  by  completing  the  scjuare,  and  extractjpg  the  roots, 

we  get  X  =5  lOf  db  ^  =  l^y  and  3^     These  values  being 

42 
substituted  for  z  m  the  equation  ^  =z  ^-—^t  g»ve  y  =  ^3,   and  y  a:  7 ; 

And  the  coirespondiog  values  of «  will  be  ny'd,.  aftd  27« 


Therefore  «= 

y 
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^  ^  I  the  rational  values:  And*  ^  ^''^^^  \  the  irrational. 


1 1.  Given  i<<^  —  4*^=  621.    To  find  «. 

Since  x^  is  the  square  rout  of  x^,  this  equation  is  solved  after  the  manner 
ofaqiudratic:  thHis, 

Add  4,  the  square  of  half  the  coefficient  4^  to  each  side  of  the  equation, 
Aid  we  have 

x«  — 4«'  +  4  =  645 

And  extracting  the  square  roots,  i?  —  2  :=  25 

whence  x^  =  27 ;  and  «  =  3. 

In  geieral ;  any  equation  of  this  form  :fl*^^aj^zsb,  (where  x  is  the  un« 
known  quantity,  and  the  indices  2n,  and  n,  aie  one  double  the  other,)  is 
xesolved  in  the  same  manner : 

For  by  adding  }a*  to  each  side  of  the  equation, 
wc  havea*"  —  ««»  +  |fl^  =  *  +  {a* 

Now  rf"  -*  ^a  is  the  square  root  of  jc«"  —  atf»  +  Jfl», 

Therefore  *•  —  Ja  =  V(A  +■  Jfl») 

whence  a"  =  ^a  dt  ^(b  4.  ^*) 

And    «=s[4«dH^  (6-f-^«)3-. 


131.     QUESTIONS  PRODUCING  QUADRATIC 
EQUATIONS. 

1.  To  divtd8-4a  ttito  ti^  duch  parts,  that  the  sum  of  their 
iquarefl  sliaU  be  8 1 8  ? 

Let  one  of  the  parts  be. x 

Then  the  other  will  be 40  —  * 

By  the  question (40— *jr)^  +  x'  =  818 

Ot  1600— .  BOX  +  a*  -H  a«=  813 

j*  thatas^^**— 80*=  818— 1600  =  — 78.9 

€ft  ■'     j^— »40«=— 391 
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And  completing  the  square  x* «—  40x  •(-  400  =  9 

By  evolution  x  —  20  =  3 

whence    jf  =  20  d:  3  =23  and  17,  the 
two  parts  required, 

8,  To  divide  U  into  two  such  parts » that  the  sum  of  their 
cubes  may  be  407  ? 

Let  one  part  be.. i x 

Then  Ihe  other  must  be 11  -^  x 

And>  by  the  question (1 1  —  *)»  +  x'  =  407 

or.... 1331  — 365*  +  33x»  ^x^^x^  =  4(fT 

that  is 1331  —363*+ 33x«=  407 

or 33«*  —  363*  =  —  924 

And  dividing  by  33 x» —  Hoc   =  —  28 

And  completing  the  square *«—  1U  +  30j=  2j 

whence,  by  evolution, ^....*—  54=  IJ 

therefore  «=5idfcli 

c=  7  and  4,  the  parts  required. 

3.  To  divide  146  into  two  such  parts^  that  the  di£ference  of 
their  sq^iare  roots  may  be  6. 

Suppose  the  kast  root  to  be.  • .\.x 

Then  the  other  must  be r  +  6 

Whence,  by  the  question,        (jr  4-  6)*  +  a(*  =s  146 
that  is    2x»  4-  I2x  +  36  s  146 
or    *»-h6x-i-18=s73 

Whence  x«-l-6x=:55 

And  completing  the  square,    ff*  -|*  ^  +  ^  =  ^^  "I"  ^  =2  ^^  » 
By  evolution,  x  +  3  =1  8 

and  «  =  ^»   one  of  the  roots; 

whence5-hCs  11  theother*    And  the  two  parts  aff^_5*  and  U', 


A 
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4.  The  sura  oftwo  numbers  being  2j,  and  the  sum  of  their 
Ath.  powers  py  to  find  the  numbers, 

J^t  i  the  dilfcrence  of  the  numbers  be  dienoted  by  x ;  then  \  their  wmt 
being  A-, 

we  have    *  +  jr  for  tlie  greater, 

and    5  — ar  the  less.  (128. -ff«.3.) 

Then,  by  the  question,  (s  +  xy  +  (^  —  *)*  =  p. 

Now  (s  +  *)4  =  j4  H-  4s' jr  +  65»»*  +  4x^  *  +  ** 
(j «)4  =  i4  —  4jr3  ;c  ^.  Gs^x*  — \s»^  +  *♦ 

sum        2^              +    125***  4  2jc* 

or. 2ji*^.  12j*«»+2j*=P; 

And  dividing  by  2 i...jb*+   e«*Ji*+   J^=:JA 

or X*  +  6j*jca  =  ^p  —  5< 

And  completing  the  square,  X4  +  6j*  jc*  +  9x<  :=  4P  +  8^- 

Wheuce,  by  evolution, *»  +  3j*s=  t/(|p  +  8*4) 

Therefore «»=  v'(4p  +  8*^)  — 3#« 

and «  =  (|/(ip  +  8^)— 35*)i 

Suppose  the  sum  =s  12  =  2j  (or  5  =s  6)  and  the  sum  of  the  biquadratet 
=  3026  =  p. 

Then,  those  values  substituted  for  s  and  p  in  the  expression  for  x,  an4 
we  have  jr  ==  |/  (109  —  108)  =  1. 

Therefore  6  d=  1  ;s  7  and  5,  the  two  numbers. 

5.  Tjhe  sum  (s),  and  sum  of  the  squares  (p)  of  four  numbers 
in  arithmetical  progression^  being  given ;  to  find  the  numbers. 

Numbers  in  arithmetical  progression  have  a  common  difference  (121* 
Arith.)   Therefore,  if  2«  be  that  difference,  and  4a  =  t. 

Then  a  — 3*,  «— J^  «  +  #,a  +  3«,  will  deno.-  the  four  munben;  fgr 
their  sum  Is  4a  (or  s),  and  common  difference  Sx. 
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Now  by  the  question,  (a  —  3x)»  4-  (a  —  *)»+(«  +  x)^  +  (a  +  3:«)*  =  ^ 

(a  —  3«)»  =  fl*  —  6at  +  9x* 
(a  —  jr)2    =  fl*  —  2a*  +  «* 
{a  +  x)*    =  fl»  +  2<a  +  X* 
(a  +  3*)*  =  fl*  +  6ar  4-  9x* 

sum        4a*  +  20jc*  =r  />: 

or  '       20**  =sp  —  4tf  *  =  p  —  Ja* 


whence    «   = -/(l£^) 


Or  the  whole  difference  2«  =  v^  -^-jr — . 


And  in  the  same  manner,  if  the  number  of  terms  be  three,  their  com- 
roon  difference  will  be  found  =  tZ-^-r — .    Also  if  5  be  the  number,  the 

common  difference  is  t/-^T5t — •    Hence  it  appears,  that  the  coefficient 

ofp  is  the  numl>er  of  terms;  and  that  the  denominators  6,  20,  50,  &c. 
r^uUingfrom  the  coefficients  of  X*,  are  each  equal  to  half  the  number  of 
terms  drawn  into  the  sum  of  the  series  1  +  5  +  (>  +  10  +  &c.  continued 
to  ff  —  1  terms^  n  being  the  number  of  terms  whose  sum  is  given. 


Now  the  sum  of  the  8Cri«  1  +  3  +  6  +  10,  &c.  continued  to  w  —  i 

n*  -—1  ft  n*       ff"' —  1 

- —  (144),  which  drawn  into  -  f ' — 


terms^  is  n  X — ^ —  {1*4)»  ^Wch  drawn  into  5  gives  —  x 


Therefore,  if  the  sum  (5),  and  sum  of  their  squares  (p)  of  any  number  («) 
of  terms  in  arithmetical  progression,  are  given,  then  ^  f  ^^J^ 


or  its  equal  -  %/  ^-^ ^  is  the  common  difference  of  the  terms. 


Bxamp.  Let  the  number  of  terms  be  7,  their  sum  =  49,  and  the  sum 
of  (Iieir  squares  =:  455;  then,  putting  those  numbers  for  7/,  s,  and  p,  re- 
spectively, we  get 2  for  tb<f difference;  whence  tlie  nnmljen  are  1,  3>  5, 
7,  9,  U,  and  13. 
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6.  The  sum  (s)  and  continued  product  (p)  of  5  numbers  in 
arithmetical  progression^  being  given ;  to  find  those  numbers. 

Let  5a  ^ss;  and  put  2x  for  the  coinnMQ  difference. 

Then  a  —  4jp,  «  —  2x,  a,a+Sx,a^ix,  will  denote  the  5  numbers 

Therefore, by  the  Quest  (a— 4x)  (a  — 2*)  {a){a  +  2x)  (a  +  4«)=p; 
or    64a9r4-i»20a'x*  +  iis  s=/>: 

Whence,  by  division,        a«  —  :^fl»jj»4-— s-^ 

or     x4„i,a^je>a-P  — ?, 

Now,  by  completing  the  square  and  extracth)g  the  roots, 
weget^=:5^«*:fcl/-^^ 

If  *  =  25,  and  p  =b  945 ;  then  a  being  =  5 ;  we  shall  have  jc*  =  1 ;  and 
;r  =:  1,  therefore  2x  =  2  the  common  difference  of  the  numbers  or  terms  ; 
whence  the  5  numbers  are  found  to  be  1,  3,  5,  7,  and  9. 

7.  The  aum  (s)  and  product  (p)  of  any  two  numbers  being 
given ;  to  $nd  the  sum  of  their  squares,  cubes^  biquadrates,  &c. 

Let  the  two  numbers  be ....^ ^ x  zndy 

Then,  by  the  question, ....*  +  ya=i 

and..... •..^5  =p 

The  first  equation  squared  gives «»  +  ?«^+5'*=  ** 

whence jK*+y*=s#*— 2jfy 

But  2)3^  =s  2p;  therefore  x^  +y  =  ^  — -  ^,  the  sum  of  the  squartui, 

Now  multiply  the  last  equation  by  the  fint» 

and  wel^ve^ (**  +y*)  («+7)  =  (j*  — Sp)s 

or ., «»  +  «y  (JB+y^+y'^**  — 2^ 

But  «^  (  «  4*  ^)  s  ip,  which  substituted  in  the  last.^uatioa 
gives  «'4-J5^+y*=**— 2ip 
«r      x^+^«=j'— 3j^thfsu^p^t)lt«fi0«R» 

Again,  let  this  last  equation  be  multiplied  by  the  fint^ 

Then  (^-h>»)  (»  + y>=  (*»— 3^)1 
or     «*  +  ^(«*+^+y*«** — 3ji*p 

VOL.  Xl<^  V 
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But4y(x»+^^s2^{j*  — 2/>),  therefore,  by  substitution, 

orx«  +  ^  s:^*  —  3s^p'-p  (j*—  Cp)  =  j*  —  4j*/»  +  2/^  the 
sum  of  the  4il^ /NNMrv. 

And  the  sun  of  the  bth,  powers  will  be 

TTiat  is,  the  sum  of  tlie  next  superior  powers  is  constantly  obtained  by 
multiplying  the  sum  of  the  powers  last  found  by  s,  and  subtracting  from 
that  product  the  sum  of  the  next  preceding  ones  multiplied  by  p. 

And  the  sum  of  the  ffth«  powers .  will  be 
^nx  ^T-  X  ^""-^  X  ^-^  X  *"  ""  ®p*,  &c.     Where  it  is  evident 

Ii»  «f  4 

the  serieSf  or  expression  for  the  sum  of  the  powers,  will  terminate  when 
the  least  index  of  s  becomes  =  0. 

8.  Given  the  sum  (i)»  aad  sum  of  the  squares  (p)  of  four 
numbers  in  geometrical  progression ;  to  find  those  numbers. 

Let  the  first  number  be  denoted  by  "3^,  and  the  common  ratio  by  -  ; 
Then  the  4  numbers  will  be  — ,  y,  *,    -,  (U2.  Arith.) 
By  tlie  question '<-  +y -^J^-h  —  sej 

Put  «+y  =  2j  and  «y  =  r.      Then  -^  -f-  —  =  f  —  a. 

And "^  X  -^xyzzv  (144  Arith.) 

But,  by  the  preceding  question,  if  the  sum  «+5^=z,  and  the  product 
sy=zv;  then  «» +5^  =  i* — 2v, 

And  for  the  like  reason,  if  the  sum   ~  +  —  s=  f  —  2,  and  the  product 
ihcn ^~j  +(")  =(^— 2;}*— 2». 
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Comeqneatty  the  sum  of  tlie  four  st|uaies  vilt  be 
'•+y*+  (^)  V  (^  *=s«-.  2r^  (i— ?)»— 2in=2»4.(i— 2)t^fr=r/^. 

iknd  since ^ i- -f.  — -s#— »^ 

we  have,  by  reductron, ^'  -f-  a* = «y  (r —  ar) 

Or,  potting  V  for  its  equal  x^,  gives...  y^-f»x'=sr(j—z)=«r—^«« 

But,  by  the  preceding  quest ^•fj»»=2' — 3«Er 

Therefote>  byequality^ 7^ — 3va;=9J — vs 

whence r=r r— 

this  lalue  of  p  siibstltnted  ia  theeqaation  2*4-  (j — z}*—  49  =r^ 

rv« —  2«+C*-z)*=s -ifi-  =  p 


2«  +  * 


wbtcbiedaced  bccoiues.^.  .,  z*  4-^  r  =: 


Examp,  Let  5=  SO,  and  ^=  3280.     Then  z  =:24>  which  put  lor  z  ia 

23 

theeqtiatioD  »=  ,  givesvs:  103.    Therefore  jr-f>^s5  24,iBdJ3r=s 

^Z  "^  J 

108;  whence x s=  6,  and 5^  =  18 :  and  thie4  nmnbccs are  2,  6:>18>» 54» 

9.  To  find  two  numbers  sucb^  thst  their  som^  product^  md 
•um  of  their  squares  shall,  if  possible^  be  equal  to  each  olber* 

Let  the  two  munbers  be  represented  by  x  and.jf* 

Then,  by  the  question,... x-^y^six^ 

and..........  »*4-^*=.ty 

Now,  if  2jry  be  added  to  each  side  of  this  last  eqnation, 

we  have *•+  2x^+^=3*^ 

And  extracting  the  square  root...        x  -f-y  =  V^^ 
Butx4-^  =  ff^,  therefore  by  equality,        -^t^x^szxy 

whence 3xj'  =  *^^* 

Consequently,  by  division ^^»y 

But  «+^  =  ^,  therefore jr+y=:3 

And«+^=:x'-«-^^  whence **+y*=3 

Now  X  4-^  being  ==  3,  we  have  jj  =:  3  — y 

Therefore (3— y)*  +  y*3s3 

From  this  equation...^—  \%^^V — 1»  vl^ich  being  aa  impossible quan* 
tity,  it  follows  that  no  two  numbers  can  be  found  to  answer  the  cooditiooft 
of  the  question* 

P  9 


iM  ALGSBKA. 

10.  A  regiment  of  Pobt  was  ordered  to  send  216  men  on 
Garrison  duty,  each  Company  to  furnish  a  like  number ;  but 
before  the  detachment  marched,  three  of  the  Companies  were 
sent  on  another  service,  when  it  was  found  thst  each  Coiiipany 
which  remained  was  obliged  to  furnish  12  additional  men  in 
order  to  m^ke  u^  the  complement  216.  Hence  the  number  of 
Companies  composing  the  regiment  is  required  ? 

Let  the  number  of  companies  in  the  regiment  be...  x 
Then  the  number  of  men  which  each  would  have  sent,  will  be  — 
But  the  number  of  Companies  left  when  3  were  sent  away,  is  « — 3 
And  the  number  of  men  which  each  sent  on  Garrison  duty, 

in  that  case,  is = 

X — 3 

Therefore  the  difleience  mnst  be  12, viz. — *—  =  12 

'  *— 3         X 

'^vhich  reduced  gives *» — 3x5s54 

whence  *  =  9,  the  jinswer, 

11*  The  number  of  men  in  both  fronts  of  two  columns  of 
troops  A  and  B  when  each  consisted  of  as  many  ranks  as  it  had 
vden  in  frohl^  was  84 :  but  ndien  the  columns  changed  ground, 
or  A  was  dr&wn  up  with  the  front  that  B  had,  and  B  with  the 
iront  that  A  had,  then  the  number  of  ranks  in  both  columns 
was  91.    Required  the  number  of  men  in  each  column  ? 

Let «»  and  y*  denote  the  men  in  the  two  columns,  respectively : 
Then,  by  the  question,  «+y  =  S4. 

And  ^  was  the  number  of  ranks  in  the  column  x*  when  drawn  up  with 
the  fronts ; 

And  ^  the  number  of  ranks  in  the  column  ^  with  the  front  x.   There- 

wire  by  the  quest.  — .+  ^  =  91, 

Puta  =  i^,  and  «=^  =  42 

Thea  jr  =  fl  +  2,  andyrsfl— s    {M  Ex*3.) 
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Or  («+  zy  +  (fl— 2)5  =  91  (a»— 2*) 

Which  reduced  gives  z*  ss    ,^,  7^^     =s  36 ;  whence  2  =  6. 
*  dl+6a  ' 

Therefoie  i2  jzGsz  48,  and  36,  the  values  of  x  and  5/. 

48^=:  2304 


And  *^  ~^^*  J   The  No.  of  Troops. 
36*=:  1296   5      •  ^ 


Of  unlimited  or  INDETERMINATE  PROBLEMS. 

13^.  If  the  independent  equations  expressing  the  conditions 
of  a  Question  are  fewer  in  number  than  the  unknown  quan« 
tities  they  involve^  the  Problem  is  said  to  be  indeterminate  or 
unlimited  (81)  because  it  frequently  admits  of  innumerable  an- 
swers. But  the  number  of  results  are  generally  limited  by  re- 
stricting the  values  of  the  unknown  quantities  to  integers. 
Thus,  if  X  +  y  =  d»  then  x  and  y  may  be  any  two  numbers 
whatever,  whose  sum  is  5 ;  but  li  4,  9  and  3  are  all  their  inte- 
gral values^  ^ 

133.  When  the  relation  of  two  unknown  quantities  only  are 
expressed  in  a  simple  equation,  let  the  whole  equation  be  divided 
by  the  least  of  the  two  coefficients^  then  put  the  fractional  part 
of  the  quotient  equal  to  some  letter  denoting  a  whole  number, 
positive,  or  negative,  according  to  the  value  of  the  fraction,  and 
a  new  equation  will  be  obtained ;  then  proceed  with  the  least 
coefficient  as  before,  and  so  on,  till  the  last  assumed  letter  has 
1  for  its  coefficient  resulting  from  division  ;  and  the  expression 

Z  ^f*  71  Z 

will  come  under  one  of  these  forms,  —^^ — ,   or  - ,  where  the 

m  in 

unknown  quantity  or  letter  (z)  may,  in  general,  be  assumed  so 
as  to  give  two  extreme  integral  values  in  the  required  answer, 
whence  the  others  are  readily  found. 

# 
Exampies* 

1.  Given  gx+  ISy  =:  200:  required  the  values  of  x  and  y 
in  whole  positive  numbers. 
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By  transposition 9xzsS00'^\3y 

And  dividing  the  whole  equation  by  9»..  x  =  — "^     -^  =s  22  4-    "T  •^— y. 

Now  «  and  j»  arc  to  be  whole  numbers,  therefore-  ^^  must  also  be  a 

whole  number,  because  the  sums  or  diflerences  of  whole  numbers  are  ia> 
tegers. 


Also,  since  y  is  a  whole  number,  4^  must  be  greater  than  2,  and  coit- 
-4 

9 


sequently  — r— ■  the  fractional  part  of  the  quotient,  will  be  negative  ; 


Therefore,  put  — —2-  --  —  a  (a,  negative  whole  number) 

Then  2  — 4^=s  — 9^ 
Whence  iy  =  9a  +  2 

r,M       r  9a -{-2       ^,fl4-2 

1  herefore    y  = — : —  =  2a  4-  —, — 
"4  '4 

Now  to  make  —T—  a  positive  integer,  a  must  be  expounded  by  some 

term  in  the  series  2,  G,  10>  14,  &c.,  but  its  least  possiL^le  value  is  when  a  =  2^ 
the  expression  in  that  case  being  1 ;  which  gives  5  itn  the  least  value  of  j^; 
and  the  corresponding  or  greatest  value  of  x  is  19. 

If  a  be  taken  =  6;  then  y  =  14,  and  «=  2 

Therefore  y=  5    |     14. 
xz=,  19    I      2. 
Which  are  all  the  values  in  positive  integers. 

The  foregoing  process  is  evidently  analogous  to  that  of  finding  the  great-* 
est  common  measure  of  two  numbers  in  Arithmetic,  (40.  Arith.)  and 
founded  on  the  same  principle,  namely,  if  a  number  measures  atiother 
number^  and  also  a  part  ojthat  nvnibcr^  it  wiU  measure  tlie  remaining  part. 

2.  Given  256jif  —  87y  =  1  ;  to  find  the  least  possible  ralue^ 
of  X  and  y  in  whole  positive  numbers. 


By  transposition 87y=:256x— 1 

And  dividing  by  the  least  coefficient  87,  gives  5^  =  2*+    ^^^  ' 

jjet  ^-;pl  =  a;  then  82*  —  1  =  87a 


37 


.                   87a+  1           ,    5a-f  I 
whence  x  = —  =  d  +  

.82  b2 
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Next,  put  ^— -i=:*;  then5a+l=S2^ 


whence  a  =  — - —  i=  166  +  — - — : 

y  5  5 

Now  assume  — ~^  =  c;  then  2*  =  5c  +■  1 

,  .       5c+ 1      ^    ,  c-Hl 

whence  6  =  — - —  z=:2c+  ~-~-  : 

c-l-  1 
Ifc=s  I,  then-y-  =1  the  least  possible  integer.     Whence  A  =  3, 

«nd  a  =  49 ;  therefore  s  =:  52,  and  the  corresponding  value  ofy  is  153,  the 
required  values  of  x  and  ym 

The  other  values  of  x  and  y  are  unlimited  in  number,  because  c  may  be 
any  integer  so  that  c  -f*  1  is  divisible  by  2, 

3.  Given  igx —  14y  =  11 ;  to  find  the  least  possible  values 
of  X  and  y  in  whole  numbers. 

By  transposition 14y=  19x— 11 

5*  —  1 1 
And  dividing  by  14  gives yzzx+  — — — 

Fut  ^^^~^zKa;  then  5«— 11  =  I4a, 

,                  14«+11      ^    ,  4tf+I   .  ^ 
whence  *  = r =  2fl  H ?--  +  2. 

5  3 

Next,  let  — 7 —  =  * ;  then  a =5-4-  -^  :  now  to  make  this  expres- 
sion the  least  possible  integer  (J)  the  value  of  b  must  be  5,  in  that  case 
X  =r  19,  and  y  =  25,  which  are  two  values  of  the  unknown  quantities,  but 

not  the  least;  these  however,  are  discovered  from  the  fraction  — ^^ 

5 

which,  when  a  =  1,  becomes  1,  and  *  (=  2«+  -2- —  ^.  g  ^  _  5^  ^^jj 

the  corresponding  value  of  5^  is  6 ;  the  numbers  answering  the  conditions 
of  tiie  question. 

4.  Given  5«  +  7y  =  S9 ;  to  find  *  and  y  in  positive  in- 
tegers. 

■^         ^^      •  ..  29  — 7v        „    .  4  — 2y 

Ffom  the  given  equation,  x ss     -^  ■''  =  5  +  — ^-^  — 5 1 

JLet  ^'T^--  =  <»;  then4  — 2y=:5a 
5 

whence   jf= — j-s=2— ^  — 2tf; 
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Now  if  2 — -  —  2a  (or  j^)  is  a  positive  integer,  a  cannot  be  any  afflraia'- 

tive  whole  number  whatever ;  therefore  making  a^O,  y  becomes  s:  2,  and 
thence  x=:3;  which  are  all  the  integral  values  of  x  and^  in  the  proposed 
equation. 

5.  Let  11*+  i6y  zz  100;  required  the  values  of  x  and  y  ia 
positive  inters. 

By  transposition  we  get 1  Ixss.  100 •*•  i^ 

,                             100— 16y      „   .   1— 5v 
whence «5=: jr — ^  =  5  +  <—^mmy  • 

Let  _— :-  ~  —  a  (   Yi  ^  ^ing  evidently  negative) 

Then  1  — 5y = —  1  la,  whence Sy^lla^^l, 

and     yr=Ji^«2.  +  ^.   ^^ 

the  least  value  of  a  to  make  this  a  whole  numb^,  must  be  4,  which  gives 
y  =  8  +  l=9: 

But  from  tlie  given  equation  1  Ix+  16y  r=  100,  it  follows  that  y  must  be 
less  than  6 :  And  therefore  no  whole  numbers  can  be  found  to  answer  the 
question. 

6.  Given  I7x+  I9y  =  8000;  to  find  all  the  vahies  of  x  and 
y  in  affirmative  whole  numbers. 

By  transposition  we  get  17«  =  2000  —  19y 

And  dividing  by  17  gives  «s=  117  +  H—^^y: 

Now  it  is  evident  that  IL^/the  fractional  part  of  the  quotient,  can- 
not be  made  a  positive  integer  if  j^  is  a  positive  integer,  whatever  be  its 
value. 


therefore  put 


11— 2y 


17 


Then,  by  reduction,  2y  =  ITa  +  1 1,  and  y  =  Sa  •§-  ~1  +5 ;  where. 


2 


if  a=  1,  then^=  14  the  least  affirmative  vahte;  and  the  comapoadlng 
or  greatest  value  of  x  is  102. 

The  next  value  for  a  which  gives  ~—  an  int^^  is  3,  this  being  sub- 
stituted, and  we  get  ^=  31,  wheace  «  =  83 ;  now  the  difference  bettire^. 
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I02  and  $3,  the  tWo  vaJues  of*,  »  19  the!  coefficitot  of  y  j  and  the  diffc- 
rcDce  of  the  two  valoes  of  y  is  17,  the  coefficient  of  «;  theiefore  by  coa* 
•tantly  adding  17  to  the  last  value  of^,  and  subtracting  19  from  that  ©f  x, 
we  get  all  the  other  integral  values. 

V=    14    I    31     I    48     I    65    j     82    I    99. 

7-  Suppose  it  is  required  to  find  integral  values  of  x  and  y  iq 
the  equation  gx+isy  ^  loo. 

Then  sinte  the  coefficients  9  and  15  are  divisiblt^  by  S,  the  sum  9x-^l5y 
and  also  its  equal  100  must  be  divisible  by  3,  whatever  be  the  values  of  x 
and  jr;  but  100  is  not  divisible  by  3  without  a  remainder;  therefore  in  this, 
and  aH  similar  cases,  the  unknown  quantities  x  and  y  cannot  be  found  ia 
whole  numbers. 

8.  How  many  different  ways  it  is  possible  to  pay  lOO/.  with 
7  shilling  pieces,  and  dollars  at  4s.  sd.  each  ?    , 

looof .  =  24000  y 

7i.    =       84    >  petK> 
4s.  3d.    sz       51  -3 

let  X  denote  the  number  of  dollars,  and  y  that  of  the  7*.  pieces : 

Then 51* +  84y=:  24000 

Or/ dividing  by  3 17«-|.28y=:8000 

Whence ,=  !222z:Bf  =.470+  i^I^ 

Put  15rililf  =  _tf.thenlO  — lly=  — I7<i;  whence^rsra+^tiS; 
Now,  let — j-j — =:^;  thena=:^+ — j— . 

And  making      "^    =>,  we  have  hszc  4. £—-:  Nowif  cat  1,  then 

^  =  2,  and  A  =  2,  whence  y  =  4  the  least  affirmative  value  of  y ;  and  the 
corresponding  or  greatest  value  of « is  464. 

Hence,  by  adding  51  to  the  value  of  y,  and  subtracting  84  from  that  of 
jr,  wc  get  the  following  answers,  being  6  in  number : 


«=:464    I    3dO    1    296    |    212    | 
y=s     4    1      55    1    lOCT   [    Hi    I 


128    I      44 

y=     4    I      55    1    lOCT   [    «7    1    208    |    259. 

VOL*  lU  n 
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9.  To  find  a  whole  number  which  being  divided  by  15  shall 
leave  7,  but  when  divided  by  19  the  remainder  shall  be  9- 

Ifx  be  the  required  number;  then  ^^j^»  and  ^^^  must  be  whole  nanr 
ben,  by  the  nature  of  the  question* 

Let  ^^  =:«  (an  integer) ;  then  x— 7  =  I5a,  and  «=  I5a+  7, which 
15 

being  put  for  x  in  the  second  expression  -      ■■»  and  we  have  — ^^    » 

whole  number: 

Now  put '.^5!^p^=s*;  then  I5ff— 17=  19*,  andff  =  5+— j^-: 
Again,  make      "^-^sg;  then  4/> 4-2  =  15^,  and*=z:3tf-J ^: 


Next,  let^i^ — ^=:<f;  and  we  get  c  =  if-h-i-: 


3c^2 

4 


Lastly,  make  It^rr*;  thenrf=3A— 2. 

Therefore...^....  rf=:3A— 2 

*r=r3c-i-i^=I2A— 6+3/«— ?=!5A— S 

a  =  15  (IDA— 10)  +  7  =  285A--I43r  Where* 
may  be  any  affianatLre  integer  whatever;  consequently  if  it  be  1,  the  vaUie 
of  jr  wiQ  be  the  least  possible  (viz.  142}. 

ID.  To  find  in  what  year  of  Christ  the  cycfc  of  Indiction  was 
10,  the  Golden  number  or  Lunar  cycle  10,  and  the  cycle  of  the 
Son  8. 

These  Periods  aie  found  thus  ;  Add  3,  1,  and  9  to  the  year,  and  dhride 
the  sums  by  15,  19,  and  28,  respectively  ;  then  the  xemainders  wiQ  be 
the  cycles. 

Let  x  denote  the  ycart 


"1 

^r^l^ro         jr— 9  V    must  each  be  a  vhciK 


1»  ii> 

■  or     —-r  — 

2S  ^a 


J 
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By  the  preceding  example,  if  *  =  285A  —  143,  then  -jj-»  and  ^-jj— 
-will  be  whole  numbers ;  therefore  substituting  that  value  in  the  other  ex- 
pr«ioo  gives  g«5A--'«t'  „g85A-142  ^  ^^,^  ^^^^.  ^^^  ^^^ 

Then  285A- 142  =  28^,  aitd  tf  =  ^^^^^7  ^^^  =  IpA  +  ^^-^* 

Let  5*^=.  A  (an  integer) ;  then  A  =  5ft  +  ?^^: 

Again,  putting  — ~  =  c,  gives  *  = «?  H —  i 

And  if  ?^~  =  ^,  thcn(r  =  rf-h^^,  where  if  rf=:0,  thent=l, 
and  6=  1,  which  gives  A  =  G,  and  x=  1567  the  required  year:  which  is 
also  the  least  possible  integral  value  of  x» 

11.  Suppose  the  qualities  of  three  ingredients  are  denoted  by 
10,  15,  and  16;  how  many  pounds  of  each  must  be  taken  to 
make  a  mixture  of  80lb,  with  the  quality  12  ? 

Or,  if  10,  15,  and  16  pence  are  the  prices  per  pound  j  what 
quantity  of  each  will  make  a  mixture  of  80/^.  at  12  pence 
per  lb.  ? 

•Let  X,  y,  and  z  denote  the  respective  numbers  of  pounds : 

Then *4-y  +  2f  =  80 

And  10x-f-15y  + 162  =  80  X  12  =  960 

From  the  last  equation  subtract  10  times  the  first, 

10*+ 15y+ 16-2=960 

10x4-  iOy^  102  =  800 

there  remains 5y  -h  62  =  1 60 

,                   160  —  62      «o      «      *. 
whence   ^= — : =  32 -^«  —  ^: 

Let  -r^a;  then  z=z5a 

5 

Therefore  ^  =  32  —  6a 

And    «;=48  4-fl        (or  80— (32  — fti)— 3o): 

a  2 


11$  41'OMIIA. 

Her^  a  mtj-h^  any  positive  number  whatever  less  than  —,  and  therefore 

the  jprofclem  U  unlimited.  But  if  the  values  of  the  unknown  quantities  are 
restricted  to  integers^  then,  expounding  a  by  1^  2, 3,  4,  and  5,  we  get  the 
5  following  answers,  which  are  all  the  question  admits  of  in  whole  numfaeri* 


ss   5 

10 

15 

20 

25 

5^  =  26 

20 

14 

8 

S 

jr=:49 

dO 

s\ 

•52 

S3. 

1«.  How  much  gold  of  15,  of  17.  and  of  22  carats  fine,  must 
be  mixed  with  5  oz.  of  18  carats  fine,  so  that  the  composition 
may  be  20  carats  fine  ? 

If  x,  y,  and  s,  are  the  respective  quantities,  and  a  =  5  oe.    Then  from 
,     the  same  principles  upon  which  the  preceding  solution  is  founded,  we  shall 
have  15«-*.17y  +  22z-f-18tf  =  20  (x-^y  +  z+a) 
or  15*+  17j^  +  222  +  18fl=20x+  fOy  4-20a!+  20fl ; 
whence    22  =  5x  +  3y -f- 2a. 

Now  it  is  manifest  without  fiairther  process,  that  the  number  of  answers 
will  be  indefinite,  for  x  and  y  may  have  any  positive  values ;  but  if  they  are 
whole  numbers,  both  must  be  even,  or  both  odd,  to  give  z  an  integer  also? 

Tbus,l?tjf:;;=3o«,  andi^:5i2oz.  thcn?=5 ^ =  fi^o*.    Aofl  if 

«c5,  andj^sr5;  then  s=:H±J^±i2ss35  03.  kc. 

13.  Suppose  a  mass  of  Gold^  another  of  Copper^  and  a  third 
which  is  a  mixture  of  those  metals,  when  separately  immersed 
in  the  same  vessel  filled  W4th  water,  expel!  8.8,  17*9  and  11.5 
ounces  of  the  fluid,  respectively:  no\v  if  each  mass  weighs 
160  oz.  what  quantity  of  copper  is  in  the  compound  mass  ? 

The  specific  gravities  of  the  metals  will  be  reciprocally  as  the  numbers 
8.2,  17.9,  and  11.5,  or  as  82,  179,  and  115,  which,  therefore  will  denote 
the  rates  of  the  two  simples,  and  the  compound. 

Let  X  be  the  copper,  and  y  the  gold  in  the  compound  mass,  ^ 

TTxen  Jr-f-y=:  160 
And    I79ii;  +  82y=n5jc+115y 

or 64x=33^. 

But  y=  160—* 

Thei^ore        64«c=33  (160-*-jk)  =:5280-*33jr 

And  97x  =5280,  or  xs=  54.4  oz.  the  quantitj  r^nired* 
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In  this  manner  it  is  said  Archimedes  discpvered,  the  quajitU|r  of  slloj  in 
^  Crown  ih'4i  Hiero  Kiog  of  Sicily  had  ordered  to  be  made  with  golc** 

The  Learner  ^vill  perceive  that  the  three  last  Example>  helon|«< 
fO  the  Rale  ofMligation  in  Arithmetic. 

14.  Suppoae  960  troops  are  to  be  drawn  up  in  three  columns 
of  march  with  11,  14,  and  \g  men  in  front,  respectively  ;  now, 
how  many  different  ways  can  this  be  done  without  anv  broken 
rank ;  and  what  number  of  ranks  will  each  column  consist  of 
"vrhen  their  d^ths  are  the  nearest  possible  equal  to  each  other  ? 

If  *,  y,  and  x  denote  the  number  of  ranks  in  the  respective  columns, 

then  lla+ 14y+19z=S»60 

And  dividing  the  vhole  equation  by  1 1  gives  ;c4-^+ j^  +  «+—  =  87  4-  — 

whence   x  +5^  4-  s  =  87  +  ""      . 

Now,  if  y  and  z  are  any  positive  whole  numbers^   the  expression 
^ -rj most  PC  negative ; 

therefore  let j^     — =  —  a 

Then 3^3y— 82  =  — U« 

and...., 3y  =  lla  +  3  — 8« 

or. j^  =  3fl+ j+ 1— 2«— J 

that  18         y=:3fl  +  l— 2*  +  — -z — • 

then  2fl  — 22=33 

and  2  =  fl— i — -: 

But  it  appears  from  the  equation  y  =  3fl+  ir'^  ^  —  ^t —  — ,  that  a  must 

2a 
he  '^,  or  some  multiple  of  3,  to  make  -^  a  whole  number ;  therelore  to 

obtain  the  least  integral  value  of  z»  make  a =3,  and  A  =  0« 

Then      «  =  a 

whence  yzria-^  1 ;  and  substituting  these  valurs 
}fk  ths  original  equation,  we  get  «  s=86«— C4 
Consequently,  it  a  or  z  =  3 

then    yzrzi  ♦ 

And       »s=77: 


tlfi 
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And  the  other  values  of  y  and  x  are  found  by  constantly  adding  1 1  (the 
coeffic     *      ^)  value  of  y, and  subtracting  14  (the  coefficient  of  y) 

from  that  of  x.    In  this  manner,  by  making  z  equal  to  6,  9,  12,  15,  &c,  the 
multiples  of  3,  we  get  the  following  23  answers : 


z=    3 

«  =  77 
«=:12 

*  =  50 


6 

1 

9 

15  26 

37 

48 

59 

7 

18  29  40  51 

10 

63   49 

35 

21 

7 

68 

44  30  .   2 

59 

15 

18 

21 

24  35  46 

16 

27 

33 

19 

30  41 

22 

36  22 

8 

41 

27 

13 

32 

18  4 

23 

2I|32|43|54 
59  I  45  131 1 17 1  3 


Hence  it  appears  that  23^  22,  and  21  are  the  ranks  in  tlie  respective 
columns  when  theit  depths  are  nearest  alike. 

And  a  similar  method  of  solution  may  be  followed  when  more  than  three 
unknown  quantities  are  concerned.  But  different  expedients  will  present 
thenoselves  in  the  course  of  practice. 


Or  DIOPHANTINE  PROBLEMS* 


134.  These  are  another  kind  of  indeterminate  Problems^ 
called  Diophantine^  from  Diophantus  of  Alexandria,  an  ancient 
Greek  Mathematician  who  left  a  work  on  the  subject,  which 
chiefly  relates  to  square  and  cube  numbers.  The  Problems, 
for  the  most  part,  are  of  an  abstruse  nature,  and  do  not  seem 
to  admit  of  any  general  method  of  solution.  We  shall  subjoin 
a  few  easy  examples  in  order  to  give  the  learner  an  idea  of  this 
part  of  Analysis. 

Exampies. 

1.  To  divide  a  given  number  n  into  two  such  parts  that  the 
difference  of  their  squares  may  be  a  given  square  a*. 

If  jB  be  the  least  part,  then  «  —  x  is  the  other: 
And  («  —  *)*  —  «*  :=  «*  —  2nx  is  the  difference  of  their  squares  c 
Whence,  by  the  question,  f^^^anx^za^ 

or  2tix  =:  «*  —  a* ;  and  x  =  —     —  the  least  part ;  -  — * 
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«na  n =  — ^- —  the  greater. 

Here  a*  must  be  less  than  ti^,  otherwise  the  problem  is  impossible. 

Suppose  n  =  3,  and  az:z2;  then"  J"^-  =-.;  and ^  "^ ^  :=  --:  aad 

5  1 

the  two  parts  are  ^  and  2  -. 
o  o 

2.  To  divide  a  given  number  n  into  two  such  parts  that  the 
sum  of  their  squares  shall  be  a  square. 

If  X  denotes  one  part,  then  n — x  will  be  the  other: 
And  (fi---x)*4-Jt*  or  rt^ — 2nx'{^2x^  must  be  a  square  mimbcr :  let  its 
root  be  n — ax; 

Then  «* — 2nx+2x^r=:  (?i  —  flr«)*=:«»  — !2tfnx  +  fl*x*; 

vbence,  by  reduction,  x  =  — — ^^  one  part : 

And  n .—  -    -  =s       ^^  ^  the  other,  where  a  may  be  any  assumed 

Daction  less  than  uoity. 

Suppose  the  given  number  (//)  =  8 ;  and  let  a = J4 

I  /•  ^^^  8  4  8  —  '^  T 

Then    ■  —  *  7  ^"^^  P**^  5  and  ^^ ^  =  3 '«  the  other. 

3.  To  find  two  square  numbers  whose  difierence  sliall  be  a 
g^ven  number  d* 

Let  Jjr+  i^,  and  ix — Jy,  denote  the  roots  of  the  required  squares; 
Then  (iJC  +  Jy)»=iJt»4.i*y4-ty 

dificrence  xjr 


Thcfefore  aprrsrf  (by  the  question).  Hence  it  ap{)ear>  that  x  andjr  Kwy 
be  any  two  ooequal  numbers  whose  product  is  the  Uiiference  </:  ibr  should 
tjiey  be  equaf^  then  ior— t Jp  =^0. 

let  tf^5.  ai=;S«  a9djr=:l;  then^X  I  =^: 


j 
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4.  To  divide  a  given  square  number  i*  htte  two  other  square 
numbers. 

If  dM}c  one  of  the  squares,  the  others  must  be  *'-*-x«. 
Assume  (nx— 5)*s=5»— «*;  thennV— 2w*+j*=i*— «*J 

-5 j  ;  therefore  *»=    v*TXl7 

-J— -J    =\TT7i/    ^^^*^» 
wlltren  may  be  any  number  whatever,  unity  excepted* 

Suppose  4  is  the  given  square  ( = J*) »  ^^^  let  n  =s3 : 

their  sum  being  JJ  +  g  =  4. 

5.  To  divide  a  given  number  consisting  of  two  square  tturtc* 
bers,  into  two  other  square  numbers. 

Suppose  the  given  number  is  «*  +  &*;  and  let  «  +  a,  arid  nx^-^h  dte« 
note  the  roote  of  the  required  stjuarci. 

Then  (x4-fl)*-|-(jw— 5)»=:a«  +  A» 
or  A*  +  2tfX-|-a*+n*x»  — 2«Ax-|.A»r=:fl«+A» 
2«A — ^a 


ifhei^:e>  by  reduction>  %  = 


«*4-l 


Therefore  or -has ^-r-; \  and  w«— 3-=— L^_-— s 

And  the  two  required  squares,  !■    ■■   ^  .  .       J  »  and  I ———I 

where  «  may  be  any  assumed  number  except  1. 

If  the  given  number  be  13  (4-h^);  then  ass2«  and  ^  =  3:  and  let 
»l=:2: 

^.       ..     ^  /I2  +  8  — 2\»      324         ,    /I2  — 8  — 3\» 

Then  the  two  squares  are   ^ — j— — J   =  --r-,  and   \ — --— — y 

1      ^     324        1      ^,^ 
s=  — :  for  -rr  +  r.  :=  13. 

Remark.    Every  number  cannot  be  divided  iBto  two  rational  squares  s 
For  let  the  number  3  be  proposed  t  then  since  it  is  not  the  sum  of  two  in* 
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tegn]  squares,  assume  it  equal  to  two  fractioaa)  ones«  or  suppose  3  s:  ^  H* 

—  ss  ^  ;  now  multiplying  each  side  by  3  gives  9  =  — i — ,  there- 
fore 3a*  +  3^*  must  be  a  square,  but  no  two  integral  numben  can  be  found, 
wch,  that  3  times  the  sum  of  their  squares  is  a  square  number ;  whence  it 
appears  that  3  is  not  resolvable  into  two  squares.  And  Euler's  concluuon 
in  his  Algebra  is,  that  when  a  whole  number  is  not  the  sum  of  two  integral 
squares,  it  cannot  be  the  sum  of  two  fractional  ones. 

6.  To  find  two  numbers  whose  jum  shall  be  equal  to  the  sum 
of  their  cubes. 


This  admits  of  one  solution  in  integers,  viz.  when  each  of  the  numben 
is  1 ;  for  1  -)-  1  =  1^  -{- 1^.  But  other  answers  may  be  found  in  fractions 
thus» 

Let  X  and  y  denote  the  two  numbers;  then  « + y  =  ^  +  y'  f  ^^^  divid* 

iDg  the  whole  equation  by  x  +  y,  gives  1  =         '^  =s  ;t»  — jy  +y*. 

*  1  y 

Put  «r=y;  then  1  =** — >w*+«V,  whence  a^=;    ^^        i  which 

must  be  a  square  number  because  x*  is  a  square;  and  consequently  n* — n-^l 
must  also  be  a  square. 

Let  n*— 71  +  1  =«»;  thenn*— «=fl»—  1; 
and  completing  the  square,  n* — n  +  J  =  a* —  1  +  J  =fl*— J, 
wheiKe  w  —  i  s=  V(a*  —  i) ! 

The  problem  is  now  reduced  to  that  of  making  ^^-^  a  rational  square 
number,  which  is  done  by  Examp,  3 :  for  if  wq  assume  two  numbers  whose 
product  is  =i  |,  half  their  sum  will  be  the  value  of  a : 

3  3       3  3  . 

Thus,  let  1  and  -  be  assumed;  then  1  x  t  =:  t  ^^^  half' of  1  -h  r  ii 

4  4        4  4 

j  =  a;  therefore  a»=-,  and^-j~=rgj: 
Theiefore  Ji— -ssy-r  SS-,  whence  n  =  r: 
Now,  «»s=:_-i .s=^,and»=|;  therefore  y  or  fix  =:-  x  ^= 

L    Hence  ?  and  ^-  arc  two  fractions  answering  the  conditions  of  the  pw- 

blem. 

VOL.  It.  R 
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If  3  and  -  are  assumed;  then  3  x  r  =  .  ?  and  we  get  --  and  — ,  wliick 

4  4        4  U  IJ 

are  two  other  fracUons  whose  sum  is  equal  to  the  sum  of  their  cubes. 

7.  Should  It  be  required  to  find  tvo  numbers  whose  diffkrm 
ence  is  equal  to  the  difference  of  their  cubes  : 


»3 jyS 

Then  «— ysrx'— y»;  and  1  r= --—-^  ==jr*+«y+y»;  and  putting 

*  ~  y 

nxissy,  as  before,  we  eet  jr»=  -= : — :  now  assuming  n*  +  «  +  1  ss «* 

(a  square),  gives  «  =  l/ (^*—  j)  =  51  where  the  root  ^  (a*  —  -  j must 
be  iess  than  1^,  but  greater  than  ^ 

A  3       ()       3 

Let  2  and  -  1)e  assumed*   their  product  being  2x^  =  0  or-:;  then 

8  o        o         4 

-fl=-=«.  and  <^  =  g-^,  therefore  «=v^  (__-)_.  =  _. 

1  256        ,      .  16         J  5  ^  IS 

»°''  ««+«^.  1=361='*'  whcnce*=,-;  and  «ory=  -x  ^5=. 

r  1  fi  ^ 

--.     Therefore  -—  and  —  are  two  fractions  whose  difference  is  equal  to 

the  difference  of  their  cubes.    And  in  like  manner  other  answers  may  be 
found. 


The  three  following  Theorems  will  frequently  be  found  useful  in  problems 
which  relate  to  square  numbers. 

1.  If  2ah,  a*—b\  and  a*  +  //*,  deuote  the  roots  of  three  square  fium- 
bers ;  then  (2tf ft)*  +  (a* — *»)»  =  (a^  +  ^*)*.  By  this  Theorem  two  square 
numbers  may  be  found  whose  sum  or  difference  shall  be  square  numbers. 

2.  If</ be  any  number;  then-<rf»  +  (rf+ 1)»)  x  W+l)*+ (rf+2)»)± 
(<f  -4-  1)*  X  4  will  be  two  squares^  whose  roots  are  2d^^id+  3«  and  2dt+ 
4d  +  l. 

3.  If  a  and  b  be  any  two  numbers ;.  then  (a*  +  i^)t  ±:  (as«»0s)  x  4ak 
will  be  two  squares,  the  roots  being  a^±:2tf^— ft*. 


[  IM  ] 

Of  arithmetical  PROGRESSIONS. 

135.  The  nature  of  Arithmetical  proportion  and  progremoa 
has  already  been  explained^  (Arith.  jiri.  isi).  It  is  by  the 
belp  of  analysis  however^  that  we  most  diKOTer  the  difieimt 
relations  which  the  several  terms  have  to  one  another :  besides^ 
algebraic  formula  are  better  adapted  to  practice^  and  more  ooa* 
cise  than  verbal  enunciations. 

136.  Let  y  be  the  first  term  of  an  arithmetical  progressiaD* 

d  the  common  difFerence  of  the  terms. 

/  the  last  term. 

n  tlie  number  of  terms. 

s  the  sum  of  all  the  terms. 

Then  /,  /+  rf,  /-+•  grf,  fi-  3d,  f  +  4  J.  &c.  will  be  an 
ascending  series  or  progression,  (122  Arith.) 

And  f,  J —  d,  f —  2(f,  /—  3J,  J — 4 J,  &c.  a  descending 
one. 

Hence  it  appears  that  the  last  term  is  always  =f+  («—  l]d 
in  an  ascending  progression,  andy  —  (n  —  l}d^  in  a  descending 
one. 

137*  The  sum  of  all  the  terms  in  an  arithmetical  prK^ression 
is  equal  to  the  sum  of  the  first  and  last  terms  multiplied  by  half 

the  number  of  terms ;  viz.  s  =  (/-f-  /)  -;.    (132  Arith.) 

2 


Let /+/-!.  rf -i-/-h  2</ +/+ 3rf +/+ 4<r =* ; 
then  5/+10rf  =  j,  viz.  iJ+f^Ad)  x  |=*,  or  (/+l)*j 
And  if  the  number  of  terms  be  6,  the  last  teem  will  be  /^  5d; 
And  the  sum  =  6/+  }  bd  = 

(n-l)iO?.orC/+0^  =  * 


And  the  sum  =  6/+  1  bd  =  jr,  pr  (/+/+  5<0  3  =  ',  that  is  (/+/-»• 


R  2 
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•    Now,   from  the  equations /+ (n  —  l)  rf  = /,   t/+/+ 

(fi  —  l)i)  ^=:s,  and'(/+/j  -=s,  the  following  theorems  or 

farmulK  art  readily  obtoined,  where  it  is  to  be  noted^  that  when 
tke  progression  is  descending,  the  signs  of  the  terms  affected 
with  d  must  be  changed,  or/  taken  for  /,  and  vice  versa; 
thcie  forms  being  adapted  to  an  ascending  series. 

•  n 

"-/+/- -3 '• 

r    .    2/03  d 

«  =  |/  (^  +  r*J  —  r  when  2/*  is  greater  than  d. 

nz:zy'T' when  Sf=d. 

"=•(7 +r»j  +  r  \rt)cn  S/i$Iess  than  d: 

>39.  A  few  examples  will  show  the  use  of  these  expressions, 

1.  Required  the  sum  of  the  scrips  1  -f-  3 -4-*  + 7  +  &c, 
continued  to  so  terms  ? 

Herc/=  1,  rf  =  2,  and  fi  =  20,  which  substituted  in  the  fonn  *  ss 
(f  +  ind^id)n  gives  *=(1  +20  — i)  20,  or  20  x  20  =  400  the  sum 
requued. 

Hence  it  appears,  that  the  sum  of  the  odd  numbers  1 .4*  3  •)•  5  +7  &c. 
continued  to  » terms,  is  always  s  a^ 
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S.  What  is  the  17 th.  term  of  the  series  10^  9h  Hy  9»  &c. 

In  this  progression /s  10,  ^s=ff  nssl'j;  and  the  correspoDdiog  ex* 
pression  is  /=/+  nd — d  which,  when  the  signs  of  the  terms  +f«i — d 
are  changed  (the  series  being  a  descending  one)  becomes  lzz,/^^nd'\'d, 
or  /sr  10— 17  X  J  +  3  =  4}  the  required  term. 

3.  Two  detachments^  distant  from  each  other  39  leagues,  and 
both  designing  to  occupy  an  advantageous  post  equidistant  from 
each  otlier's  camp^set  out  at  different  times ;  the  first  detachment 
increasing  every  day's  march  one  league  and  a  half^  and  the 
second  detachment  decreasing  each  day's  march  s  leagues : 
both  detachments  arrive  at  the  same  time;  the  first  after  5 
days  march^  and  the  second  after  4  days  march  :  What  is  the 
number  of  leagues  marched  by  each  detachment  each  day  ? 

The  whole  distance  marched  by  each  detachment  is  -^  ^  i9i  leagues* 

Therefore,  for  the  first  detachment,  we  have  d[=  if,  n  =  5,  and  s  =  19}  ; 
and  to  find  the  first  term  or  distance  marched  the  first  day,  the  expres* 

s  19^  9  9 

■ionis/=-+id— }nrf,or-^+J  — 3J  =  j^ofaleague;  whence  j^ 

4         9         4         9 
^  To'  *^  To*  ^10'  ^  To  ***  ^^®  respective  distances  marched  each  day. 

And  the  same  theorem  or  expression  answers  for  the  distance  marched 

by  the  other  detachment  on  the  first  day  when  the  signs  of  the  two  last 

terms  are  changed ;  for</=:  2,  n=:4,  and  *=  19},  whence /=  -  — }rf4. 

19X  7 

ind  «-7^  —  l4-4=:7-  leagues  the  first  day's  march ;  therefore  the  dis- 

4  0 

7        7       7        7 
taoces  are  7  -.  5  -.  3-.   1  -. 

4.  A, detachment  of  dragoons  being  sent  after  a  deserter, 
marched  the  first  day  9  miles^  the  second  19^  the  third  29^  and 
so  on^  increasing  the  distance  10  miles  each  day;  in  what  time 
did  they  overtake  lulii>  supposing  he  travelled  at  the  rate  of  34 
miles  a  day  ? 

This  is  readily  answered  by  means  of  the  expression  s  =  -j^-- — ;  for  the 

number  of  days  will  be  the  number  of  terms,  and  34n  is  equal  to  s  the 
whole  distance  travelled ;  therefore  substituting  9  the  first  term,  for  f%  we 
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have  -^Hr—  =  34«,  or  -— -  =34,  whence  /a=59  the  number  of  miles 

which  the  detachment  marched  on  the  last  day;  consequently  they  ovci^ 
took  the  deserter  in  6  days. 

5.  A  company  of  foot  leave  London  for  Plymouth^  and  at 
the  «ame  time  a  party  of  horse  arc  ordered  fix)m  Plymouth  to 
London ;  the  foot  march  14  miles  the  first  day^  13  the  second, 
12  the  third,  &c.  ccAistantly  lessening  each  day's  march  1  mile  ; 
but  the  horse  travel  8  miles  the  first  day^  and  increase  their 
march  4  miles  every  day ;  what  distance  will  each  party  have 
travelled  when  they  meet^  if  Plymouth  is  217  miles  from 
London  ? 

In  this  example  we  have  the  sum  of  a  descending  >  

and  an  ascending  progression  > 

The  first  term  of  one  progression ss  14 

The  common  diATerence  of  the  terms s=    I 

The  first  tenn  of  the  other  series =:   8 

And  common  difference =:  4 

And  the  number  of  terms  (or  days)  in  each  progression  is  the  sanie» 

The  formula  adapted  to  this  case  is«  =  v'(^+»"*J— »"•  therefore  if 

8  and  4  are  substituted  for /and  d  we  get  "^  ■  :=  — ^^^  =r  if  =s  r: 
and  putting  x  for  the  miles  travelled  by  the  foot^  the  distance  travelled 
by  the  horse  will  be  217  — «  =  j;  whence  «  =  |/  (—  +rM  —  r  =s 

(434  —  2*       9\ 
2 "*"!/  —  ^a  ^^®  number  of  terms,  or  days  travelled  by  the 

party  of  horse. 
But  the  expression  «=sv^(^+f*J— ris  derived  from  /=»  *— Jfirf+ 


s 


id,  which  becomcs/=  -  +  ind  —  f  when/  is  the  first  term  of  a  descend- 


n 


ing  progresuon,  and  in  this  case  r=s-^'   ■  ,  andnssr— •y^  ^rt^—^J* 

Now,  in  the  descending  seriesi  /s=  14,  and  dssi;  therefore  ^rT-  ^ 

2a 

?^±-i=14j  =  r,   andn  =  r  — /(»*— y)  =  14j— v'CZlOj— 2iJ 
the  number  o(  ttrmi,  or  days  (ravelled  by  the  foot : 
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Consequently  we  have  this  equation  ^  (  —-7 hrl—  li  =  14f  — 

f/(210i  —  2x),  which  reduced  gives  ^»*  +  39tiJ6*  =s  355663, whence  * = 77 
the  miles  travelled  by  the  company  of  foot;  therefore  217-^77  =  140  the 
distance  for  the  horse. 
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140.  These  numbers  result  from  the  sums  of  arithmetical 
series^  and  are  called  figurate  because  the  units  in  each  term 
may  be  so  disposed  as  to  represent  a  geometrical  figure  or  dia- 
gram^ as  a  triangle,  a  square^  or  a  pentagon^  &c.  Thus  1^  3^ 
Q,  lOy  &c.^  are  a  series  of  triangular  numbers  : 


10 


15 


'  Let  any  number  of  units  be  disposed  as  in  fig.  I,  where  the 
perpendicular  ranks  are  one  more  in  number  than  the  horizontal 
ones.  And  draw  the  diagonal  line  AB  to  divide  the  number  of 
tenns  Into  two  equal  parts. 
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Then  1,  1,  l,  l,  &c.  {Jig.  I.)  are  calkd  a  series  of  Ac  fiitt 
order: 

And  the  sums  of  the  units  on  the  left  of  the  line  AB  form  the 
progression  1,  2,  3,  4,  &c.  or  a  series  of  the  second  order. 
These  being  disposed  as  in  ^g.  2.  the  sums  of  the  horizontal 
rows  on  the  left  of  AB  constitute  the  series  1^9,6,  \0,  &c.  or 
the  third  order: 

Thus     1 .'.=  1 

1  +2 =  3 

1  +  g-h3..*.  =  6 

1  +  2  +  3  +  4  =:  10,   &c. 

Again^  the  sums  of  the  horizontal  ranks  on  the  left  of  the 
line  AB  in  Jig.  3.  form  the  fourth  order : 

**   for    1 =1 

1+3 =4 

1  +  3-H6....    =10 

1  +  34-6+  10  =  SO,  &€• 

And  so  on,  for  the  several  orders. 

Order 

UU            1...  ,  1,  1,     1,     1,  1,  &c. 

S..  ..   1,  2,     3,     4,  5,    &c« 

3....   1|  3,     6,  10,  15,   See. 

4 1,4,   lO,  20,  35,    &c. 

5....   1,  5,   15,  35,  70,    &c. 

Hence  it  appears  that  the  last  term  in  any  order  is  always 
equal  to  the  sum  of^  all  the  terms  in  the  next  inferior  one : 

Thus  the  5fh.  term  in  the  3d.  order  is  15,  which  is  equal  to 
1  +  2  +  3  +  4  +  5  in  the  2d.  order. 

142.  The  line  AB  in  fig.  1,  divides  the  sum  of  all  the  terms 
into  two  equal  parts ;  but  in  fig.  2,  the  sum  of  all  the  terms 
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(I  +  3  +  6,  &c.)  on  the  left  of  AB  is  =  -^  of  the  sum  of  all 
the  terms  in  the  figure ;  for  each  vertical  row  on  the  right  hand 
of  AB  is  dcjuble  the  corresponding  horizontal  row  on  the  left : 
thus  3  +  3  z=  twice  1-+-2;  4-4-4-f-4  =  twice  1+2+  3,  &c. 
In  like  manner,  the  sum  of  all  the  terms  on  the  left  of  AB,  Jig,  3, 
is  zr  i  of  all  the  terms  in  that  figure.  And  in^g.  4,  the  sum 
on  the  left  is  ^  of  the  whole,  &c. 

143.  Now,  let  n  denote  the  number  of  terms  in  a  vertical 
row,  or  the  number  of  horizontal  ranks ;  then  ti  -+- 1  will  be 
the  number  of  terms  in  an  horizontal  rank,  and  in^g.  2,  w  -+- 1 

is  the  last  term  in  that  rank  or  series  :  therefore  (137)  ^-^ —  X 

(n-l-2)  will  be  the  sum  of  the  series  1  +  2-f-  3,  &c,  or  of  all 
the  terms  in  that  rank,  which  multiplied  by  n  the  number  of 

horizontal  ranks,  is  — — -  x  (n  +  Q)  x  n,  the  sum  qf  all  the 
terms  in  the  figure,  and  i  of  that  sum  or  — !—  x  (n  -f-  2)  x 


, ^^n+l      n  +-2 


nx  T  =  n  X  X  — r —  is  the  sum  of  all  the  terms  on  the 

left  of  AB,  or  the  sum  of  the  series  1  -J-  3  +  6  +  10,  &c.  con^ 
tinued  to  n  terms. 

144.  To  find  the  sum  of  the  series  i  +  3  +  6  +  10,  &c.  to 

n+l  terms,  substitute  7i+  1  for  n,  and  n  X  ^  "*"  ^  x  ^-i-? 

2  3 . 

,  n+l       «  +  2      71  +  3   ,  *.  H   , 

becomes  — —  x  -  —  X  — ^  the  sum  of  all  the  terms  in  an 

horizontal  rank  (fg.  3),  which  multiplied  by  n  the  number  of 

,  .         n-f- 1       n  +  2       71  +  3 

ranks,  gives  — j—  x  — ^  x  — f-  X  w  the  sum  of  all  the 

«-f-l         71  +  Q 


2 


terms  which  compose  the  figure,  and  ^  of  this  is  ilt-i  x 

n  +  3^7i        71^71+1        n-J-2        WJL3    , 
X  —3—  X  -,  or  -  X  — ^  x  —^  X  -^  the  sum  of 

jJl  the  terms  on  the  left  of  AB,  or  sum  of  the  series  1  4.4^ 
10  -f,  20,  &€•  continued  to  71  terms. 
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Hence  it  appears  that  ^  .  ^-=^1  ,  ^-i^.  &c.  continued  to 

5.  factors  will  be  the.  sum  of  the  series  which  is  the  5th.  order 
of  figurate  numbers :  and  6  factors  give  the  sum  in  the  6tkm 
ordtTj  &c. 

145,  These  scries  are  useful  in  computing  the  number  of 
cannon  shot  in  a  pile.  The  piles  are  usually  triangular,  square, 
or  oblong.  The  triangular  pile  has  an  equilateral  triangle  for  its 
base,  and  ends  in  a  ball  at  top;  and  the  several  layers  or  courses 
of  shot  form  the  series  1,  3,  6,  10,  15,  &c.  from  the  top  down- 
ward, the  last  term  being  the  number  of  shot  in  the  course  next 
the  ground. 

Now  the  series  1  +3  4-6-4-10,  &c.  is  the  third  order,  and 
its  sum  or  the  number  of  shot  in  a  triangular  pile  is  - .  . 

'*■■  ,  where  n  is  the  number  of  courses  or  the  number  of  shot 
in  the  side  of  the  base. 

Suppose  the  number  of  courses  in  a  triangular  pile  or  pyramid  is  40-; 

^,        40      40-t-l   .  40  +  2       ,.^„^  ,.  .        r  u  X.         t        M 

then  "7  X  — :r— H ?^=  11480  the  number  of  snot  m  such  a  pile. 

146.  The  square  pile  is  a  pyramid  having  a  square  for  its 
base,  and  a  single  ball  at  the  top,  this  ball  vnth  the  sacceasive 
courses  downward  constitute  the  series  of  squares,  1^  4,  g,  16, 
95,  &c.  the  last  term  being  the  number  of  shot  in  the  bottom 
course. 

The  series  of  squares      l  +  i+9  +  16  +  25,  &c.  to  n  terms 
may  be  resolved  into  \   '1+34-6+10  +  15,  &c.  to  « terms 

the  two  series )  1  +  3  +  6  +  10^  &c.  to  n  —  1  terms 

sum  14-4+9+  l(>  +  25,  &c! 

Thesumof  1+3 +  6+10,  &c.  ton  terms  is  ^.^±2.1:^,  and 

putting  n—  1  for  «,  gives  " .  ^^  .2J±J  the  sum  to  n— .  1  terms;  and 

the  sum  of  both  these  expressions,  or  ? .  2±i  .  l±i  +  2.  !L:ii .  i+JL 

nfi+12«  +  l..  ,,         ,^ 

=  J  •  ""2~-^  — 3 —  *s  the  sum  of  the  senes  of  squares  1  +4  +^  +  16,&e• 
contiIlued  to  n  terms.  ^ 
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Suppose  30  shot  in  the  side  of  the  bottom  coiuse,  then  n  =s  30  the  num- 
ber of  courses,  and  ^  x  ^4"^  x  ^^—^  =  9455  the  number  of  shot  in  the 
pile. 

147*  The  oblong  pile  stands  on  a  rectangular  base ;  the  num- 
ber of  shot  in  any  course  being  found  by  multiplying  the  num- 
ber of  shot  in  one  of  its  sides  by  the  number  of  shot  in  the 
other  side :  and  the  \x  hole  pile  is  composed  of  a  series  of  rectan- 
gular courses^  the  sides  each  diminishing  by  1  from  the  base  up- 
wards ;  therefore  if  d  be  the  difference  of  the  shot  in  the  sides 
0f  any  course,  the  pile  will  end  at  top  in  a  rank  of  d-f- 1  balls. 

Thus,  if  the  sides  of  the  bottom  course  contain  12  and  7  shot. 

Then      12  x  7  =  84 
11  X  6  =  66 

10  X  5  =  50        ate  the  shot  in 
9  X  4  =  36       the  successive  courses* 
,  SX3  =  24 

7  X  2  =  14 
6X  l=i    6 

The  ^hole  sum  may  be  found  by  resolving  the  series  6  •{- 14  4-  24  +  36^ 

Iec  into  two  other  series, 
». 

thus     1  +    4  +   9  4-  16  +  25  &c 

5+10  +  15  +  20+25  &c. 

sum     6  +  14  ^  24  +  36  +  50  &c. 

The  sum  of  the  squares  1  +4  +  9  &c.  continued  to  n  terms  is  ^•^^^^« 

1       <« 

— ^^.    The  last  term  of  the  scries  5+10  +  15  &c.  continued  to  « terms 
18  nd;  and  the  sum  of  the  same  series  to  n  terms  is  «  x  — ^^«     {i37«) 

Therefore  the  sum  of  both  series,  ^  x  "■     ■  X  •— h  «  X  ^  ■  j"  ,  or 

-  .  — ^ —  . r IS  the  sum  of  the  series  of  products  contmuecj  to  n 

terms,  where  n  is  the  number  of,  courses,  or  the  number  of  shot  in  the  least 
<«ide  of  the  bottom  course,  and  d  the  difference  of  the  number  of  shot  ia 
ih^t  side  and  the  other. 

8  2 
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Let  the  sides  of  the  bottom  course  contain  32  and  QS  shot ; 

Then  n  =  25,  and  rf  =  7,  and  ^' .  ^-'Z  •  . '-'  ■ .. — ^  =7800  the  num- 
ber of  shot  in  the  pile. 

148.  If  the  pile  is  broken^  find  the  number  of  shot  deficient^ 
and  also  the  whole  number  it  would  contain,  supposing  it  com- 
plete^  then  the  difference  will  be  the  shot  remaining. 

Suppose  the  shot  in  the  sides  of  the  bottom  course  of  a  broken  pile  are 
32  and  25,  and  in  the  upper  course  23  and  16,  then  the  shot  in  the  sides 
of  the  next  course  would  be  22  and  15;  therefore  «=  15  the  number  of 
courses  deficient,  and  rf  =  7;  and  j  .  "^-^  ,  '2N^\^-hU  _  ^^^^  ^^^ 

number  of  shot  deficient :  now  the  number  in  tlie  complete  pile  (found 
above)  would  be  7800  ;  therefore  7800^-2080  =  5720  Is. the  number  of 
shot  in  the  broken  pile.  And  in  this  manner  we  may  proceed  when  the 
broken  pile  is  triangular,  or  square. 

149.  If  s  be  the  number  of  shot  in  a  complete  triangular  pile ; 
and  we  would  find  the  number  of  courses  or  the  number  of  shot 

in  the  side  of  the  base;  then  -  •  — ^ —  •  —^ —  =  g— ' 

=5,  or  n'  -+•  3n'  -+-271=:  65;  and  if  7i  H-  1  be  added  to  each  side 
of  this  equation,  we  get  71'  +  37i"+3w  +  1  —6s  +  w  +  1  :  now 
«^  +  3n*  +  3n  +  1  is  a  cube  whose  root  is  «  +  1 ;   therefore 

«+ 1  =^  {6^+72  +  1)  ^  ;  and  since  the  value  of  n  is  restricted  to 
an  integer,  6s  +  n  &  I  will  be  the  integral  cube  next  greater 
than  65, 

Let  the  number  of  shot  in  a  complete  triangular  pile  be  1 1480  ;  then 
11480X  6=68880,  and  the  cube  next  greater  is  68951  whose  root  is 
41  ss«  +  I-,  therefore  n.=:40. 

1 50.  In  the  complete  square  pile  we  have  -  .    'T    .    "        z: 

' g rz  Sy   or  7»'  +  l{7r  +  In  =  3s,    and  addmg 

1  Jti'  +  2|7i  -i-  1  to  each  side  of  the  equation^  gives  n^  +  3n^  + 
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3if+l  =r3s-hli»*-l-2i7H-l,  whence  «4- 1  =  (35  +  l|n»  + 

2f  7i  -4-  1 )  ^ ;  and  n  -{- 1  will  be  equal  to  the  root  of  the  integral 
cube  next  greater  than  35. 

Suppose  s  =  9455  ;  then  3s  =  28365,  and  the  cube  number  next  greater 
is  29791  whose  root  is  31  =  7i  4- 1 ;  whence  «  =  30  the  number  of  courses. 

Of  geometrical  PROGRESSIONS. 

151.  Lb T  y  be  the  first  term  of  a  geometrical  series  of  quan- 
tities : 

r  the  common  ratio  of  the  terms : 
/  the  last  term  of  the  series : 
n  the  number  of  terms  : 
s  the  sum  of  all  the  terms. 

Then/,  rf,  ly,  r^f, r"""  /,  is  a  geometrical  progrcs- 

sion  or  series  of  quantities,   ( 146  Arith.) 

Hence  it  appears  that  the  series  will  be  ascending,  or  descend- 
kigaccording  as  the  ratio  or  multiplier  r  is  greater,  or  less  than  1 : 

And  that  the  last  term  is  always  zz  t^^^fzzL 

152.  To  find  the  sum  of  the  progression : 

I^t  /+  rf+  r'f  +  rlf+r^f  &c  =  s,  this  multiplied  by  r 
gives  t/^+^y+^^/+^^/"*'^l/  &c  =  ^^ 

— f    .      .      .      .     Hrr^f       zz  rs  —  ^  the  remainder 
when  the  upper  series  &c.  is  subtracted  from  the  lower : 

But  r^/is  the  last  term  r*/ multiplied  by  r,orr'"^^fx  rziryz 
Therefore -^/+  r^f=  ry—f:^  rs—s 

^nf f    . 

whence  —- =  s  the  sum  of  the  series.    This 

r — 1    "' 

process  is  exactly  similar  to  the  arithmetrical  operation^  (Arith* 

^Ti.  152.) 
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No«r»  from  tbe  equatioiis,  t^^^fzzl; 

r— 1    -*• 

we  obtain  the  followtDgtheorems  or  formulae : 

153.         /=s  jjr,  =  *  X  ^^z-i  ='  +  '■^— »■*• 

Put  the  logarithm  of  ^  ==  Q ; 

thcfo^.of21l^±/=:P; 
the/b^.  of  r:=R;  then 

The  logarithmic  expressions  for  iht  value  of  fi  are  derived 
from  the  method  of  raising  powers  by  means  of  logarithms^ 
expljuncd  in  the  Arithmetic,  Jrt.  l6l,  187,  thus; 

.     Since  /x  f^^^  =  /,  therefore  r"*^^  =  ^ :  and  because  the 

logarithm  of  any  power  of  a  number  is  equal,  to  the  logarithm 
of  that  number  multiplied  by  the  index  or  exponent  denoting 

the  power  (187  Arhh.)  therefore  (n—l)  log.  r  =  log.  ^,  that 
ia^nll  — /l=  Q,  whence  n — l  =  ^,  or  »=  k+  *• 

And  the  other  expression  for  n  is  fonnd  in*  the  same  manner  $ 
*>f  J  X  '^^:  ^y*  which  gives  i^  =  ^^~t^,  whence  n  X 
log.  f  =  log.  ^l^lj^Tl^  or  n  jR  =  P,  therefore  «  =  ^* 
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154.  Some  Examples  explaining  the  U3e  of  the  preeedii^ 
Theorems. 

1 .  What  is  the  sum  of  the  progression  «  +  6  + 1 8  +  54,  &c* 
continued  to  10  terms  ? 

Here/ss2,  r=3  3,  andnslO: 
Aad  i=:/x  ~jzs2  ^  ^^°jj^l=:  59048  the  sum  required. 

«.  Required  the  sum  of  the  series  - -|.-  +  -  &c.  continued 
to  8  terms  ? 

Herc/ssJ,  r=f,  andn  =  8: 

Then  s:::./x^^ix^^£^^ix'^^^^^  tbtanswcr. 

3.  What  is  the  sum  of  l  +  i+1 4-i,  &c.  continued  ad 
infinitum  f 

If  the  tcnm  arc  supposed  to  be  infinite  in  number,  the  last  teim  must 
be=:0:  therefore /=  1,  r=j,  and  /=sO: 

And  jss  — ^^=  j.^^  =  — -  =  14  the  jkot  ^  the  series, 

r  —  I      ^—1       — J 

4.  What  is  the  sum  of  the  series  -- +  —  + &c.  in- 

10       100  ^  1000 
finitely  continued  ? 

6  1 

In  this  progression  /=  -- ,  '"=75*  and  the  last  term  /  2=  0 : 
And  .:=:^rin  =1:31  =  :r:i:  =  9  =3  ^^'''*^^- 

to.  a  o- 

2 

This  series  is  the  decimal  ,6666  &c*  or  ^  reduced  to  a  decimaL 

5.  Required  the  vulgar  fraction  correspondmg  to  the'reeuri 
ring  decimal  .sedGM^  iau 
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This  decimal  may  be  resolved  into  the  series  -—  +  ■     -■  +  ,  ^^  .^A^ 
^  100        10000       lOOOOOd 

3f>  1 

&c.  where/=— ,  r=-^-^,  and  /  =  0: 

Then  s=^I=4  =  ^^^  =  ^  =  -i  the  answer. 

1  u  o 

Hence,  to  find  the  vulgar  fraction  answering  to  a  circulating  decimal  of 
this  kind,  make  the  figures  which  are  repeated,  the  numerator,  and  the 
same  number  of  nines,  the  denominator,  and  that  will  form  tlie  fraction. 

Thus  in  the  preceding  example,  36  are  the  two  figures  repeated,  which 

36 
placed  over  two  nines  make  ^. 

And  if  .7142857142  &c.  be  the  decimal  propo5ed»  then  —-- —  or  -  is 

v^9^^^     7 

the  equivalent  vulgar  fraction. 

6.  To  find  the  vulgar  .  fraction  answering  to  the  decimal 
Al666y  &c. 

.41666  &c.=:V     +  J55 

_6_    ■        6 

■^  1000  "*■  10000'  "*■ 

an  a 

The  sum  of  the  series  j^  +  -^^q^q  &c.  is  ^ 

Therefore  ■^^+gl=:g=l  is  the  vulgar  fraction  seught 

7*  What  is  the  sum  of  the  progression  1  •"  5  +  ^  —  J^  H"  &c. 


continued  ad  infinitum  P 

2 
Here/=  1,  r=: — -,  and/  =  Os 

And  s  = f  =  — rr  =  -  the  answer. 

r — 1       — *lj      5 

8.  Required  the  sum  of  the  descending  series  1  i— «  -J-  **  -* 
jq'  +  &c.  infinitely  continued  ? 

In  this  progression  /=  l,  r=— x>  and  /ssOs  ^    . ; 
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Therefore  szz^={=:^±^  =—  thcflmwr. 
For  by  actual  division,  _-_  =?  1  —  x-^.«*— jt«-HA*  — &c. 

9«  If  the  first  term  of  a  series  be  2187,  the  last  128,  and  the 

2 

tio  -  ;  what  is  the  number  of  terms  ? 

Here  /=  21 S7,  /=  i^g,  and  r  =  » 


/          J2S 

2J072I0 
3.339849 

—  2.767361  =Q. 

/*"  2i87 

128 
2187 
2 
3*" 

-1.823909=^. 

Q_  — 2.767361  Q 

^  —  -iriT823909  ^  " '  *^°^  «=^~  +  l=:7  +  l  =  8  the  number  of 
terms. 

The  leam-T  must  remember  that  the  vultces  only  of  the  logarithms  arc 
negative;  whence,  in  dividing  the  iog.  of  Q  by  that  of  R,  the  positive  5 
which  is  carried  to  the  negative  7  make  2  negative,  and  therefore  one 
logarithm  is  contained  in  the  other  7  times. 

Bat  in  this  case  the  use  of  negative  indices  may  be  avoided  by  making 
the  last  tenn  the  first,  and  vice  versA,  and  taking  the  reciprocal  of  the 
ratio  r:  thus; 

Let/=  128,  /  =  2187,  and  r=?: 

/  _  £287  hg.  3.339849 

/""    rj8   /ag-.  2.107210 

1.232639  =:Q 

rz=L\log,  0.176091  =  i? 

Q       1  *'32639 
and  \  =   '7>T^Aor=?^'^'  and  «  =  7-i-l=8  the  number  of  ttrms  as  before^ 

iv        0.176091  I 

When  the  last  term  is  s  0^  the  number  of  terms  (»)  n^ust  evidently  be 
infinite* 

10  Suppose  the  first  term  of  a  series  to  be  4,  the  ratio  -J-,  aod 
the  sum  of  the  series  8;  what  is  the  number  cf  terms  ? 

VOL,  II.  T 
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Here  /  (the  last  term)  =  ?2Z^±^=  i2iir-_l±-*  =  J  ao   indefi- 

Btte,  or  infinitely  small  quantity;  therefore  («)  the  number  of  terms  must 
»lso  be  infinite* 

We  may  also  remark  that  when  the  number  of  terms  are  infinite,  the  ex* 
pnasion  r  =s  (y)*-^  ^iW  not  give  the  value  of  the  ratio  r. 

155.  When  the  numbers  are  too  great  for  the  logarithmic 
tables^  the  value  of  n  or  number  of  terms  may  be  found  from 
actual  multiplication^  or  the  powers  of  the  ratio  Tj  thus ; 

Suppose  the  first  term  of  a  progression  to  be  7,  the  ratio  3,  and  the  sum 
of  the  series  ^  3661 1236207 :  then  from  the  expression  /  =  -"^  ■  we 
get  /  the  last  term  =  24407490807,  which  divided  by  7  the  first  term,  gives 
3486784401  s=  3*""  S  now  3486734401  is  the  20fA.  power  of  3,  and  there-^ 
lore  n  s  21  the  number  of  tenns. 


Of  permutations  and  COMBINATIONS. 

156.  Whent  a  given  number  of  things  or  quantities  stand  in 
any  order  or  position,  and  that  order  is  varied  by  changing  the 
situation  or  place  of  any  one  of  the  quantities  or  things,  it  is 
called  a  Pennutation. 

Thus,  one  thing  or  quantity  a  is  said  to  admit  of  one  position  only  • 
But  two  things  a  and  h  can  be  varied,  for  ^  may  stand  fin^t  and  b  secoud, 
and  vice  vtrsA^  thus  ab 
ha 

And  the  variations  or  changes  are  1  -f  2. 

137-  If  the  number  of  thbgs  are  three,  as  a,  Ij  c,  then  each 
may  stand  first  two  times  while  the  other  two  change  places^ 
Itherefore  3  tbipgs  can  be  varied  8x8,  orlx?xa  times; 

Thus  abe    bac    cab 
ach    bca    cba 
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U8.  Four  things  a,  b,  c,  d,  are  capable  of6X4orlXdx 
3x4  permutations ;  for  each  may  stand  the  firsts  or  the  last^ 
6  times  in  a  successive  order^  the  other  three  being  varied  as 
above : 

Thus    abed  abdc  adcb  bcda 

acbd  adbc  acdb  hdca 

bacd  hdac  dcab  cdba 

bead  bftdc  dacb  Ma 

cabd  dabc  cadb  dcba 

cbad  dbac  cdab  dbca 

1 59*  And  5  things  will  admit  ofS4x5orl  XSX3X4X5 
changes ;  for  each  may  occupy  the  5tk.  place  24  times  succes* 
sively.  Hence  it  appears  that  the  permutations  in  n  things  are 
1X2X3X4  &c.  continued  to  n  factors. 

ExampUs, 
1.  How  many  changes  can  be  rung  on  8  bells  ? 

lX2X^x4x5x«X7X8  =  40320  the  answen 

9»  If  6  columns  of  troops  are  in  order  of  march ;  bow  maaf 
dmes  can  that  order  be  varied  ? 

1X2x3x4x5x6  =  720,  anmer. 

3.  How  many  variations  or  changes  can  take  place  in  tht 
letters  of  the  word  permutation  P 

lx2x3X4X5x6x7xSx9x  10  X  11  =  39916800  the  flwww. 

160.  By  the  combinations  or  elections  of  quantities  or  things 
we  understand  the  different  collections  that  can  be  formed  out 
of  them^  without  any  regard  to  their  order^  as  in  permutations* 

Thus^  suppose  a,  b^  c,  are  the  quantities^  and  that  each  coU 
lection  or  combination  consists  of  two  of  them^  then  abf  bCp 
and  ac  are  three  different  combinations,  no  two  being  alike*    . 


HO 
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161.  To  investigate  the  number  of  combine  thus.  First, 
suppose  the  number  of  things  in  each  combination  to  be  two : 
then  if  the  number  of  quantities  or  things  are  only  two  [a  and  b) 
it  is  evident  there  can  be  but  1  combination,  ab. 

Next,  let  the  quantities  be  a^by  c  \  thea  since  c  can  be  com- 
bined with  each  of  the  two  former  letters  a  and  i,  the  number 
of  combinations  will  be  increased  by  2 ;  therefore  the  number 
of  combinations  of  2  quantities  in  3  will  be  l  4-2  : 

thus  ah  J  ac,  be* 

When  the  quajitiKes  or  things  are  augmented  to  four,  a,  h, 
Cf  dfx  the  number  of  combinations  will  be  increased  by  3  ; 
for  the  additional  letter  d  may  be  combined  with  each  of  the 
former  three,  thereby  forming  three  more  combinations,  the 
whole  number  being  expressed  by  1  +  2  -+-  3  : 

thus  ab,  aCj  k,  ad,  bd,  cd. 

And  by  reasoning  in  the  same  manner,  it  will  appear  that  the 
whole'  number  of  combinations  of  2  in  5  quantities  will  be 
'447,^+3  +.4  :  and  in  ^quantities  1  +  2  +  34-4-4-5,  &c. 

Therefore,  if  n  be  the  number  of  thtngs,  the  whole  number 
of  combinations,  taken  two  by  two,  will  be  the  series  1  +  2  -|- 
3  +  4,  &c.  continued  to  7i  —  1  terms. 

Now  1  +  2-4-3  +  4,  &c.  is  the  2rf.  ordtr  of  figurate  num- 

\m^  (141),  and  the  sum  when  continued  to  n  terms  is  - . — — 

1        2 

(!44),  therefore  substituting  n  —  1  for  «  gives  ^  x  -  or 

.  r  X  — —  the  sum  of  1  +  2  +  3  +  4,  &c.  continued  to  « —  1 
terms. 

1    Let  us  now  suppose  the  number  of  quantities  in  eachcpinbi- 
nalfOQ  /o  be  ihre^.  Then  if  the  quantities  are  only  three^  6j  t) 
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there  can  be  but  1  combination  abc  :  But  if  the  quantities  are 
four,  a.  If  c,  d,  the  number  of  combinations  will  be  increased 
by  3 ;  for  d  may  be  combined  with  ab^  ac,  be,  the  combina- 
tions of  two  in  the  preceding  letters  a^  b,  c;  therefore  the  whole 
number  of  combinations  of  3  in  4  things  will  be  expressed  by 
l-t-3: 

thus  abc 

abdf  acd,  bed* 

And  if  the  quantities  are  augmented  to  five  a,  i,  c,  d,  J\ 
the  combinations  will  be  increased  by  6  (or  1  4-  2 -h  3)  the  com- 
binations of  2  in  the  4  letters  a,  b^  c,d  ;  for  J  may  be  combined 
with  every  two  of  them ;  therefore  the  combinations  in  this  case 
is  denoted  by  1+3  +  6: 

thus  abc 

abd,  acd,  bed 
ah/,  at/,  be/,  ad/;  bdf,  cdf. 

It  therefore  appears  that  the  combinations  of  3  in  6  things 
will  be  1  +  3  +  6+10;  in  seven  1  +  3  +  6+ iO-M5;  and 
ill  n  quantities  1+3  +  6+10+15,  &c.,  continued  to  n  —  2 
terms;  which  series  is  the  3d.  order  of  figurate  numbers  (141) ; 
whence,  "by  substituting  n  —  2  for  7i  in  the  general  expression 
n    n+1     n  +  2  ,,,,,     '  .         n  —  2       «— 1   ^   n       n 

I'—T'-l-  (^*^^  "^^  ^"""-^  -T-^-Y-^  3'°'1  ^ 

.       ■■  X  for  the  combinations  of  3  in  n  quantities* 

And  if  the  number  of  quantities  in  each  combination  be  4, 
we  shall  get  the  4/A.  order  of  figurate  numbers,  or  1  +  4  +  10+ 
20,  &c.  continued  to  n  —  3  terms  for  the  combinations  in  n 
quantities  ;  whence,  by  putting  w  —  3  for  n  in  the  same  general 

expression  (144)  the  result  is  -  x  — r —  X  — r^  X  ■  ■.  ■  ■■  for' 

the  number  of  combinations  m  that  case. 
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Hence  the  combinations  of  two  things  in  n  things  is  -  x  -^  * 
of  three r  x  — r- X 


12  3 

of  four -  X  —J-  X  -^p-  X  -J—* 

&c.  &c. 

Therefore  universally ^  if  m  be  the  number  of  things  in  each 

...         ,        »    n — 1    n  — 2    n — 3    n  —  4   . 
combination,  then  -  .  — — —  .  — - —  .  ---; — •  — r — i  ^^*  <^on» 
'  15  3  4  5 

tinned  to  m  factors,  will  give  the  whole  number  of  combina* 

tions. 

Examples. 
I.  How  many  combinations  of  4  letters  in  the  84  ? 

Here  n  =s  24,  and  m  ss  4 : 

^  -^        «^«-"J^«— 2_«--;3_ 24X23  X  22X21  _^^ 
Therefore  -x     -g-X^-j-^-i "l  xS^slo^-^^^^^^ 

21  =  10626  the  answer. 

9.  How  many  different  hands  can  be  held  at  the  game  of 
cribbage,  if  6  cards  is  the  deal  ? 

Here  «  =  52,  and  »i=:5. 

And  J  X  —J-  X      3      X      4  ^  lx2x3X4Xd 

26  X  17  X  10  X  ^  X  12  =s  2598060  the  mower. 

3.  An  old  captatn>  who  had  often  been  successful  in  war,  on 
being  asked  what  reward  he  expected  for  his  past  services,  de- 
sired a  farthing  only  for  every  different  file  of  6  men  he  could 
make  with  his  company  which  consisted  of  100  men :  what  is 
the  amount  of  his  request  ? 

100XJ9X98X97X9CX95  ^  ^^^^^^^^^^  ^^^  ^^^  ^^„ 
1X2X3X4X5X6     ' 
farthings,  equal  to  1241721/.  &r.  the  answer* 
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109.  Beside  the  preceding,  there  are  other  kind?  of  combina- 
tions, as  the  composition  of  quantities^  or  when  a  given  num- 
ber of  thmgs  are  to  be  taken  or  combined  from  several  setti, 
&c.  The  different  cases  however^  are  too  numerous  to  be  brought 
under  any  general  rule. 

We  shall  add  a  few  miscellaneous  examples  with  the  methods 
of  solution. 

1.  Suppose  4  ranks  of  men,  9  men  in  each  rank ;  now  '^  ow 
many  ways  can  4  men  be  chosen,  1  man  bdng  taken  from  every 
rank  ? 

Since  each  man  in  one  rank*  can  be  chosen  with  each  man  in  another 
xank^  the  number  of  titfos  that  can  be  formed  out  of  two  ranks  will  be  9 
times  9  or  8 1 :  and  because  each  man  in  a  third  rank  can  be  taken,  (or 
combined)  with  each  of  the  8 1  twos,  the  number  of  threes  that  can  be 
chosen  from  three  ranks  is  81  x  9  or  72S^ :  again,  each  in  thf*  4M.  rank  can 
be  combined  with  each  of  the  729  threes ;  therefore  729  x  9  or  9«=  6bei 
If  the  number  of  compositions^  or  the  answer. 

And  if  the  ranks  (or  setts)  are  unequal,  the  number  of  rompositions  will 
be  found  exactly  in  the  same  manner ;  ex,  gr.  suppose  5,  ^,  8,  and  9,  are  in 
the  respective  ranks,  then  5x6x8x9  (instead  of  9x9x9x9  will  b« 
the  number  of  compositions. 

3.  How  many  changes  or  chances  are  there  in  throwing  4 
dici;? 

If  we  suppose  4  ranks,  6  in  each  rank,  and  each  combination  to  be  1 
from  every  rank,  then,  as  in  the  preceding  example,  6  x  ^  X  6  x  6  or  6^ 
c?  1296  is  the  number  of  different  throws  or  chances. 

f 

3.  Let  there  be  3  setts  of  different  things,  4  in  each  sett,  to 
find  the  compositions  of  4,  supposing  1,  or  more,  is  taken  from 
each  sett  every  time  ? 

The  combinations  of  2  in  4  are  6,  and  since  each  in  one  sett  can  be  com- 
biDcd  with  the  twos  in  another,  the  compositions  of  the  twos  in  one  sett 
with  the  ones  in  another  are  6  x  4  or  24,  therefore  the  whole  number  of 
compositions  of  a  in  2  setts  is  24  x  2s  48 : 
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Again,  each  single  one  in  the  3rf#  sett  can  be  combined,  with  each  of  the 
48  threes  in  the  other  two,  making  48  x  4  compositions  ;  and  as  the  com- 
binations of  2  setts  in  3  are  3,  consequently  48  X  4  x  3  or  576=  12'  x  4, 
Mfiz.  the  square  of  the  number  of  things  multiplied  by  the  number  in  each 
composition,  is  the  answer* 

4«  How  many  changes  can  be  rung  with  4  bells  out  of  8  ? 

Q      •y       /?      K 

The  combinations  of  4  in  8  are  ^'  '  ■  ■■  =:  70,  which  multiplied  by 
1x2x3x4,  the  changes  in  4,  make  1680  the  answer, 

5.  How  many  difTerent  numbers  can  be  made  out  of  an  unit, 
S  twos,  3  threes,  and  4  fours,  taking  four  figures  at  a  time  ? 

To  solve  this  problem  it  may  be  necessary  to  consider  the  changes  or 
alternations  t).  t  can  t  ke  place  in  a  form  of  this  kind  aaahbc  where  there 
are  several  things  of  one  sort,  and  several  of  another. 

If  there  •^^^  three  things  aae,  two  of  them  being  alike,  then  aac,  aca,  caa 
are  their  variations ;  but  when  all  are  different,  as  a,  b,  c,  the  permutations 
will  be  1x2x3  which  is  I  X  2  (the  changes  in  2  things)  times  greater 
than  the  clianges  in  aac,  the  variations  in  aac  arc  therefore  expressed  by 
1X2X3 

1X2     • 

And  if  dddf  arc  4  things  where  three  are  alike,  all  the  variations  are 

dddf,  ddfd,  dfdd,  fddd,  or  1x2x3  (the  changes  in  3  things)  times  less 

than  1x2x3x4  the  permutations  when  all  four  are  different,  conse- 

1X2  '3X4 
quently  — l  -  will  denote  the  variations  in  dddf\  and  if  these 

forms  ar6  combined,  it  follows  that  the  variations  in  aacdddf  will  be  truly 

.,      1X2X3X4X5X6X7       .         ^,  ,      .. 

expressed  by __— -^  ^  -  ,  where  the  numerator  is  the  per- 
mutations in  7  things  (the  number  of  letters),  the  denominator  being  the 
product  of  the  respective  changes  in  2j  and  3  things,  the  repetitions  of  a 
and  d» 

That  any  number  of  like  things  standing  next  to  one  another  do  nut  ad- 
mit of  a  variation,  is  manifest  from  a  repetition  of  any  of  the  numeral 
digits;  thus,  the  number  333  is  not  cfianged  by  any  shifting  of  its  £gures« 

Now  let  the  proposed  figures  1223334444  be  represented  by  abbcccdddd; 
then  combining  them  by  fours,  we  get  the  following  forms: 
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d*  varlatiom 

dk,  d^b,  dh,  c^d,  c%  ch 4 

d^\  d^b^,  bh^ 6 

i»^,  dV>a,  d^ac,  c^db,  c'ba,  c^ady  b^dc,  h^ca,  b\ui 1^ 

dcba 24 

The  variations  in  dh,  or  d^b^  &c  are  4^  ia  d^bc,  &c.  12; 

therefore    4X6=    24  "1 
6x3=    18    I 
12  X  9  =  108   I  ^^^  variations  multiplied  by  the 

2A,yf\ 24   r  "timber  of  combinations. 

rf** 1  J 

sum         175  tjie  ansxtfer^  or  all  the  combinations  of  4> 
figures  with  their  variations. 

6  How  many  different  numbers  can  be  made  with  the  same 
figures  as  in  (he  preceding  example  (1223334444)  supposing  all 
the  figures  to  be  in  every  number  ? 

n«»K    1    *       ui         1X2X3X4X5X6x7X8X9X10        ,,^^ 

By  \Xiz  last  problem,  — rr ,  >.   ,  ,, — rr-f7 — - — -z — -r —  =  12600 

^  ^  '        (I  X2j  (I  X2x3)  (I  x2  X3X4) 

the  answer. 

7.  To  find  all  the  compositions  or  different  integral  numbers 
that  can  be  formed  by  means  of  the  nine  digits,  taking  them  by 
twos,  by  threes,  &c.  up  to  nines. 

This  is  the  same  thing  as  finding  the  vholc  number  of  compositions  in  9 
ranks  of  the  9  digits  when  combined  by  2,  by  3,  by  4,  &c.  up  to  9  at  a 
time: 

Therefore,  by  theWirst  example  in  this  article,  the  compositions  of  2  ia 
two  ranks  9  in  each  rank  is  9  x  9  or  9*,  of  3  in  three  ranks  is  9',  of  4  in 
four  ranks  94,  &c. 

Hence,  if  n  be  any  number  of  things  or  quantities,  the  sum  of  all  the 
possible  compositions  by  twos,  by  threes,  &c.  up  to  n's,  will  be  the  sum 

«+ w»+  7/ ^ -I- n",  which  is  a  geometrical  progression  having  n  foe 

the  first  term,  for  the  ratio,  and  also  for  the  number  of  terms;  and  the  sum 

will  be  «  X  —Et'  (^^^)'  ^^»  ^^  ^^^  present  case,  9  x  ^^^  =  435848049 
the  answer ;  being  the  number  of  different  integers  in  >^hlcli  there  is  bo 
cypher,  from  1  to  999999999  both  inclusive. 
VOUII.  9 
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The  doctrine  of  permutations,  combinations,  &c.  is  of  con- 
siderable use  in  several  parts  of  thcv mathematics  ;  particularly  in 
the  calculation  of  annuities  and  chances. 


Of  NEWTON'S  BINOMIAL  THEOREM. 

164.  This  is  called  the  Binomial  Theorem  on  account  of  its 
being  a  general  formula  for  readily  obtaining  the  powers,  or  roots, 
of  any  expression  consisting  of  two  terms.  The  method  of  de- 
noting the  coefficients  admits  of  some  variation  ;  but  one  of  tlie 
most  commodious  forms  is  the  following  : 

(a  +  b)   z=:a    +na  b  +  ~  ,  —-^  a  *  +  i  '  T^  "T" 

If  {a-^bf  is  the  binojnial  and  n  is  a  positive  integer,  the  2d,  iih,  6th, 
&c.  terms  are  negative  (102). 

In  this  theorem  the  index  n  may  be  any  number,  whole  or 
fractional,  positive  or  negative,  and  herein  consists  its  principal 
excellence ;  because  if  «  is  a  proper  fraction,  we  obtain  an  ap- 
proximating series  for  the  root  of  the  binomial  denoted  by  that 
fractionzj  exponent.  A  few  examples  will  be  sufficient  to  point 
out  the  method  of  substitution. 

1.  To  find  the  cube  or  3d.  power  of  a+  i. 

Here  //  =  3,  or  {a  4-  bf  =  (a  +  bf. 
And  n  =  3  the  coefficient  of  the  2d.  term. 

'f .  ^         =  7  X  — r—  =  3  the  coefficient  of  the  Jrf.  term. 

'/ .  -"^    •  -— r —  =  -  =^  1  the  coefficient  of  the  Ulu  term. 

Therefore fl3  + 3/ "^^  3+  ^^V^-  ®""^^or fl«  +  3«'3  +  3«*»+*', 
(a  being  1 )  is  the  required  cube. 
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2.  To  find  an  approximating  series  for  the  square  root  of 
jc'4-1.  (107  Examp.  3). 

The  expression  is  (jc*+  1)"  or  a'+  1)*,  where  j»  =  flf,  1=5,  andn=i. 

n  -X- 

a  =  (««)  *  =  «  the  first  term . 

jX^XjX^a  "—        128  \y  128*' 

ith.  term,  &c. 

Hencc*+^-i3  +  f^,-^,+&c.  is  the  series  required. 

1  ^—2 

3.  Let  it  be  required  to  convert        \l\^  ^^  (^  +  ^)  ^^^ 

a  series. 


2  I 

Here  «  =  —  2.    And  a         or  — ^  is  the  first  terp. 

«a         3  =  —  2<i        3  =  —  -i  the  second. 

a* 

!f,!l=:i«"-*6»=  +  3a~V  =  +  ^tl»e  third. 

?.!L=l!.^'L=:2^«-3^3__4^-«^^_l^  the  fourth,  &c. 
12  3  o> 

Therefore  ,     \  ,  =  \— ^-*-^  —  ^+^- ^^^^ *^«  1*^ °^ c^'*' 
tinualion  is  manifest. 

4.  To  expand  r^^tU  or  (a  +  l)'^^  into  a  series. 

In  this  example  7*  =  — f. 

And  tf*  =  a  ""   =  -3;  the  first  term. 
a* 

V  3 
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na  "*   3  =  —  Jfl*^=r— — :  the  second. 
-.-_-fl         **  =  +  o^      ^6»  =  +'-,   the 


third. 


T'~77- 7-^         A'  =  — Y-tf"    ^^3-. — -thefourth. 

12  3  lb  jg^i 

whence  ^  =  -j  — — ,  +  — ^ ^  +  &c. 

5,  A,  trinomial  may  be  raised  to  any  given  power  by  con- 
sidering the  sum  or  difference  of  two  terms  as  one  factor  : 

Thu$(a+3+c)*=(tf  +  Mr^)"  =  a'*+wfl"""^  (5+ c)  +  ? . 5L=lI 

«— 2  ,.    .     X.  .   «    fi— 1    «— 2    »  — 3  /.   .     ., 
«  (*  +  0*+y"-2— •-3— «  (3  +  c)3  +  &c. 

Demoivre,  MiscdU  AnalyU  and  Dr.  Cheyne,  Meihod.  Irw.  have  extended 
the  rule  to  any  multinomial. . 

165.  Among  the  different  investigations  that  have  been  given 
of  the  preceding  theorem,  the  following,  by  means  of  the  con- 
tinned  product  of  binomial  factors,  seems  the  most  natural  and 
easy  when  the  exponent  is  a  whole  number. 

If  a +6,  fl  +  c,  fl  +  rf,  &c«  are  a  geries  of  binomial  factors,  todetemnnc 
the  coefficients  of  a  in  the  product  (a  —  b)  (a  +  c)  (a  +  d)  Sec, 

By  actual  multiplication  vte  get 

(a  +  b)  (tfH-c)=fl^^^|a+3c 

b)  be) 

(a-^b)  (a  +  c)  (j  +  ^=a5fl'+  c  >  tf»  +  W  >  a^bcd 

d^  cd) 

b  \  be-] 

rfl      .      b/la^  +  bc/(a  +  bcd/, 

/ )         f rf  f       &//r    &c. 


cd  f  bdfC 


Hence  it  appears,  that  the  coeflficient  of  a  in  the  2d.  term  is  always  the 
sum  of  the  other  quantities  b,  c,  d.  Sec* 
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•ftlt^  coefficient  in  the  3d,  term  the  sum  of  all  tlieir  products  or  com- 
binations two  by  two : 

Tlie  coefficient  in  the  4th,  term  the  sum  of  all  their  products  combined 
three  by  three,  &:c.  &c. 

Therefore,  if  ;i  be  the  number  of  factors  a  4-  ^t  «  +  c*  ^  +  ^*  &c«  the 
number  of  letters  in  the  coefficient  of  the  2d.  term  will  also  be  denoted  by  n: 

The  number  of  their  combinations  two  by  two  in  the  3^.  term,  by  -  .2lZL 
(IGl). 
The  combinations  three  by  threi  in  tlie4M.by  --.    "^  ■  .  --""^  ■,  &c. 

Now  suppose  c,  d,/,  &c.  to  be  each  equal  to  b ; 
then  (a-^b)  (a  +  c)   (a  +  rf)  («+/)  &c.  ss  (a  +  b)   ia+S)   («  +  *) 
(a^b),&cz:iia^bf; 


b') 


a-l-^,  whenfi=:4. 


that  is.  (a+  J)*=fl4+  */ oJ+A* 
bf         ** 
b)         ^ 
^^ 

It  follows  then,  (n  being  the  number  of  facton) 
that  the  coefficient  of  a  in  the  2d.  term  is  «^ : 

inthe3A  ^.'irilii: 

1        2 

in  the  4/^..  «.^=I/1:=£3^ 

12  3 

m  the  5ih.  -j  .  -j—  •  •       ■   .  — j~  M,  &c. , 

...  n     n  — 1      ti  —  2     « —  3   ....  - 

And  smce  a  ^  a        ,  a        ,  a        ,  &c.  are  the  successive  powers  of  ^7, 

we  have  (a -|- 6)  =fl   -i-7»a         •+-  -.  — - —  3*a         +  !• — J —  • — 7r~ 

w  — 3 
^5fl         +  &c.  where  it  is  evident  the  series  will  terminate  at  n  +  1  terms, 

as  in  the  first  example. 

166.  But  the  preceding  method  of  deriving  the  law  of  the  co- 
efficients has  not  been  considered  as  sufficiently  general^  because 
the  value  of  the  index  n  is  restricted  to  a  positive  integer. 
The  following  investigation  however,  by  means  of  a  trinomial 

(l-Ha  +  t)    is  not  liable  to  the  same  objection*.     In  this 
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process  we  consider  the  trinomial  as  consisting  of  two  term^ 


only,  (i+a+i)  .and  (l+«+ft)  y  then  as  these  quantities 
are  the  same,  the  results  from  similar  operations  must  be  equal. 

It  is  manifest  from  multiplication  and  the  extraction  of  roofs,  that  when 

a  binomial  a  4-  6  is  raised  to  the  nth.  power,  the  two  first  terms  will  always 

n  n — 1         .     #     .    .v«         »  » —  ^,    - 

be  a    +fifl         b,  mz,  (a+b)   =:a    'J^na         A,  &c. 

'2  —  1 

Thus  if  w  =  2,  then  (a  -f-  ^)*  =  a*  +  2a         b,  &c.  =  a*  +  2ab,  &c. 

5  —  1 
«  =  5 (tf+^)5s=a5  +  5a         A,  &c.=fl*-|-5fl^6,  &c. 

And  when  n  is  negative,  or  a  fraction,  the  two  leading  terms  are  found 
exactly  in  the  same  manner : 

ThuSf  let  nsz'^2; 
Then(a  +  *)""*  =  «"'^  +  (— Ca"'^"'*A)&c.=  ~— p  &c.    the 
result  by  actual  division  :  for  («  +  *)""    = ; — ttTz  =  ~«  ""  ^3  &c« 
Again,  let  n  =  f : 

Then  (a  +  A)*  z=«» +ia^"'^3  &c.  s=fl   + -^  &c.  the  terms  which 

we  get  by  extracting  the  square  root  of  a  +  b.    And  other  proofs  are  ob* 
tsiined  in  a  similar  manner  with  diffeit^nt  values  of  n. 

Hence,  if  the  theorem  is  put  in  this  form, 

(fl  +  ft)    =a    +wa         6+.Pa         A»  +  ^a        ^34.^        ^&c. 
the  thing  to  be  determined  is  the  law  of  the  coefficients  jP,  *,  &c.  inde* 
pendent  of  any  numeral  value  of  n :  P,  R,  &c.  being  the  coefficients  of  the 
tid,  4//1,  &c.  terms  of  the  powers  of  any  binomial. 


Let  I  +a  he  considered  as  one  term  ; 


«  — 1. 


Then  (1  ^a  +  b)    =  (1  +  a)    +«0  +0)  b,  &c. 

=s(l  +af  szl  +  tta+Pa^-^jRa^  +  Sa^+Sic. 

n  — 1 
+  (!  +  «)  Xnb,&cc. 

Kow,  suppose  p,  r,  &c.  to  denote  the  coefficients  of  the  3rf,4/A,&c,  terms 

of  ( I  +  «)  when  expanded. 
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«•—  1 
Then  1         ,  or  l  is  the  first  term ; 

(n— 1)  1**""  a,  or  <z(n— 1)  theSrf. 
pa^  the  3rf. 
ra^  the  4/A,  &c: 

Therefore  (I  +  a)"""    X  ^ii  =  (1  +  a  {«—  I)  +  /wr»  +  ra^  &c.)  rib 

^nb^n{n —  1)  «e^  +  npM  +  nra'A  &:c. 

And  (l-qM+ ^j^'zzl  ^  + '^  +  ^^  +  ^'»' +  •^^'' *^ 

Again,  let  a  +  6  be  taken  as  a  single  tenu  ; 

Then  (1 +fl"+T)'*=n-«(a+3)4./>  {a^by^R  {a'{^hy J^S{a+b)\ 
&a  now,  to  compare  this  with  the  preceding  series,  the  terms  of  (a  +  b)\ 
(a^by,  8cc.  which  involve  the  2d,  3d,  &c,  powers  of  b,  may  be  omitted : 
and  we  shall  have 

(1  +a^bfz=,  \'^na  +  nb'\'Pa''  +  Pab 

•i-jRa^  +  Sra^b 

^Sa*+4Sa^b,Sic. 
=s  1  +  wfl  +/>««  4.i?fl5  +  So*,  &c. 
+  «3  +  S/'fl*  +  3ra«*  +  4Sa%  &c  this  result  must  be 

equal  to  that  obtained  from  (1  -f  «  +  b)  ,  whence  by  omitting  I  +na  + 
Pa^,  &c.  which  is  common  to  both,  we  get 

Tib'hn  (n^\)  ab-^npaH  +  ftnPb,&c,  =  nb+9Pab'i^3ra»b  +  4Sa^b,Scc. 
Now  the  powers  of  a  and  b  on  one  side  of  the  equation  being  the  same  as 
on  the  other,  their  respective  coefTicients  must  be  e(|ual; 
viz,    n=:n  /  npsz3R 

n  («—  I)  z=  2/»  «r  =  4S,  Sec. 

whence  P=:^-  ^""  \  that  is,  the  coefficient  of  the  3d.  term  of  (I  +«)"  is 
half  the  product  of  the  index  and  the  index  minus  1 ;  hence  p  or  the  co- 
efficient of  the  3d,  term  of  (1  +  a)"  ""  ^  will  be  (^  — ^^C^—?)^  orhalf  the 
product  of  the  index  and  the  index  mirius  1. 

Now  «>-')-("-g)  =3^,  ^henceie=  "(«-0'("-g)  tj,e 
coefl5cientofthe4rt.tenn:  and  r = ^"~.'^ '  ^"~p '  i"^^'^ ;  aod  since 
nr  =  4S,S  will  be  =  "(""',)  •("-g)  •  ("-^^  the  coefficient  of  the 
ii//i.  term^  &c. 
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This  celebrated  Theorem  has  been  demonstrated  various  ways ; 
but  sometimes  from  principles  which  may  be  said  to  depend  on 
the  theorem  itself.  Newton  seems  to  have  found  the  law  of  the 
coefficients  by  induction :  a  method  which  has  led  to  the  most 
important  discoveries  in  science. 

Of  continued  FRACTIONS.  . 

167*  Continued  Fractions  have  an  integer  and  a  fraction 
for  the  denominator^  and  the  fraction  in  that  denominator  has 
idso  an  integer  and  a  fraction  for  its  denominator ;  in  like  man- 
ner^ the  denominator  of  the  last  fraction  is  composed  of  an  in- 
teger and  a  fraction,  and  so  on.  These  fractions  are  generated 
by  division  after  the  inanner  of  reducing  a  fraction  to  its  lowest 
terms  in  Arithmetic : 

761 
Thus,  to  reduce  r-zzr  to  a  continued  fraction,  let  both  terms  of  the 

fraction  be  divided  by  761 

,       ,  761  1 

and  we  have  _5=-^ 

^  761 

102 
Again,  if  both  terms  of  the  fraction  —  are  divided  by  the  numerator  102 


^'^^        102-3  +  1 

^761               74-47 

•    102 

And  both  terms  of  the  fraction  — -  divided  by  47 

1                           1 

«*^^3+l               -34-1 

74.47                   74-1 

102                           2+8 

47 

The  next  reduction  is  performed  by  dividing  both  terms  of  the  iractloB 

,^by8. 

1                                                               1 

3  +  1                         3  +  1 

2  +  8                          5+1 
47                                 5+7 

i 
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Again,  divide  both  tcrma  of  g  by  7 

and  ve  have  r ^?      ■ 

3+1 3  +  1 

7+J 7+  1 


2+2 2+1 

5+7  5+  i_ 


1  Jiereiore  ^^  --  — -.  ig  the»continued  fraction* 

f+T 

5+2 

5+2 

1  +  2 

7 

The  method  of  deriving  the  primitive  fraction  ~—  by  a  re^ 

verse  operation  commencing  at  the  last  fraction  -  is  obvious 

from  the  preceding  operation.  But  as  one  principal  use  of  these 
continued  fractions  is  to  find  two  numbers  that  shall  be  nearly 
in  the  same  proportion  as  two  given  numbers,  but  consisting 

of  fewer  figures,  we  must  begin  with  the  first  fraction  —5—  to 
shew  the  order  in  which  such  numbers  are  found. 

168.  Suppose  then,  2385  and  761  are  two  given  numbers, 
and  that  we  would  find  two  other  numbers  that  sbali  exhibit 
their  ratio  nearly  in  fewer  figures : 

Now  by  means  of  the  continued  fraction  we  get  5  compari« 
8ons  of  such  numbers,  or  3  fractions  approaching  nearer  and 

nearer  to  the  given  ratio  or  fraction  ^^. 

Thus 

J  =  jj  the  first,  which  is  greater  than  -— j 
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3+  r  =  ^  the  2rf.  too  little,  or  It^  than  ^^^ ; 


7 

1  15 

r  "••       =77  tlic  ^'  too  great,  but  nearer  than  the  last. 

7+7 

i 

*  •"••;•••  -3  —1  the  4tk,  too  little. 
3+1  257 

7+  1 

2+£ 

5 

1 

•"•••—  =  --.  the  5/A.  too  great,  but  nearer  ^-~  than  either  of 
7+1  the  preceding. 

5+1^ 

1 

.........  ^g  fraction  proposed. 

3+1  2385'  *^    *^ 

7  +  1 

2+J 

5+_l 

l  +  l^ 
7 

Here  we  may  observe  that  the  approximations  are  allernalely  too  great 
and  too  little,  but  their  values  become  nearer  to  the  value  of  the  given 
fraction  as  the  numerators  and  denominators  increase.  We  shall  now  gi^ 
the  method  of  obtaining  all  the  otlier  approximations  or  expressions  by 
means  of  the  two  first,  and  the  quotients  that  follow. 

169»  Let  a,  b,  c,  rf,/,  &c.  be  the  quotients  found  in  succession  by 
reducing  any  fractioji  —  to  a  continued  fraction. 

Then  ^  =  i-i-j  . 

b+  I 

C+  1 

rf+l 

/+  I   «fC. 
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And  -  is  the  first  expression  or  approximation  : 

.     l 
1  bc-h  1 

c 

1 ,.,     ^cd'tA±A *K  4.1  t 

a+r; =fl4«/4.fl6  +  flrf  +  crf  +  l  ^'^^^^A'^c- 

^+_L 

c+i 
d 

Hence  it  appean  that  the  3d.  expression  is  found  by  multiplying  tho 
numerator  and  denominator  of  the  '2d.  by  the  third  quotient  c,  and  adding 

1  the  numerator  of  the  first  expression  f  -  j  to  the  first  of  these  products, 

and  the  denominator  a  to  the  second : 

And^  if  the  terms  of  the  3d.  expression  are  multiplied  by  the  fourth  quo^ 
tient  d,  and  the  products  augmented  in  the  same  manner  by  the  terms  of 
the  2d.  the  result  is  the  4ik,  expression ;  and  so  on : 

Thus 

.T  .    .; =  -r— : the  3d.  expression 

rf(^^i)+^ bed^b^d  , 

d{abc-haJ^c)'hab  +  l''abcd  +  ab+ad^cd+l  ^'^'^^ 

flbcdA^b  +  d)^bc+l 

/(abcd  +  ab  +  ad^cd+i)  +fl^c+  fl^-(?  ^°^  ^'^'  *^ 

1 70.  These  expressions  are  convenient  for  finding  the  vulgar 
fraction  answering  to  a  recurring  decimal : 

Thus,  suppose  the  decimal  .76923  &c. 

Then'-^^=^1 

100000        j—-^ 

7692 
X  « 
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Here  the  three  quotients  are  1  =  a,  3  :=*,  3=zc,  these  being  substituted 
9+1         _  10 
9+1  +3""  13 


in  the  3^.  expression,  give =       the  required  fraction. 


Remark.  It  is  not  necessary  to  keep  exactly  to  the  preceding 
form  in  reducing  a  given  fraction  to  a  continued  one.  The  pro- 
cess of  division  may  be  set  down  as  it  is  in  finding  the  greatest 
common  measure,  and  the  continued  fraction  formed  afterwards 
by  means  of  the  quotients^  as  in  the  following  example  : 

171.  To  find  the  ratio  of  the  diameter  of  a  circle  to  its  cir- 
cumference, nearly^  in  small  integer  numbers. 

If  the  diameter  is  1,  the  circumference  will  be  3. 141593  nearly  {Ari,  266. 
Mensuration).    Hence  the  given  fractioi.  is  iggg, 

1000000)  3141593  (3 
3000000 
141593)  1000000  (7 
991151 

8849)  141593  (1-6  nearly 
8849 
53103 
.53094 

1000000        1 


Therefore 


3141593        3  -H  1 

74-1^ 
16 


The  quotients  are  3=^7,  7=^,  and  16=:c;  and  if  the  two  first  are 

7  7 

substituted  in  the  9d.  expression,  ye  have  =  ~  the  ratio  that  Ar- 

chimedes assigned,  which  is  used  for  common  purposes. 

By  taking  in  tlie  quotient  c,  the  3d,  expression  gives  -^ — ;: ■         '  ■ 

J  ^3  .      ^.  ,,      ,     ,,   ,,        ,,     ^      ,.        lOOOOOO 

cs  ^rrp  an  approximation  nearer  the  truth  than  the  fraction  . 

The  idea  of  these  fractions  seems  to  have  originated  with 
Lord  Brouncker,  the  first  President  of  the  Royal  Society.  Af- 
terwards Huygens  extended  their  application  :  and  since  that 
time  Lord  Stanhope,  Euler^  and  particularly  Legrange^  have 
greatly  improved  the  theory,  and  shown  their  use  in  tlie  ex* 
traction  of/oots,  the  summation  of  series,  &c. 
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Of  recurring  SERIES. 

17^.  Recurring  series  are  so  constituted  that  each  term 
has  a  constant  relation  to  some  given  number  of  the  preceding 
terms  taken  always  in  the  same  order  : 

thus  if  1  +  2x4-3x*  +  4x'  +  5x^  +  &c.  be  the  series, 

then  the  4th,  term  (for  example)  is  r:  2x  x  3d.  term  —  x'  X  2d. 
term: 

The  5ik.  term  zz9x  X  4th.  term— x*  X  3d.  term, 
and  so  on.  " 

And  the  expression  2x — x^  is  called  the  scale  of  relation  of 
the  terms;  this  scale  however,  is  sometimes  exhibited  by  the 
coefficients  only,  (as  2 —  l  the  coefficients  of  2x  —  x*). 

Again,  suppose  1  -f-3x-h5**  are  the  three  first  terms  of  a 
series,  and  assuming  3  —  2  +  4  for  the  scale  of  the  cof^fficients, 
or  3x  —  9x*  -H  4x'  for  the  scale  of  relation  of  the  terms ; 

Then  3x  X  (5x*  the  3d#  term)  —  2x'  x  (3;c**the  2d.  term) 
-+-4x'  X  (1  the  15^  term)  —  13jp'  the  4th.  term  of  the  series: 

Also  3x  X  13*»  —  Qx^  X  5x^  +  4x^  X  3x  =  41x*  the  5th. 
term  of  the  series,  &c. 

And  the  seiies  is  i+3;rHh5*'+  13Af3Hh41;c*  +  117a:*  &c.' 

ABODE 
173.  Let  a  +  ^a:  4-  ex '  H-  dx'  +fx^  ■+-  &c.  be  a  series,  and 
tx  —  5Af*  the  scale  of  relation  of  the  terms  ; 

Then  ex*  zz  te  x  Ix  —  sx-  x  a  =  ttx*  — sax^ 
dx'  —tx  X  cx^  -^sx^  xlfxzi  tcx^  —  slx^ 
Jx^  =:tx  X  dx^~sx*  X  ex'  =  tdx^  —sex* 
&c.  2cc, 
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whence  it  is  evident  that  all  the  terms  after  the  two  first,  may  be 
exhibited  by  means  of  those  two  terms  and  the  scale  of  rela- 
tion. 

Now  suppose  it  is  required  to  find  the  sum  of  the  above  series 
infinitely  continued : 

Let  ^,  B,  C,  &c.  denote  the  terms  a,  bx,  cx»,  &c.  respectively: 

TUen  Az=zA 
B  =  B 

CzzzBlx--  Asx* 

•£z=iDtx^Csx^ 

&c.  &c. 

here  it  is  manifest  that  the  sum  -^  +  i?4-C  +  i^+£  (the  first  column)  is 
equal  to  both  the  other  coliunns  added  together : 

Put  A^B-hC-hSccszS;  then  B  +  C  +  Z)  «fc.  =^—-<^; 
The  sum  of  the  terms  in  the  2rf.  columii  is  =  ^  +  J?  +  (5 + C4-  D  Sec)  tx ; 

but  5  +  C+  A  &c.  is  =  ^—  Ji, 
therefore  the  2d.  column  =:^  +  -B+  (S-^A)  ixz=,  A  ^  B^Stx-^Atx: 

And  since  the  series  is  supposed  to  be  infinite,  * 

!«^  +  jB  +  C  4-  &c.  in  the  3d.  cohimn  x^ill  he  =  S, 
therefore  the  3d.  column,  or  —  {A  -{-B^C)  «»  is  =r  —  Ssj^; 

And  A^B-^-StX'^Atx  —  Ssx*  is  the  aggregate  of  the  second  and  3d, 
columns^  which  sum  is  equal  to  the  first, 

or  A  +  B  +  Six-^Atx^Ss^^^zS, 

vheuce    -  "*"  ^  ^ — —  =  »y  the  sum  of  the  series  infinitely  continued. 

It  is  manifest  this  expression  will  not  give  the  sum  of  any 
proposed  number  of  terms,  because  if  that  number  be  less  than 
infinite,  the  number  of  terms  in  the  3d.  column  will  always  be 
less  by  two  than  those  in  the  first  or  second  columns,  and  con- 
sequently A  +  B  -\-  C  +  he.  in  the  3d.  column  cannot  in  that 
case  be  =  S.  ^  And  since  it  is  impossible  to  find  the  sum  of  an 
infinite  number  of  any  given  quantities,  it  follows  that  a  +  bx-i* 
c:t*+&c,  must  be  a  converging  series,  that  is,  a  series  where 
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the  term^  constantly  diminish  or  approach  to  the  limit  o,  which 
may  be  considered  as  the  least  or  last  term. 

If  azs  I,  ^=2,  t^2,  ;.nd  5=  1,  the  series  a +  &x+cx^  +  &c.  becomes 

Now  fY'^  Vz  expanded  by  division,  gives  the  proposed  scries. 
Thus  1  — C.v  +  j:*)I  (1+2*  +  3jC*+4x»4-&c. 

1— Oj.^,jc* 


+  2* 
+  2* 

~.4x*  +  2jj^ 

+  3a* 

+  3.\«  — 2jc' 
+  3x»— 6a' 

+  4a3. 

+  4*3. 

—3*4 

—  8** +  4x5 

+  5*- 

-4*5 

&c. 

It  therefore  appears,  that  summing  a  recurring  series  is  only 
discovering  the  radix  or  fraction  from  which  it  was,  or  might 
be  derived,  (72): 

Thus,  suppose  the  serfcs  to  be  1  +  3*  +  4*»  +  7*'  +  1  !*-»  +  &c.  where 
the  scale  of  relation  of  the  coefficients  is  1  +  1,  viz,  the  coefficient  of  any 
term  (after  the  two  first)  is  the  sum  of  the  two  preceding  coefficients.   Then 

/ssl,  and  5=1,  and  the  latter  being  positive,  the  expression  —^ ^--T 

'^  1 — /*  +  j** 

I    +  Ojf 

becomes         *  ^_  ^  =  S,  the  sum  of  the  series  infinitely  continued.    For 

1 4*  2x 

; — .  =s  1  +  3x  +  4«*  +  7**  +  &c.  bv  actual  division. 

1 74,  In  order  to  find  the  sum  of  any  number  (n)  of  terms  of  the 
series  1  +  2;c  +  3x*-+'4a:'  +  &c.  (for  example),  it  is  to  be  observed 

that  the  nth  term  is  7i;c  ""  ,  and  consequently  the  terms  which 

follow  will  be  (n  +  l)A^''^-(7i4-2)*"'^'-*-(«-f-3)/'"^^  + 
&c,  where  the  scale  of  relation  of  the  coefficients  is  2  —  1  as 

before :  therefore  substituting  (n  +  j)/'  and  (n -jh  2)  a?''  "*"  \  re*' 
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ipectively,  for  -^  and  B  in  the  expression  -7- ,  and 

1 "~~"  r.^  "T"  "^ 
we  have 

1  — ^jc  +  w*  "~  (I  —  xy 

sum  of  the  series  (w  +  1)  /  -h  («  +  2)  /  "*"  ^  +  &c.  orf  irifinUttm : 

Now  it  is  evident  that  the  dilTerence  of  the  expressions  for  the  two  sums 
will  be  the  expression  for  the  sum  of «  terms  of  the  series, 

*^' '^ 0=^--'       (1-.)^   • (i^y 

which  is  the  expression  for  the  sum  of  n  terms  of  the  series  1  +  2x  +  3**  + 
&c. 

175.  If  the  scale  of  relation  of  the  coefficients  consists  of 
three  terms  f  +  s  +  v  ;  then,  proceeding  as  in  Art.  173,  we  get 
the  following  expression  for  the  sum  of  a-i-bx  +  cx*  +  &c.  * 
in  injfin, 

VIZ.   7- ^      ^       Z  7 =  S. 

1 — ix — sx*  —  vx^ 

Hence  it  appears  that  when  the  scale  consists  of  n  terms^  the 

expression  will  be 


1  — /J:  — 5X«  — r;t3--....  («+  1)  •*♦ 

Which  Is  a  general  Theorem  for  the  sum  of  an  infinite  re- 
curring series  ;  and  from  this  the  sum  of  any  given  number  of 
the  terms  may  be  found  as  in  the  preceding  article.  But  as  the 
signs  in  the  scale  of  relation  are  here  supposed  to  be  positive, 
care  must  be  taken  when  negative  signs  occur,  to  make  the  8ub» 
ftitution  accordingly. 
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Of  the  differential  METHOD. 

176.  This  is  a  method  of  summing  series,  &c*  by  means  of 
the  successive  difierences  of  their  terms. 

Let  1  '7  28  84  SIO  462  9S4  17X6,  &c«  be  a  series  of 
numbers ;  Then  taking  the  difference  of  the  first  and  second,  of 
the  second  and  third,  of  the  third  and  fourth,  &c.  and  again  the 
differences  of  those  differences^  and  so  on,  we  shall  have  the 
following  orders  of  differences : 

1       7       28       84       SIO      462      934       1716  &C. 
Ist.  order  of  difTerences   6      21      56       126      252      462      72)2 

ad.   order 15      35      70       126      210      330 

3d.   order 20      35      56         84         120 

4M.  order 15      21        28        36 

5/A.  order 6         7  8 

6ih.  order 1  1 

0 

Or  suppose  a,  b,  c,  d,  /,  g,  &c.  to  be  a  series ;  then 

Irf.  order  of  differences  *— «,  c — *,  d — c,  f — rf,  ^— /,  &c. 

ad.   order c— 2^  +  fl,  rf— 2c  +  ft, /— 2rf  +  c,  g^^f-^-d^kc. 

3d,    order d — 3<;+3A--fl,/— 3rf+3c— ^,  ^— 3/+3rf — c,&c. 

4th.  order /— 4<;h-6c— 4*  +  tf,  ^— 4/4-6rf— 4c-l-^,  &c. 

5th,  order '  ^  — 5/-*- lOrf— 10c+ 5*  — «,  &c. 

177.  LetD\  d'\  Z)"\  Z)'\  2)\  &c.  denote  the  first  terms  of  the 
several  orders  of  differences,  respectively, 

that  is,  put  D      ^  b  —  a 

D       =c  — 2*H-fl 

D       ssrf— 3c-h3*— tf 

d'     =^  — 5/+10(i— 10c  +  5i^fl 
&c.  &c. 

VOL. II.  T 
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Tli(*n  by  transposition  we  get  the  values  of  B,  e,  d,  icCp 

i/  =  3c  — 3* +  «  +  /)"' 
/=  4J— 6CH-46— «  +  /)* 

But23— fl=aA  +  (3— fl)=:fl  +  Z)^4-  /)"  =  fl.+  2Z)  ,  (because  bssm 
+  Z)'  and  b-^a^D^)  therefore  c=fl+  2/)'  +Z)*^ 

Also,  since 3A — fl  =  3  (a-i-Z))  +«» 
we  havc3c— 3*+a=3  (a+^d'+Z)")— 3(fl-hZ>')+tf  =a+.3Z)'+  3/)", 
whence  rf  =  fl  +  3/)   +3i)    -I-Z)     . 
And  in  like  manner  we  get 

/=  £1  +  4Z)"  +  6Z)"  +  42)'"  +  D'\ 

Hence     a  =  a 

£  =  a-«-Z) 
c  =  fl  +  2Z)  H-  D 
(A)      rf  =  fl  4-  3/)'  +  3Z)"  4-  £>"" 

/  =  fl  +  42)'  +  62>"  +  W''^  +  2)''' 

^  =  fl  +  52)'  -h  102)"  +  102)"'  +  52)^^  +2)^ 
&c.  &c. 

where  tiie  law  of  continuation  is  evident. 

Hence  it  appears  that  the  coefficients  of  a,  D  ,  D  ,  D  ,  &e«  in  the 
expression  for  the  {n  4-  \)th,  term  of  the  series  a,  b,  c,  &g.  are  the  coeffi- 
cients  of  a  binomial  raised  to  the  wth.  power ;  that  is,  the  («  4-  1}  dk,  temi 

U  „+„!)•  +  n."^  d"  +  n.'^  ."^  d"\  &c  (164) 

Thus,  for  example,  if  the  number  of  terms  be  5,  orn  :=  5,  the  6th.  or 

(;/  + 1)  /A.  term  is  a  +  62)*  +  5.  ^^  2)"  +  5.  ^^  .  ^-^^  2)'"  &c. 

or  /I  +  j2)  •!-  102)    Sec  the  value  of  ^  the  6ih,  term* 

Therefore  substitutijig  n  -)- 1  for  n^  the  nth.  term  of  the  series  a,  b,  c,  &c. 
will  be 

.  /        i\  n*  .   " — *    "  —  -   n"  .  '^ — 1    « —  ^   « —  3   -,ni  .   ^ 
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1 78.  A  general  expression  for  the  sum  of  any  number  (n)  of 
-the  terms  of  the  series^  is  readily  obtained  from  the  aggregate 
sum  of  the  perpendicular  columns  as  they  stand  in  the  expres* 
•ions  (A) : 

Thus,  the  coefficients  in  the  columns  a,  a,  a,  Set.  D  ,  12D^,  3D   ,    &c. 
arc  the  several  orders  of  figurate  numbers  (141): 

Now  the  sum  of  a  +  a  +  aA- &c.  to  n  terms  is  nai 

•f  Z>'  +  2Z)*  +3D*  +  &c.  to  11—  1  terms  is  «/^^=^  d'  :  (144) 

of  d"  +  3Z)"+  6/)"  +  &c.  to  n  —  2  terras  is  n .  ^=1  .^=1  d"  : 

€fi>     +42)     +10i)     +&c.to«— 3termsis«.~^.-j-  .— ^  O      i 

&c.  &c. 

And  the  aggregate  must  be  the  sum  of  n  terms  of  the  series  «  +  *  +  ^+  &c. 
«~1   -.1  fi — 1   ft  —  2  -.11  W-— I    n — 2   w— 3 

When  the  differences  are  finally  =r  0,  any  term,  or  the  sum 
of  any  number  of  the  terms  may  be  accurately  determined  ;  but 
if  the  differences  do  not  vanish,  the  result  is  only  an  approx. 
imation:  this  approximate  value  however,  will  1)ecome  nearer 
l^i^d  nearer  the  truth  ^  the  differences  diminish. 

Examples. 
|.  What  is  the  IJth.  term  of  the  series  1,  3,  6^  10,  15,  &c.  ? 

1    3    6    10    15 
]j/.  difference 2    3    4      5 

?4 t         1     1     1 

0    0 

Here  a  =  I,  jP  =  2,  P    =  1 ;  these  being  substituted  ip  the  expression 

^+(«^1)  d'  +  ?^  .  ^  2)'^  &c.  give  1 +  («_!)  X  2  +  ^^ 

M^o  t/>  V  4  17^-4-4 

Z^  X  1  =  --^—  =  (when  ft  =  17)  —^=153,  the  tenn required. 

Y  2 
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2,  To  find  the  wth,  term  of  the  series  of  rectangles  I  X  «> 
3X4,  5  X  a,  7  X  8^  9  X  10,  &c. 

2       12      30      56 

1st,  diff. 10       18      26 

2d. 3         8 

0 

Here  «  =  2,/)'=10,  /)"=8 

And  2+{«— l)x  lO  +  'i^.  2Zl?x  8  =:4n»—2«  the  required  term* 
1  <« 

3,  To  find  the  sum  ofn  terms  of  the  series  of  cubes  1*  +  3* 
+  3'+4'  +  &c. 

1       8      27       64       125 

1.  diflf. 7      19      37      61 

2.  diff. 12      18      94 

3.  diff. 6       6 

0 

In  this  example  <z=  1,  /)  ss  7,  D    =  12,  D     s=  6 ; 

A«j      .       "  —  1       ».  .        w— 1   n  — 2      ,^  ,    -  ft— 1  «— 2  y?— 3 
And«  +  n.-^-X7+fi.~j-.~-x  12  + n.— ^.-^-.-j- 

X  6=5^'  '^^^."^^   =  r2l±I!V  the  expression  for  the  sum  required. 

Hence  it  tf^pears  that  the  aggr^te  of  any  number  of  the 
scries  of  cubes  1 '  4-  2'  4-  3'  +  4'  &c.  taken  in  succession  from 
1^  is  a  square  number. 

4,  When  the  series  is  descending,  the  differences  will  be  al- 
ternately minus  and  plus.  Thus,  to  find  the  sum  of  the  liqua- 
drates  10*  -+.94^84^  g^c.  to  8  terms  : 

10000       6j61       4096      2401       .1296       625 

1.  diff....         3139      2465       1695       1J05        671 

2.  diff. 974        770         590         434 

3.  dill. S04         180  156 

4.  diff. 24  24 

0 
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Here  a  =  10000,  D^  zsl-^  3439,  Z)"  =  +  974,  d"'=:  —  204,  Z)'^  =^ 
+  24,  n  =  8. 

And  10000  X  8  — 28  X  3439  +56X  ^74— 70  X  204  +56 X  24  =  2531$ 
tlie  sum  reqmred. 

And  in  the  same  manner^  the  sums  of  series  of  higher  powers 
may  be  determined, 

}J9*  Hence  we  find 

lx  +  2'  +  3* n^  =  ^!±2. 


l»  +  2«  +  3* „*=?!il±^!?ldL!!. 

6 

H+2'  +  3' n»  =  »^+^f  +  "*. 

4 


14  +  24  +  34 ^.^6n»  + 15n4+10r,»-« 

I»+2»  +  35 ^,^2>»«  +  6n.  +  5«4-««^  > 

&€•  &C. 

If  we  suppose  n  to  be  infinite*  all  its  inferior  powers  may  be 
reject^  as  inconsiderable  in  respect  of  the  greatest  t)r  highest 
power,  because  any  power  of  an  infinite  quantity  is  the  next  in- 
ferior power  taken  an  infinite  number  of  times,  and  we  shall 
get  an  expression  for  the  sum  of  an  infinite  series  of  powers 
whose  roots  are  in  arithmetical  progression,  having  an  infinite 
or  indefinitely  small  quantity  for  the  common  difierence : 

Thus,  rejecting  3n*  +  «  in  the  expression  for  the  sum  of  a  series  of 

2fl3  ^3 

squares,  gives  —  or  —  =  the  sum  of  an  infinite  scries  of  squares  pro- 
ceeding from  0*  the  least,  to  fi*  the  greatest 

And  the  sum  of  such  a  series  of  cubes  will  be  --,  the  greatest  term  or 
cube  being  n^ : 

of  a  series  of  biquadrates,  —  or  -r,  the  greatest  being  «♦: 

Qffi      rfi 
of  a  series  of  Sth»  powers,  —  or  ~,  where  the  greatest  is  nK 

ice.  &c. 
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Hence  it  appears  that  the  expression  for  the  sum  is  found  b^  adding  1  to 
the  index,  and  dividing  the  power  so  increased  by  its  index ; 

Thus,  the  sum  of  the  series  of  squares  is  --'  or  --; — - : 

of  the  scries  of  cubes. . . .   •—  or 


4  3H-1 

of  the  biquad rates t  or  ";  v  .'• 

&c.  &c. 

We  therefore  conclude  that  the^um  of  an  infinite  series  of  «  powers  will 
be       .      ;  where  n   is  the  greatest,  and  0  tlie  least  terms  of  the  series. 

The  differential  method  is  also  applied  to  the  interpolation  of 
series^  the  quadrature  of  curves,  &c. 


On  the  reversion  of  SERIES. 

180.  When  the  value  of  the  root  or  unknown  quantity  iq 
the  terms  of  an  infinite  series  is  expressed  by  another  infinite 
series  in  which  that  root  is  not  found,  the  ser\^  is  saicl  to  be 
reversed. 

Thus,  suppose  ay-hby*-^  cy3  -H  <fy*-H  &c.  =  *;  and  let  it  be  reciuired 
to  revert  the  series,  or,  to  find  y  in  an  infinite  series  expressed  in  powers  of 
9  with  coefiicients. 

By  transposition,  ffy  +  *^  *  4-  c^'  +  <^  4-  &c.  —  jc  =  o. 

Assumey  =  ^*  +  J5jc»4.Cr3-*-i>Jt*  &c. 

Then  ^  =  (^*  +  5«»  4- C*3  &cO*  =  ^  V  +  2^5* ' -I- 2 -rfC«4 -h  ^^*  &C 
t^=:(Jx+  Bx"  +  C%3  &c.)3  =  ^  V  +  ZA^Bx^  ?^c, 
y>  z=  (yrf*  +  Bx'  +  Cx3  &c-)4  =  A'x^  &c. 

And  fly  =  aAx  +  aBx '  -*-  tiCx^  +  « />*♦  &c. 

4-*y*= ....  4-^^**+  2^-^5*3  +  S^^Cr*  ^ 

4-  *^Ji*  &c.     J 

4-cy= +  c^V     +3c>^"5x^  &c. 

4-rfy*=; - +dA^^  /fee. 


(flyf  —  1 )  ;c  4-  (flJ5  +  A^»)  **  +  (aC4-  2bAB  +  cA^)  x^  \ 

+  {aD  +  2MC + A5*  +  3c A  ^B  +  c/^^  «*  «ic«  >  ^""^ 
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Now  this  sum  is  =  ay  +  Ay»  +  c^  +  (fy*  &c.  —  *  =  o  (or  equal  to  o) ;  but 
to  make  tiie  whole  expression  =  o,  the  coefficients  of  *  and  its  powers  must 
vaaisb,  or  each  become  =  o^ 

that  is  aA  —  1  =o;  whence  ^  =  -. 

a 

aB  +  bJ^=.o;  whence  5  = ^=2=  —  ^. 

2bAB      Ci<>_gy— gc 
MC+2bJn+cA^z=zoi  whence  C= ^  —  — ^p-- 

,  _       5abc-^5h^^a^d  ' 
tfD+2A^C+*5»+3(;yi»5H-d:i<»=o;  and  D= -j 

Therefore 3^=ix-^ix*+—,—*' ^7  **  «^^- 

T^  revert  the  series  y  +  iy'  +  iy'  +  iy*  + 1^'  &c.  =  *. 

Herc^=l,  *  =  -l,  c  =  i,  (i=J,/=f,&c.  these  being  substituted  in 
the  above  series^  we  have 

The  law  of  this  series  for  the  vaUie  of  5^  is  not,  perhaps,  sufficiently  evi- 
dent  from  the  coefficients  1,  i,  i.  ,',;  but  by  extending  the  powers  of 
{Ax-k-Bx^-k-  Cx3  +  Dx*  &c.)  to  another  terra,  we  get  £  =  +  -rtu  *"«  ^^ 
efficient  of  the  5lh,  term ; 

hence  yss:*—ix»  +  i*'—iV**+T^*'  ^<^- 

It  therefore  appears  that  the  coefficient  of  the  fith.  term  is  the  product 

-  V  -  V  -  V  -  &c.  continued  to  n  factors,  in  this  case. 
;  ^  2  ^  3  ^  4 

If  the  series  to  be  reversed  is  y  —  J^  +  3>^  —  il/*  +  3^^  kc.z=^x; 

A 

and  y  =  »+  i»»  +  i*»  +  ,'*«'  +  rlo*'.  &<=. 
181.  Supposcifurequircdtorevertthesericsay  +  ty'  +  cys 
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Assume  ^  =  -4*  +  jBjc'  +  Csr'  +  Dx^  &c. 
Then  ay  =  aAx  +  a^jc^  -h  aCx^  +  «  Dj;7  &c. 

iy  =  ....+  bjl^x^  +  36A*Bxi^36j4'Cx7  ^ 

+  3*-^5*«7  &c.     i 

cy5  = +c^5x$       4.5c^*Bjc7  &c. 

dy^sr ^dA'x^  &c. 


5um 


t  +  (a/)  +  3*if*CH.3M5»+  5cyf4jB4.<W7)  jj?  See. 


Now  making  the  coefficients  each  =  o,  as  in  the  preceding  article,  we  have 

aA  — 1=0,  whence  ^  =  -: 
a 

aB  +  3^^  =:  0,  whence  B=z -: 

aC  +  3bji^B+cA^^o and  C  =  2^^^=^ : 

a^ 


aD^3bAH:+36AB^+  ScA^B+dA^szo,  whence  D; 


fl" 


consequently  j^  =  .  x—-«3  + — — -  «$ ^jjg *7  &c. 

13  5 

Examp.    To  revert  the  series  y  +  g^'+J^y^  +  ffiy' 

&c.  =:  X.. 

13  5 

Here  fl=:  I,  ^= -.  ^  =  2o'  '^^Tw'  *^^^  being  substituted,  give>^  = 

jr—  -  Jt^  +  - — -  xi  —  rrr::  x^  &c,  where  the  law  of  continuation  is  mamfest; 

b  liJO  5040 

the  coefficient  of  any  term  being  the  product  r  X  o  "*"  a  ^  2  ^^*  extend- 
ed  to  as  many  factors  as  there  are  units  in  the  index  of  x  in  that  term : 
thus  the  continued  product  of  the  5  factors  -x  ^X  3"*"4X^is  — 
the  coefficient  of  «* :  And  tlie  coefficient  of  the  5(h.  term  (or  of  *^)  will  be 
the  continQed  product  of  the  9  factors  jX^Xj  +  jXi:XgX.^X 
^  V  ^-— L_    &c 


CUBIC   EQUATIONS.  Jfig 

What  we  have  given  in  the  last  ten  articles  respecting  Series, 
may  serve  as  an  introduction  to  the  study  of  thofce  particular 
branches  of  the  subject,  •  which  is  one  of  the  most  copious  and 
mtncate  in  the  science  of  Algebra. 


Of  cubic  Equations. 

182.  An  Equation  is  said  to  have  as  many  roots  as  there  are 
units  in  the  highest  dimension  of  the  unknown  quantity: 

Thus,  if*»zza%  then  (129)  ^Jc  will  have  two  values,  for  it 
may  be  either  4- a,  or— a. 

Letx^—(a  +  i^c)x'  +  {ah+ac  +  bc)x=alc, 

or  x^  —  (a  +  b+c)x^  +  {ab'hac+lc)x  —  abc  =  o  be  a 
cubic  equation  generated  by  the  continued  product  (;r  — a)  x 
{^  —  f^)X  i^  —  c): 

^  Then  it  is  evident  x  may  be  taken  equal  to  a,  h,  or  c,  for  if 
dther  of  those  values  be  substituted  for  x,  the  whole  expression 
will  vanish ;  and  consequently  the  equation  must  have  three 
roots,  or,  there  will  be  three  values  of  a?. 

To  illustrate  this  in  numbers,  ]et  ^  =  2,  ^  =  3,  c  =  5;  tlien  the  equa- 
tion becomes  a;^  _  1  qjc*  +  3  j  j  =::  30, 

or  4:*— .I0**-H31*— 30  =  0: 
Andif  «  =  2,  then  2^— 10  X  2^  +  31  X2  =  30 

>^*  =  3 3^— .10x3* +31  X  3  =30 

if  J  =  5... 53^10x  52  +  31x5=30 

Therefore  2,  3,  and  5  are  the  tliree  roots  or  values  of  x. 

In  the  preceding  equations  the  coefficient  of  the  second  term 
19  the  sum  of  the  three  roots,  2  -H  3  +  5 : 

The  coefficient  of  the  third  term,  the  sum  of  their  products 
taken  two  by  two,  2  x  3+  2  x  5  +  3  x  5  : 

And  the  last  term  their  continued  product,  ^  X  3  x  1. 
vol..  XI.  p 
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183.  If  (x  +  a)  X  {x+b)  X  {x  +  c)  =  0,  or  **  +  (a  + 1 
+  c)**  +  (^b  -^  ac  +  bc)x  -h  ahc  =  o  be  the  equation, 

then  the  three  roots  vviJl  evidently  be  negative, 
that  is,  xzzL  —  a,  x  zz  —  i,  a:  ~  —  c. 

Hence  also, 

if  (x+a)  X  (x— 3)  X  [x — c)  izoy  the  three  roots  arc  —a,  +b,  +c: 
and  {x+a) xix  +  b) x  [x — c)zzo,  its  roots  are      — a, — b,  +c. 
&c.  &c. 

It  therefore  appears  that  cubic  equations  may  have  all  the 
roots  positive,  or  all  negative,  or  two  may  be  negative  and  one^ 
positive,  or  two  may  be  positive  and  one  negative. 

184.  When  one  of  tlie  roots  is  discovered,  the  others  may  be 
found  by  depressing  the  equation,  thus. 

Let  *»  — (aH-3-hc)**  +  (fl^+flc  +  Ac)x— a3c=o, 
or  (m — a)  X  (x — *)  X  (,x — c)  =  o,  be  the  equation,  (IS2), 
and  suppose  +  a  is  found  to  be  one  of  the  roots  or  values  of  x;  subtract 
this  from  X  and  we  have  x — a,  then  if  the  whole  equation,  or  (x— a)  X 
(x-^b)  X  (« — c)  =0  be  divided  by  x — a,  the  quotient  is  (* — S)  x  (*— 0  ' 
s=o,  or  «'—&«—«:+ *c  =  o,  a  quadratic  equation  which  will  give  the 
other  two  roots. 

If  the  root  first  discovered  is  negative  (suppose  — a  for  ex- 
ample),  then  subtracting  —  a  from  x^  the  divisor  becomes  x  +  a 
instead  of  ;if  —  a. 

To  exemplify  this  in  numbers :  Let  the  equation  be  x* —  10«*«+.3U=30, 
or  «*  —  lOa^ -HSU— 30  =  0 ;  and  suppose  +  2  is  found  to  be  one  of  thc^ 
roots ;  subtract  this  from  x,  and  we  have  *— 2  the  divisor: 

aj— 2)'a5»— l0x»H.31jc  — 30(4»  — 8*+ 15  z  quadratic. 
x3~-  gx» 
—  8ac»  +  31« 

+  15*  —  30 
+  15x  — 30 
^0 


CUBIC    £QUATIOHS*  .      171 

therefore  x* — 8jc-|-15  =  <?,  whence  ;c*— Sr  =  --.15,  and  x=::4=lsa=:5 
and  3  the  other  two  roots. 

Again,  \(x^ +  9x^-^23%  =  60,  or  A^  +  e**— -23*— 60=0  be  the  equa- 
tion^ and  —  3  one  of  the  roots ;  then  :( -4-  3  is  the  divisor : 

«  +  3)  «^  +  2a*  —  23;c  —  60  (**—•*  —  20,  a  qiiadraiicm 
«'  +  3«* 

—  A«—    3a- 


—  2UX  —  CO 
.  _  eox  —  RO 

'        0 
Anda*— *— 20=0,  or  *»— x=:20,  whence  *  =  J±4J=-h5  and*-^ 
the  other  two  roots. 

185.  fo  take  away  the  second  term  from  an  Equation. 

Suppose  ;t'-j-2ax  =  b,  where  jc  is  the  unknown  quantity; 
and  let «  —  a  =  X : 

Then  (z — a)*-i-2a  {z  ^  a)  "=:  z*  —  Qaz  +  a*  -F  eaz  — 2a*  = 

2« a^  zz  b,  or  x'  m  Z^-t-a*,  a  simple  quadratic  in  which  x  is 

the  unknown  quantity.  Now  «  =  v^(*  +  a*),  and«  — a  = 
y^(*  +  .1*)  —  a  x:  ;c,  the  same  value  of  j:  as  is  found  by  com- 
pleting  the  square  in  the  given  equation  *»  -+-  2a;c  =  *• 

Again,  if  jc'-hSf/A'^  =  i;  tlien  putting  z  —  a=x^  we  have 
(2  — aj'+  3a  (z  —  ay  zzb; 

(2  — a)' =2'  — aaz"  +  3a»2  — fl* 
3a  {z  —  ay  zz      -f  Saz'  — 6a'2-f  3a* 

sum     2^ —  3a'2-f2fl^i=  ^ 

an  equation  in  which  2*  the  second  power  of  the  unknowA 
quantity  2  is  wanting. 

And  if  the  equation  was  ;c*  -+-4ax'  =  b,  the  assumed  valu« 
of  Jr  will  be  2  — a:  fVe  therefore  divide  the  coefficient  of  the 
second  term  of  the  equation  by  the  index  of  the  highest  power 
of  the  unknown  quantity,  and  the  quotient  is  the  second 
member  of  the  assumed  root ;  but  when  the  second  term  in 
the  equation  is  negative,  that  quotient  must  be  positive. 

Z  2 
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Thus,  it  x*mm2ax  r=* 


'x*mm2axz:ib     n 


then  2  4-as:«. 


•  Let  the  proposed  equation  be  a' —  12«*4.3«=:— 72: 

Then  12  (the  coefficient  of  the  second  term)  divided  by  3  (the  index  of 
the  highest  power  of  «)  gives  4 ;  therefoi-e  assume  z  +  4  =« : 
then  (z  +  4)3  =  z3  ^  iq^  ^  4^2:  +  54. 
^  12  (z  +  4)*  =s       —  122*  —  962  —  192 

3(«  +  4)    = 4-    32  -H  12 

^ —452  •—  116  =  ~.72,  an  equ^ion 

where  z*,  or  the  2d.  term  is  wanting. 

186.  In  a  simple  cubic  equation  when  one  root  is  rational^ 
the  other  two  are  imaginary  or  impossible  : 

Thus,  if  *»  =  1,  or  «^  —  1  =  0 ;  then  x  =  1  the  rational  root : 
•     To  find  the  other  roots,  we  have  «—  1  for  the  divisor  (1 84) ; 
whence  ^^—j  =:**+*  +  !  2l  quadratic  equation : 

And  X*  H-  jf  +  1  =  o,  or  «2  +  «  =:  —  1 ,  and  completing  the  square, 
we  have  **  +  a:  +  |  =  — 1  +  ^  =  — J,  whence  «+ ^  =  y' (— j),  and 
«=  V'C— f)  — 4  one  of  the  impossible  roots : 

But — * — 4  is  also  the  square  root  of  jr^+jc+i, 
whence—Of— i  =  t/{— J),  or:r=:— y'C— J)  — i  the  other: 
Therefore  the  three  values  of  x,  or  the  Uxree  cube  roots  of  1,  are  I, 

Here  follows  the  operation  of  cubing  the  last  of  the  preceding  roots ; 

-i  +  -iV(-i) 

—  5-  -+■•(  —  1)  4-  i  the  square, 

iV{-i)-{-i)-W(-i) 

+  1  +  i  —  -^  =:  1  the  qube, 

*  '      —I  ■ 

And  in  the  same  manner  it  may  be  shown  that  the  cube  of  the  oth^r 
imaginary  root  is  also  ^\. 
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*Caildan*s  method  of  solving  Cubic  Equations. 

186.  If  the  equation  contains  all  the  tenns  with  coefficients^ 
the  whole  equation  must  be  divided  by  the  coefficient  of  the 
highest  power  of  the  unknown  quantity,  and  the  second  term 
taken  away  (185),  it  will  then  be  reduced  to  this  form  x^  +  ax 
zz±b.' 

i>t  the  equation  be  x>4-ax  =  3;  and  put^  +  assxi 
Then  ^  +  2)^+a(y-h2)=5^  +  3^*z  +  35^2'+2»+^+fl2 

=y +2' +3^  (y+ 2) +« (y +2)  =  * : 

Let  3j«  =  —  a  which  substituted  for  3yz 

then  y^  +  z^  +  3y2(y+2)  -ha  (y  +  z)  =s^ 
becomes  y'  +  z' — a  (y^z)  +^(3^+2)  =^^  +  2^=5^: 

3y '  "^  273^ 


And  since  3j«  =  —  a,  we  have  z  =z  -;j^,  and  z*  =  ^^  which  put  for 


s^  in  the  equation  ^  +  «•  =  ft  gives  ^^  +  -—3  ==  b,  whence  ^  —  by^^ 
^  c^,  an  equation  of  the  quadratic  form :  and  by  completing  the  square  we 

get3f3==^i^(l«3^.|4a),  andy==(ift=i=v'(jj«^+i«»))^. 
And  since  y -H  z' =  ft,  z^  i8  =  ft — y^, 
that  is,  2>  =  ft  —  (4ft  db  t/  (^  fl'  +  ift*)) 

whence  2  =  (4ft  =p  t/  ( jj  «'  +  i^O)* 
therefore 

«(=y+2)==(ift±/(la'+Jft*))T+(iftqF^(j^«'+ift*))^ 

Remark.    When  a  is  negative  and  -i*  less  than  --a',  the 
solution  by  this  rule  cannot  generally  be  obtained,  because  the 

This  method  of  cubic  equations  attributed  to  Cardan  was  discovered,  it 
teems,  by  Scipio  Ferreus,  and  Nic.  Tartaiea.  All  three  were  Italian  nia» 
thcmaticians  who  flourished  rather  early  in  the  I6tk.  century. 
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quantity  f—fl' Th  2^*  )  becomes  negative,  and  therefore   its 

square  root  k/  i  —a'  +  -i*  J  is  impossible*    This  is  called 
the  irreducible  case. 

Emniples. 

1,  To  find  xin  the  equation  3x^  +  18x'  +6x  =  261. 

Divide  the  whole  equation  by  3  the  coeffi(!ient  of  j^,  and  we  hav^ 

Next,  to  take  away  the  Qd.  term  ((3.t»),  letz  —  -  ors— 2^*(185): 

then  (z— sysszJ— .6z»+  12z—  8 
6(2— 2)»=  +62*  — 242+24 
2(«— 2)   =  -»-    22—   4 

z?  —102+  rj=:87,  012^  — 102=^73. 

Here  asz  — 10,  and  A  =  75,  these  values  being  substituted  in  the  gene* 
ral  expression  give 

where  both  the  upper  or  both  the  lower  signs  may  be  taken  in  all  cases^ 
therefore  retaining  the  former,  we  have 

or  4.207  +  .793  =  5  =?  z: 
Now  s— 2  s=x,  whence  x  =  3  the  value  of  x  in  the  given  equation* 

S,  Let  the  equation  be  a-'  +  8;c  ^  —  399»  to  find  ^c. 
Here  a  =.  +8,  and  b=:  —  399 ;  ^vhence,  by  substitution 

=  (-199i  +  v'398l9  Y^y+  (-l£>9i  — v'3P819-^)^==0.3« 
—  7J6¥= — 7  the  toot,  or  value  of  jc. 
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The  other  two  roots  may  be  found  as  in  Art,  184,  thus,  x^  4-  8«  +  399  =  o, 

x'  ^  8x  "f*  399 
and  --— — :-  =«*  —  7«  +  57  =  0,  this  quadralic   gives  «  =  3^  d: 

V  (—  44|J) ;  therefore  both  are  imaginary  or  impossible. 

187.  Sometimes  the  method  of  solving  an  equation  may  be 
discovered  by  the  addition^  or  subtraction^  of  a  given  quantity : 

Thus,  suppose  «3  +  6jp*  +  I5x  =  5a4,  wh^re  it  appears  that  if  8  be  added 
to  each  side  of  the  equation,  the  sums  will  be  complete  cubes ; 

«2  +  6x*+a2«  +  8=:512 

whence     *  +  2  =  8,  and  «=z  6. 

Again,  if  jt'  —•  1  2a*  +  48x  =  100,  tlien  by  subtracting  64  (the  cube  of  —  j 
iwe  have  jc'— 12**  +48*— 64  =36,  and  taking  the  cube  roots,  jf— 4 =367, 

X 

or  «ss4  4-3g7. 


The  resolution  of  EQUATIONS  by 
APPROXIMATION. 

188.  The  preceding  methods  of  solution  are  restricted  to 
particular  cases  which  seldom  occur  in  practice.  We  shall 
therefore  proceed  to  the  resolution  of  equations  by  approxima- 
tion :  And  for  this  purpose  the  rule  of  Doubk  Position  or  Trial- 
and-error  (Arith,  109.)  seems  the  most  general  and  expeditioui 
of  any. 

Examples* 

1.  To  find  ;irin  the  cubic  equation  ;c'  +  *■  =  500. 

From  a  trial  or  two  it  appears  that  the  value  of  *  is  between  7  and  t ; 
therefore  let  those  two  numbers  be  the  first  assumptions : 

then  73  =  343  85  =  512 

7*=   49  8*=:   64 

"392  576 

500  500 

arror    i08  too  UUU*  mror     76  too^na/. 
-^  108 

fum  of  errors    184 
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JOS  X  8  =    864 
76  X  7  =    532 
184)   1396 
quotient  nearly    7 .6  the  first  approximation. 

7 .  6^  =  438 .  976 
7.6*=    57.76 

496.736 
500 


too  liiile     3 .  264  it  thtrefore  appears  that  the  value  of  jc  is  greatei" 
than  7.6 

Now  let  7 .  61  and  7  .  62  be  the  two  suppositions : 

then  7 .  6|3  =  440 . 7 1 108 1  7  ,  62^  =:  442 .  450728 

7.61*=    57.9121  7.62*==    58.0644 

498.623181  500.515128 

500  ^    500 

error      1.376819  iooliUle.      error    0.515128  too |ra/. 

1.376819  X  7.63=  10.49136078 
1.376819  .515128x7.61=    3.92012408 

0.515128 


turn  1.891947 1.891947)    14.41148486  sum 

quotient    7.617  second  approx- 
imaliony  which  i^  the  vajue  of  x  nearly. 

2.  I^et  the  equation  be  x^  —  50x*  +  3*  =  — 4103 ;  to  find  xf 

By  a  few  trials  x  is  found  to  be  greater  than  10  but  less  than  1 1 ;  now 
assuming  these  numbers,  then 

10^  =  1000  11*=  1331 

3  X  10  =      30  3X11=      33 

+   1030  +   1364 

50  X  10*  =  —  5000  50  X  11*  =  —  6050 

—  3970  —4686 

—  4103  —4103 


error      133  ioolUtU  error      583  too  great. 

583  ""*■ 

sum    716 

10  X  583  =  5830 

11  X  133  =  1463 

716)    7293  sum 
quotient  ne^ly    10.2  fifst  approximatioB. 
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^ow  assume  ;r  =s  10 . 2  again,  suppose  *  as  10 .  18 

1Q.2*=      1061.208  10*i8^:±      1054.977832 

4X10.2=          30.6  3x10.18=          30.54 


,>0 

XIO. 

+  1091. 
.2*=  — 5202 

808 

50X  10.: 

XoogrecA 
32 

+ 1085 . 
18^=— 5181. 

r5 1783C 
62 

—4110. 
-*.4l03 

.192 

—4096, 
—4103 

, 102168 

trror         7. 
6. 

.192 

,  8978 

error        6 

.3573*64 
.21456 

.897832  too /l«£^ 

sum   14.0898 

10.   2X6, 

10.18  X  7 

14. 

32 

,  897832  2t  70 
.  192....  =S73 

089832)     143 

. 5724464 

quotient  nearly        10 .  19         second  appioximatioi^ 
Which  is  very  nearly  the  value  of  «. 

To  find  the  other  two  roots  we  have  x — fO.  19  for  theiftvMor  (184); 
knd«5  — 50a* +  3*  + 4103=0,  the rftptVfcfii; 

then 
*— 10.19). x3— 50x2 +.3x4. 4103  (x«—- 39.su— 4e2.<639  a^uodh^^ 

jc»— 10.19a» 


—  39.810^  +  3* 

—  39.81** +  405.6639* 

—  402.6639«+410» 

— 402. 6639X  + 4103. 145141 

By  this  operation  the  learner  will  perceive  that  the  true  value  of  x  b 
somewhat  less  than  10. 19,  the  error  in  the  whole  equation  being  the  deci* 
mal  .145141. 

Nowjt*— 39.81*  — 402.6639  =  0,  whence**  — 39.81«  =  402.6639^ 
and  by  completing  the  square,  &c.  «  =  19 .  905  rt  28 .  26434  =  48 .  16934, 
and  — 8 .35934  the  other  two  roots.  Therefore  the  equation  has  thre;t 
possible  roots,  two  positive^  and  one  negative. 

Apd  the  sum  of  the  three  roots,  10 .  19  +  48 .  16934 — 8 .  35934  s.50  thi 
coefficient  of  the  second  term.  (182). 

a.  To  find  X  in  tlie  biqiiadratic  equation  x^ «» lOjc'  ^  lOM* 
—  70*  =  42676? 


ir5 
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The  yaloe  of  »  appear*  to  be  between  15  and  16,  therefore  assuming 
those  numbers,  we  shall  have 


15*  sis  50625 

100  X  15*  =  22500 

+  73125 

>—  34800 

38325 

42676 


error     4351  iooUtHe. 


10  X   15*  =  33750 

70  X  15   =    1050 

—  34800 


164=65536 

10  X  16^  =  4096C 

OCX  16*  =  25600 

70  X  16  =    U20 

+  91136 

«- 42080 

—  42080 

4P056 

42676 

16  X  4351  =69616 

error    6380  too^mrf 

15  X  6380  =  95700 

4351 

sum     163316 

sum    10731 

tion  for  the  value  of  x ;  no\ 

be  assumed : 

15.44=56244.8656 

10  X   15.43  =  36522.64 

100  X  15.4  =23716 

70  X  15.4    =  1078 

+  79960.8656 

^37600.64 

*- 37600. 64 

42360.2256 
42676 


error    315.7744  too  Hiile 
error    4351 too  Utile,  by  assunung  jc=  15  as  before. 


dijf.  of  errors 4035  •  2256 

IS.  X  315.7744  =  4736.616 
15.4X4351     =67005.4 

rf(tf^.  of  prtKiucts      62268 .  784 


whence  ^^^^^"'^^  --  15 .43  the  second 
4035  .  2256  ""  ■ocpua 


approximation,  nrhich  is  the  value  of  x  nearly. 

To  depfess  the  equation  in  order  to  approximate  the  other  roots,  the 
divisoris  X— 15.43; 


KOOrS  BY   APPROXIMATION.  "^179 

•— 15.43)*^--10x5+100i«— 7a3t--42€76=0{a'+5.43a*+I83J849flH-2^ 

+  5.43x»+100i* 

+  5.43x^~-83.7849<* 

^-183.7849a»  — 70* 

4>  183.7849**— 2835 .  SOlOOnrjp 

4-  2765 .  801007*— 42676 
4- 2765, 801007*— 42676.3  &<^ 
0 
Now«54-5.43*M-183,7849*+2765.8=0,or*»+5.43«M-183.7849«Sb 
^2765  . 8  where  *  is  evidently  negative ;  and  from  a  few  trials  its  value  ap* 
pears  to  be  a  little  greater  than  11 ;  if  therefore  — 11.1  and  —  11  .S  are 
made  the  first  suppositions^  two  operations  will  bring  out  x  =  —  11 .  163 
one  of  the  roots.     Consequently  *  +  1 1  - 1 63  is  the  divisor  for  depressing 
the  cubic  to  a  quadratic  equation  i 

*  T~    i  1    a    1  0«> 

or  «*— 5.733«=— 247 .782379,  whence*= 2. 8665  d:t/(— 239.56  itc.) 
which  values  are  both  impossible  or  imaginary.  -  The  equation  ther^re, 
jias  a  positive,  a  negative,  and  two  impossible  roots* 

+  J5.43  ^ 

—  11.J63 

+    2  .  8665  +  t/  (—  239 .56  &c.) 

+    2 .  8665  —  v^  (.^  239 .  56  &c.) 

10  .  0000  turn  of  roots,  equal  to  the  coeffi*- 

■       1 1   ■   ■  ^■^■— '      ' ' " 

cient  of  the  second  term  in  the  given  equation. 

4.  Letthe  proposed  equation  be  (7x'44«*)^+(«0«*—iar)"' 
=  S8  5  to  find  the  value  of  a;  ? 

By  trial  *  is  found  to  be  between  4  and  5,  therefore  let  those  numbers  be 
the  first  suppositions  t     - 


(7X4«  +  4x  4«)*  =  8 
(20  X  4»—  10  X  4)^=  16.73 

(7  X  5»  +  4X  5*)^  =  9.916 
(20  X  5«— lOX  5)' =  21 .213 

24.73 
28 

31.129 
2 

err^r  loo  Htti^     3 .  27 

3.27 
sum     6,399 

AAfi 


iiao  AtGEBRA* 

* 

4  X  5.129=5  13.516 

5  X  3.27    =  16.33 

lam  of  products 28  ^ae         28.866     ^  txt.  ^  *  ,     ^ 

^  _  -^-355  =  4.5  the  first  approximatioii. 

Next,  assuming  x  =  4  •  5  and  4.51,  and  repeat'^ng  the  operation,  vre  get 
4.511,  4.5 107,  4 .  51066  the  successive  values  of  jr^  the  last  being  a  very 
near  approximation. 

N#  B.  In  resalving  these  complex  equations,  the  student  should 
make  use  of  Ic^rithms  for  raising  powers  and  extracting  roots, 
otherwise  he  will  iind  the  operation  extremely  tedious. 

189.  Ldgariihnu  are  also  peculiarly  adapted  to  the  resolution 
of  exponential  equations.    We  shall  subjoin  a  few  examples. 

1.  Sup()ose  3   =  19683;  to  find  x? 

It  is  evident  from  Arith.  art.  187,  that  the  log.  of  3  multiplied  by  the 

exponent  x  gives  the  log,  of  19683 ; 

that  is«  X  log,  of  3  =/(?^.  of  19683, 

'     ..       /.  ■    log.  of  196^3  4.2P4091        «  ^,         ,         r        ^ 

therefore  x  =  -= —    >       »,  or  ^  ^..,.0;  =  ^  ^*>*  value  of  x :  for 
iog,ot3  0.477121 

3«  s=  19683. 
S*  To  find  X  in  the  equation  24    =:  44620  ? 

i!qr-  446-20       4.6^9530        ^    ^^o^«„  -         -tl-        1         r     x. 
•  ~  ^7  24        =  1.380211  =  ^  -368709  &c.    This  value  of  x  how^ 

ever,  is  too  great:  the  error  arises  in  consequence  of  using  logarithms  to  fl 
l^ces  of  decimals  only;  for  the  result  by  logarithms  to  10  places  will  be 
3 .  368708662  &c.  and  since  3 .  ^62^09  &:c.  is  correct  in  the  6tk.  figure,  tfte 
other  value  from  logarithms  to  10  places  will  probably  be  so  in  the  10/A. 

S.  Let  the  equation  be  jc*  =  4606o,  to  find  the  value  of  x  ? 

6«  =s  46656,  hence  *  appears  to  be  a  little  less  than  6 : 
Therefore  let  6  and  5  . 9  be  the  two  first  assumptions  for  x : 
^  ^  46656  B.9log.  0. 770852 

46060  5.9x0. 770852  =  4 .  5480268  the 

596  too ^^/  /^.  of  35325  =5. 9*-^ 

•46060 
error  10735  too  It  file, 

•urns  of  errors    11331 


ROOTS  BY  i^PP&OXIMATIOM,  Ml 

$  X  10735  =  64410 
5.9-f596sg    3516.4 
fOm  of  products     ==  67926 . 4 

And  ~~^  =  5 .  99  the  fint  approidinatc  value  of  *• 
1  j«K#  i 

Again*  kt  e,  and  5.99  bethenextfopponlioms 

5.99  fo^.  0.777427  _ 

and  5.99  x  0.777427  =  i>. 656787  &C.  ihelog.  of45W2a5.99  ' 

46060 
error      688  too  /lA!^ 

•upposition  6 ^rror      596  toQ ^grgai 

sttTO  of  errors  1284 
6  X  688  SB  4128  """""^ 

{•99  X  596  =  3570.04 

«,m    7698.04       and?^^^^^,^^^^^^^^^^,^^^^^ 

Next,  suppose  6^  and  5 .995  art  tlie  awimplioM: 

5.995  hg.  0.777789 

5.M& 

and  J». 995  X  0.777789s;: 4. 662845  Sec  the^c^.  of  46009ss5.9AS 

46060 
mw      ^1  too  /i  tf i!t 
snppo^Gon  6«  «rror    596  too^rvo^ 
turn    647 
6  X  51  3C    306  ""^ 

5.995  X  596=3573.02 
«im products  3879.02  ^I^^s.SBBiiU^i^p^ihiMon. 

647  ^ 

Again,  suppose  5.995  and  5.9954 

5.9954 /car^  0.777818 

5.999* 
f  .9954  X  0 .  777818  =  4,663330  &c*  tte^.  of  46060 .  6a=  5.9954 

46060 

error .6  Ux^  great 

supposition  5 .  995,  error. *     51.0  too  Utile 

sum    51  •  6 
51  X  5.9954  ap 305. 7654 
t6x  5.995    =      3 . 597 

sum    309.3624  309 . 3624  ^  ^   ^^^^  ^^^^ 

51 .  o 
proximatioD,  vhich  is  very  nearly  the  true  value  of  *:  for  a  tabic  of  loga- 

5.995395 
rithmf  to  1 0  places  gives  5 .  ^95395  s;  4696Q  •  1. 


189  ALGEBRA. 

190.  But  the  operation  in  this  method  of  approximation  may 
be  somewhat  abridged  in  the- following  manner : 

If  S  and  s  be  the  two  suppositions,  D  and  d  the  corresponding  errors^ 
and  x  the  number  sought : 

Then  (Art.  128,  examp.  8*) 
*  —  J :  4C  —  1 : :  Z) :  rf,  and  by  division  (90) 
f^Szx-^s'.zP-^d'.d 
OT  D-^dzdzis^-^Six  —  s  when  the  errors  are  alike. 

And 

<?:Z):j  —  «:*  —  ^,  and  by  composition  (89) 

d-^- Did  lis  —  Sis^^x,  when  the  errors  are  uplike. 

To  apply  this  in  the  bst  example,  we  have 

*=6 rf=      596  error  too ^re<7/     v       ... 

Szs5. 9......  D  =  10735  error  too  Utile      i 


*— *y=0.1         sum  11331  :=id  +  D 

As  1 1331  :  596  ::  0. 1  :  0. 005,  and  6  —  0 •  O05  ac  5 . 995  first  approx- 
imation. 

Now  let  6  and  5.995  be  the  two  suppositl  >!is ; 

6 error  536  too  fcrt/ 

5.995 aror    5ltoo/iV//^ 


diff.     0.005  sum    647 

As  647  :  51  ::  .005  :  51  X  -005         ^^^„^        j  ,.  nn^    .     «««•« 

— ~= 5=  ,00039,  and  5.995  +  .00039 

o^7 

es  5.99539  second  approximation :.  &c. 

Remark.  It  is  to  be  observed  that  the  correction  or  4M, 
term  of  the  proportion^  must  always  be  applied  to  that  assumed 
number  which  gives  the  error  that  is  made  use  of  in  finding  the 
correction:  thus  in  the  first  proportion^  ,005  is  the  correction^ 
and  596  the  error  that  is  used,  and  therefore  the  correction 
must  be  applied  to  the  supposition  6 ;  now  6  is  too  great,  con- 
sequently the  correction  is  subtractive  :  but  if  we  take  the  other 
error,  the  correction  must  be  added  to  the  other  supposition  be« 
cause  that  is  defective. 

Thus  11331  :  10735  : :  0 . 1  :  .095  the  correction,Jand  5,9  +  #095 
:;;:=  5  .  995  the  first  approximation,  as  beforct 


SUMS   0]f   RICIPROCALS.  1S3 

The  student  will  also  perceive  that  when  the  enors  are  aftie, 
their  difference  will  be  the  first  term  of  the  proportion. 

By  raising  46060  to  the  1000000th.  power,  the  equation  will  be  freed 
from  the  fiacUonal  index,  thus,  9 .995395  5=  ?^^^  therefore  «*^^^*^* 
=  46060,   and  «99ftS3»s    --.  46060"«*»«**^    or  9. 995395* ••^''**   rx 

191  •  In  particular  cases,  the  unknown  quantity  in  an 
elation  may  be  found  by  summing  a  series. 

1.  Thus,  suppose  3«  -}-  4«*  +  7x^4-  1 U^  &c.  in  infiru  =:  2,  where  it  if 
manifest  the  value  of  x  must  be  less  than  1 ;  and  by  adding  1  to  each  side 
of  the  equation^ 

,l+3jc+4*«  +  7jt»&c.=5  3:  now  1+3«-H4j^+&c.  is  a  ncufring 
series  whose  sum  =  j^^V  (ng)  ==  3,  whence  1  +  2«=3 — 3*— 3*^, 
which  quadratic  equation  gives  xs=  j.. 

2.  Again,  if  3x-f-  6x'  +  lOx^  -l- 154^,  &c.  in  infin,  =  100,  then  adding  I 
to  each  side  of  the  equation,  we  have  1  •f.3x  4*  ^*f-  lOc*  &c.  s=  101 ;  and 

the  sum  of  the  recurring  series  1  +  3«-f-6x*,  &c.  =  Y'^3x'h3x*'^x^ 

I  J  X  1       ^  - 

or  ■  =101,  therefore  z =s  1 01^,  whence  *=1 r. 

(1-x)*  ^""'  101* 

3.  Suppose  *— ;i^  +  *'— **+«»&c.  inir^.'ss.^i  then  reversing  th* 
series,  (180) 

gives  X  =  -  +  (~j   +  (3}   "♦"  (3)  ^«^  yf^v:!^  i»  a  geometrical  series, 
and  the  sum  adir^hu  rs  ^,  or  the  value  of  «. 
The  value  of  *  however,  may  be  found  without  reverting  the  series. 

4.  Let  the  equation  be  x  +  l«*-|-jx'+^&Ct  ifit^.=sl. 
By  reverting  the  series,  *  — 1—^  +  5  —  34+ i^o""  7^5 +  *^ 

5.  Suppose  the  given  equation  is  i«*  +  A«*  +  r«**  + 
rb«^  +  8w.  in  infin.  s:  85  tp  find  the  value  of  ss\ 


The  ^coeflkiemff  <x>ii0titiite  the  «cri6i 

In  order  to  investigate  a  theorem  for  the  sums  ot  sudi  serieSj 
it  iBay  be  obai^ved,  that  in  a  series  of  quantities,  thesum.ofall 
the  differences  of  the  terms  taken  in  succession,  is  always  equal 
to  the  difference  between  the  first  and  last  terms  of  the  series : 

Thus«  if  the  series  be  S9  ^S4 +20  ^17^^15 

difierences       5  +  4-|.3-^Ss=14s29  —  15. 

Ot  U  Si+  15+  9+5+2  +  0  htihepsna, 
differences      1  +  6  +  4  +  3  +  2ss22x:^^0i  andsoofotfaett. 

Now  let  1  +a+ab+a6c+akd+du:.  be  a  series  of  quantido  wMck 
continually  decrease  so  that  t&e  last  .term  becomes  indefinitely  small  or 
equal  to  o}  then  takxngthe  di£ferences  of  the  terms^  we  h^ve 

l—a  s 1— a 

tf  — a*        =s  a  (I — b) 

abe  —  abed  ss  ak(l  — </)  Sec. 
sum  of  the  differences  !--«+«  (1 —*) +fl5(l—c)+tf5c{l—iO  &C4 
s  1  — »0  sa  1  the  difierence  of  the  first  and  last  terms. 

Now  let  a,  ^  f»  &c  be  expounded  by  fractional  quantities, 

viz.  suppose  a  ss  -'  ' 


SUMS   OF   RECIPROCALS^  iS* 

Tliese  several  values  being  siibstitiited  in  the  equation 
1— a+«(l— 3)  +fl5(i— c)  +  «fe(l— rf)&c.  we  have 

V 

&c.  =  I ; 


and  dividing  the  whol^  equation  by  - — ^  gives 

»  +  P   '  5P-1-P       v+q^v  +  p      v+q      »+ r  *^""o— .jn" 

Ifq  =  2p,  r=::^p,  j  =  4p,&c.  and  o+p  =  7z,  then 

l■^^^^!g.?l4:P  ,  !g,gL+g/»+gp  .  9n    m+p    7n'h2pm'{'3p 
n       n    Ti'^p'^n    H-^^p*  n  ^'2p'^  n*  n  +  p*  n +Qp*  n-^-tip 

^^-  =  ^"^T^ r>: •  Jet />  ==  1,  then 

«  n(«+l)  «  (/*+!)  (w+2)"*"  «  («  +  1)  («  +2)  {n  +3J 
+  &c.  i>f  infin,  x=  ^^^^^,  which  is  a  general  theorem  for  summing 
a  variety  of  series  infinitely  continued  ♦. 

To  adapt  this  theorem  to  the  series  proposed,   let  n^m  +  3,  then 
dividing  the  whole  equation  by  fn(Tn+ I)  (/«  +  2),  we  get 

I  1  1 

m  (w+l)  (^^+2)  "*■  (fn+ 1)  (w+2)  (;w+0)  "^  (//j+2)  (m+3)  (m+4)  "*"  *^* 

=  m(mil)i2y  ^^^^''^  ^^^^'^  '^  =  *'  ^^^"^^  TX3  +  2X4  +  sTTTs 
+  :^  ^   g  &c.  =  ^  (Jie  sum  of  the  series  infinitely  continued* 

Hence  J**  =  8,  and  JC^  — 32,  whence  *=5  2. 

192.  Though  this  subject. of  series  is  rather  misplaced,  tve 
shall  subjoin  a  few  examples  to  show  the  use  of  the  preceding 
theorem  in  the  summation  of  particular  series. 

# 

If  «  =  m  +  4,  and  the  whole  ^uation  be  divided  by  m  (m-h  1)  ('w  +  ^ 
(m  +  3),  we  have 

m{m+i)  (m^2)  (m-h3)  "*"  (itih-'i)  C?n4-2)  (w+3)  (^4-4)  ^'^' =^ 

1 

f»(m+l)  (7n4-2)  (3/ 

*  Simpson^s  Algebra* 
VOL.11.  BB 
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where  the  law  of  continuation  for  the  sums  of  these  kind  of 
series  is  evident :  and  hence  it  appears,  that  if  the  diflference  of 
the  first  and  last  factors  in  the  denominator  of  the  first  term  be 
substituted  for  the  last  ftctor,  the  resulting  fraction  will  be  the 
sum  of  the  whole  infinite  series' : 

Thus,  in  the  expression  fer  the  sum  <^f  5  +24  +  gg  *^c*  ^® 
first  term  is  ^/  ^,w^-i-o\^  ^"^  *«  difference  of  m  an4 
m  +  S,  the  first  and  last  factors  in  the  denominator,  is  9,  which 
substituted  for  w  +  3  the  last  factor,  gives  ^/^  ■  jy'A't  ^^ 
sum  of  the  series. 

This  will  enable  us  very  readily  to  find  the  sum  of  any  givca 
number  of  terms  of  th«  series :  for  example,  to  determine  thf 

pum  of  the  20  first  t«rms  of  the  series  -  +_—-  •+-  ^  &c. 

The  Slsi.  term  13  Jpj^lS'  ^^'^''^^°'*  substituting  23—21  for  23  gives 

— . or  — :  the  sum  of  the  series  infinitely  continued  wlien  ^,  ^^  j^ 

21.22,2        924  "^  2i.22.a5 

Is  the  first  term ;  now  J  being  the  whole  sum  when  ■■■•    '  h  the  first  term, 

1         115 
we  have  i  — rm  =  77:;  the  20  first  terms. 

'  In  the  general  theorem  if  w  =  1,  then 

1  J. ^  ,     ig     .         I'g'^        »  l.l■^3.4  n^i 

ian  expression  for  the  several  orders  of  the  reciprocals  of  figurate 
fiumbers  infinitely  continutsd. 
Thus,  if  «Gc2, 

1111  3 

*+:;;+  o  +  7  +  ^  &c,  =  -,  therefore  not  summabl^. 

2        J       4f       0  U 

If  «  =  3, 

If  «S4, 
f^d  80  on  for  other  values  of  fft 


t  tsr  1 


Of  simple  interest* 

ld3.  All  the  conlpiitations  Vhich  relate  td  Simple  Interest 
may  be  wrought  arithmeticaHy  (Arith.  art.  106) ;  but  algebraic 
theorems  for  the  different  cases  will  faeilitate  the  practiee  con* 
biderably. 

Let  f  z=  the  l^ate  of  interest,  or  the  Interest  of  one  pound  fot 

one  year. 
p  =  any  principal  or  sum  bearing  interest* 
t  =  the  time  in  years, 
it  =  the  anlount  in  the  time  />  or  sum  of  the  principal 

and  interest. 

Thert  i  :r  ::  pirp.zz  iht  interest  of  the  sum  p  for  i  year* 
tod  trp  =:  the  interest  for  the  time  t  >  whence  p  4-  trp  (the  sum 
of  the  principal  and  interest)  z:  a  the  amount  in  the  time  1 1 
this  equation  gives  the  following  theorems  : 

a  —  P    t- 
r  =  — rr-  ^ne  rate* 
pi 

p  zz      .     -  the  principal. 

^-—  />    , 

t  z: il  the  time.  ^ 

pr 

c  zz  p  rh  /rp  =  (1  +  tt)p  the  amount. 
A  few  examples  will  show  the  use  of  these  ezpressiodii 
1.  What  is  the  timount  of  400/.  in  5  months  at  4  per  cefU^f 

To  find  r:  as  100/.  :  4L  it'U.  t  .04  =a  n 

therefore  r  =  .04 
p  ic  400 


-A 


5 


And  a ±:p-t-  ^  —  400  -J-  j^  X  404  X  400  ==  406/,  Us*  4rf,  the  sUiil 
tcquiredi 

B  B  f 


S8B  AI^G^BRA* 

« 

S,  What  is  the  interest  of  l  pound  for  1  day  at  5  per  cenU  ? 

100:5::  1  :  .05  =r: 
Here  then,  we  have  r  =  .05 

'  ^365" 

05 
And  a  (the  amount)  =  (1  -h^r) />=:  1  +  ^  =  1.000136986,  &c    the 

amount,  from  which  deducting  the  principal  1,  tliere  renxains  .000136986 
&c.  of  a  pound,  the  answerm 

3.  What  8l^n  i^  ready  money  is  equivalent  to  600/*  due  nine 
months  hence^  allowing  5  per  cent,  discount  ? 

In  this  case  r  =:  .05 

a  =  600.     And  /)== — — r-  =  578,313  the  answer. 

1+.05Xj5 

4.  At  what  rate  will  40qZ.  in  18  months  amount  to^  or  raise 
a  stock  of  440^.  ? 

Here  /  =  li 
p  =  400 

AAf^      K   J         440—400       40        1    ^        ,         *i      •  , 
a  =  440.    And  r  =  ---~ — --  s=  rrrssr?  %e  rate  or  the  mle^ 
400  X  li        600       15  ^ 

rest  of  1  pound  for  I  year;  whence  --  X  100  =  6^*.  percewA  the  flwjtrer, 

5.  In  what  time  will  36oZ.  raise  a  stock  of  370i.  at  4  per  cent  J 

Here  we  have  given  r  =  .04 
p  =  360 


U^e  tune  require4, 


a  =  370.    And  /  =  5^-^^  =  253^  days,  nearly 
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Of  compound  INTEREST. 

194.  THEbREMS  for  the  solution  of  the  diflFerent  cases  of 
compound  interest  may  be  derived  from  a  process  similar  to  that 
for  finding  the  amount  of  a  given  sum  in  a  given  time,  Arith. 
art.  107. 

In  these  computations  the  amount  of  1  pound  in  1  year  at 
simple  interest  is  usually  called  the  rate : 

Thus,  the  amount  of  lOOZ.  in  1  year  at  5  per  cent,  is  105i, 
then  100  :  105  : :  1  :  1.05  (the  amount  of  1  pound  in  i  year) 
is  the  rate:  and  1.04  is  the  rate  when  4  per  cetit.  is  the  in<r 
terest. 

Let  r  =:  the  rate, 

p  =  any  principal, 
t  =  the  time  in  years^ 
a  zz  the  apiount. 

To  find  the  amount  of  any  principal  sum  (p)  for  the  time  t* 

I.  I. 

As  1  :  r  : :  p  :  rp  the  amount  of  p  pounds  at  the  end  of  1 
year. 
And  1  :  r  ::  rp  :  r^p  the  amount  of  rp  pounds  at  the  end  of 

the  2d.  year. 
Also  1  :  r  : :  r^p  :  r^p  the  amount  in  thr^e  years,  &c« 

Hence  it  appears  that  r  p  will  be  the  amount  in  /  years, 

viz,  /p  =  a.    Whcace  the  following  theorems  are  readily 

pbtained : 

1 

log*  - 
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By  meabft  of  logarithms  these  expressions  sire  simple  in  theif 
tipplicatidn. 

Examples. 

1.  Whdt  is  the  coiiipound  interest  of  iOOl.  in  15  year»  a| 
5  per  cent,  f 

Here  r=i  1,05,  p  =  200,  ^  =  15: 

r=1.05 log.  0.021189 


#  =  15. 


105945 
21189 


0.317835  fe^.r' 
fits  200  log.    2.301030 

the  amount... .415 .8  sza  log.    2 .  618865  log,  rp 

p=i200 
the  interest  s=  215 . 8/.  nearly. 

d*  What  will  sol.  amount  to  in  10  year»  and  SI  i  days  kt 
4\  per  cent.  ? 

21 1 
In  this  case  r  =  1 . 045,  ^ ±: 50i  /=  10  r—. 

36d 

1.045     log.  0.019116 
365 


0.202211     log.r 
50  log.  1  .  698970     '    ' 

Ainoiint  Jiearfy  79  4  649      tog.  1.901181 

3.  What  is  the  compoutid  interest  6f  S4S/.  lOs.  forbeyhi  2^ 
years,  at  4  pet  cent,  pet  ann.  the  interest  payable  half  yearly. 

As  100  :  102 : :  1  :  1.02  (the  amount  of  1  pound  in  ^  a  year)  =:  r> 
tsz5  (iyean),  p  =  242.5. 

rssl.02 log.  0.008600 

/=5 ,..w....   5 

0.043000 
p  =  242 . 5 log.  2.384712 

amount    267.74       log.  2.427712 
242.5  " 

Interests:    15.24/.  nearly. 
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4.  What  principal  will  raise  a  stock  of  10002,  in  15  years  at 
f  per  cent. 

Sere  r=;;l.p5,  /  =15,  tf=  1000. 

r=1.05    fog,  0.021189 

15 

0.317835  hf.  r 
a^  lOOO^../^.  3.000000 

jins,  «^481.02s=p     ^.  2.683165  diff,  iog.  ^ 

r 

9.  At  what  rate  of  mterest  will  480Z.  raise  a  stock  of  864/.  8^^ 
ix^)5  years? 

Here  a  =  864.4,  |)=: 480,  /=;15. 

a^864.4....&7^.  2.936715 

p  aC?  480....... /o^.  2.681241 

It 

15)  0.255474  log.  ? 

Ill"  I 

r/Zfc  1.04'  hg.  0.017032  log.  f^Yt 

Arts*  ^percent.  nearVy. 

6.  In  what  lime  would  ijbl.  raise  a  stodi^  of  756|,  14^.  al 
4  per  cent.  9 

In  this  case  r=  1.04,  p  =  575,  /zac756.7. 
a=;756.7....  Zg^.  2.878924 
p=tt575 \og.  2.759668 

r=1.04  /cif....0.Ql7033)  0.119256  /fly. - 

7         quotient  nearly,  the  value 
of  /,  or  number  of  yean  required. 

7«  Jn  what  tipie  wopl4  a  sum  double  itself  at  5  per  cent:? 

Heie  if  p  is  the  principal,   2p  is  the  amount,  and  the  expression 

^'Px.  .  P  ^-2       0.301030_,.^ 

^«=:^^^'  =  ^'^^'=3r7===o:o2TTr9^ 

the  time  nearly. 

And  the  time  in  which  a  sum  vrould  triple  i^self^  is  found  by  dividing  th(t 
iffgi  rf  3  by  thp  log,  of  the  rafCf  &c, 
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Or  ANNUITIES. 

195.  An  Annuity,  strictly  speaking,  is  a  yearly  allowance  of 
payment ;  the  term  however,  is  usually  applied  to  any  period- 
ical income. 

When  the  annuity  is  payable  immediately,  it  is  said  to  be  in 
possession ;  but  should  its  commencement  depend  upon  a  future 
event,  or  not  become  due  till  after  a  certain  number  of  years 
have  elapsed,  it  is  then  called  an  annuity  in  reversion^ 

If  the  annuity  is  not  limited  in  respect  of  time  but  supposed 
to  continue  for  ever,  it  is  called  a  perpetuity. 

All  the  computations  relating  to  annuities  are  generally  made 
according  to  compound  interest. 

Let  r  rr  the  rate  or  the  amount  of  1  pound  in  1  year,  as  in 
compound  interest, 
p  =  any  annuity,  pension,  or  yearly  rent. 
f  =  the  time. 

a  =:  the  amount  of  the  annuity  when  it  is  forborn. 
V  =,  its  value  or  present  worth. 

To  find  the  amount  (a)  in  the  time  t : 

The  amount  of  the  sum  p  in  /  years  is  pr      (i94) 

m  / —  1  years.. pr 

m^ — 2  years.,  pr 

•    ^  *— 3 

m/ — 3  years.,  pr 

&c.  &c. 

Therefore  the  whole  amount  in  t  years  will  be 

pr -^pr        +pr        '•^pr        +,...pr      ,    or 

which  is  the  same  thing,  p  +  pr-^pr*  +  pr^+  ^•pr  ^  because 

pr       =zp,  that  is,  supposing  the  amount  includes  the  li«t 
payment,  which  bears  no  interest* 


annuities;  )93 

Now  (153)  p+pr  +  pr'^^..,.  pr  =p  X =:a,from 

r  —  1 

which  theorem,  the  following  Expressions  for  the  several  cased 

of  annuities  in  arrear  are  readily  obtained  : 

r —  1 

r  —        t 

r  —  1 

i 


"^•r-^'+o 


log.  r 

i&6.  The  present  worth  or  value  of  an  annuity  [p)  supposed 
to  continue  /  years,  is  found  in  the  following  manner : 

Since  1  pound  is  the  present  worth  of  the  sum  r  due  at  the 
end  of  1  year,  we  shall  have, 

f :  1  : :  /^ :  ^  the  present  worth  of  p  pounds  due  at  the  cncj  of 
i year  5  therefore  if  the  sum  p  becomes  due  at  the  end-  of  2  years> 
its  value  at  the  end  of  1  year  will  also  be  ^  ; 

whence  r  :  1  :  -  :  ^  is  the  present  value  of  ^  due  at  the  end 
of  1  year,  or  the  present  worth  of  p  due  at  the  end  of  2  years  : 

In  like  manner  we  have  -—  for  the  present  worth  of />  pounds 
due  at  the  end  of  3  years;  hence  the  present  worth  of  p  due  at 

the  end  of  t  years  will  be  ?^ :  consequently  -  +  ^  +  ^3  -h .  ^^ 

r  T 

(continued  to  t  terms)  the  sum  of  all  the  present  worths  of  the 

yearly  payments^  will  be  the  present  value  of  the  annuity. 
VOL.  ii«  c  c 
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Now  this  wries  ifl  a  geometrical  progression  having  ^  for  the 

first  tenuj  -  the  ratio^  and  /  the  number  of  terms ;  and  its  sum 

i  X  t-^ 
(153)  tt  =  ^j :. =  e  X  ^r^^Y^  =  t'. 

r 

In  the  ease  of  a  perpetuity,  where  /  or  the  number  of  years  are 

supposed  to  be  continued  for  ever,  the  last  term  ^  becomes  =:  o, 

r 

_P 
and  ci^nsequently  -  >c  ^  =:  0,  and  the  expression  is or 


*       =  tf  Che  present  worlh. 


1 

r 


From  At  theorem  r  =  ^  x •  we  get  the  other  three 

r 
expressions  which  follow : 


i  +  t       t 
r        — r 

r  —  1 

locr.    ^ 

log.  r 


vr       — {p'hv)r  +pziX>:  these  four 
tlieorems  relate  to  the  valuation  of  annuities. 

Examples. 

Is  If  an  annuity  of  50/.  be  forborn  7  years,  what  wiU  it 
amount  to  at  4  per  cent,  per  ann,  compound  interest  ? 

Here  p=  50,  r  =  1 .  04»  and  /  =  7 ;  and  the  expression  p  x  ^-^.  be- 
7 

I    04   —'  1 

'omes  50  x  ^^7^7 =  394 » 95/*  :=  a,  the  amount  sought 


ANNUITIES*  195 

*.  In  bow  long  time  will  50t.  annuity  raise  a  stQck  of  39^* 
at  4  per  cent,  per  ann.  compound  interest? 

In  this  case /»  =  50,  a  =  395>  and  rs  1.04, 

^^  '—  ^77  =       i^TTToS        —/fir-  i.w  -^ 

O.  M9250 


U  .  U1'Z033 


:7y0art,  the  required  time. 


S.  If  802.  annuity  forborn  9  yeafs  asnoants  to  893/.  what  is 
the  rate  of  interest  ? 

HerepssSO,  iisS93,  and/^9;  these  sobstltuted  m  the  cqaatWni 

#  '9  9 

pr  — flr=:^-wi,givc80r  —  893r =80—893,  or  r  —  IK  ie25r=s— 10.1025: 

To  ^prpximate  the  root  r  by  the  metkod  of  tris^l-aiid-error  (188 J  let 
1 .  05  and  1 .  06  be  the  first  assiimptions,  because  iipoa  trial,  its  value  ap* 
pears  to  lie  between  those  numbers : 

Then  1.05^— 11. 1625  x  1 .05  ss— 10. 1695 

—  10.1625 


.0068 


.06^—11.1625  X  1.06  =  —  10.1427 
—  10.1695 


error        .  0198 
.0068 


.0198  X  1.05  =  .020790  sum    .  0266  enors  unlike 

.0068  X  1.06  =  .007208 
sura     .027998 


.  027998       ,    ^..^  ^   ^  ... 

— no-fi"  ~  ^  •  ^^  ^^^  approximatioii. 

Next,  assuming  1.052,  and  1 .054;  and  the  2d:  approximation 'vil]  be 
1.053  which  is  very  nearly  the  true  value  of  r:  hencel.053X  100=105.3, 
and  5.3/.  or  5/.  6j,  per  eeni.  is  the  rate  required. 

4.  What  is  the  value  of  a  freehold  estate  which  renta  at  50k 
per  ann.  allowing  5  per  cent,  compound  interest  ? 

cc  2 
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If  the  yearly  rent  is  considered  as  a  perpetuiti^,  then  p = 50,  and  r  =:  1 .  05 ; 

SAd  the  expression  -3-.  becomes  =  1000/.  whicli  is  20  years 

purchase. 

5.  What  is  the  present  worth  of  \OOL  annuity  to  continue 
10  years,  allowing  5  per  cent,  per  annum  compound  interest^ 
supposing  the  payments  are  made  quarterly,  (viz.  25Z%  every 
quarter)  ? 

Here  pas 25,  /=r 40  (the  quarters  in  10  years),  and  r=  1 .0125  the 
amount  of  1  pound  in  a  quarter  of  a  year : 

r 
the  Viilue  sought. 

(J.  What  annuity  or  yearly  income,  to  continue  20  years,  may 
be  purchased  for  lOOOZ.  at  3|  per  cent.  ? 

In  this  case  r=1000,  r=:  1.035,  /  =  20,   whence,  by  substitution, 

nearly,  the  annuity  required. 

197.  To  calculate  the  present  value  of  an  annuity  in  rever^ 
fion,  let  t  denote  the  whole  time  till  it  expires  (as  before),  and 
n  the  time  before  its  commencement : 

t  n 

Then  ^  x  ^  -  ^  x  ^,  or  (by  reduction),  f{^\) 
r  r  \r      r  J 

y  jr^^  ^itt  evidently  be  the  expression  for  its  present  worths 

And  from  this  theorem  others  may  be  derived  for  solving  the 
difTerent  cases. 
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On  the  properties  op  NUMBERS- 

198.  The  sum  of  any  number  of  even  numbers  is  an  even 
number. 

199*  Therefore  an  even  number  taken  any  number  of  times 
will  make  an  even  number.  And  consequently  the  contii\ued 
product  of  any  number  of  even  numbers  will  also  be  even, 

SOO.  An  even  number  of  odd  or  of  even  numbers  will  be  even. 

201.  The  difference  of  two  even,  or  of  two  odd  numbers  will 
be  even.  f- 

202  The  difference  of  an  even  and  an  odd  number  will  be 
odd. 

203.  An  odd  number  taken  an  odd  number  of  times  will 
make  an  odd  number. 

The  last  six  articles  may  be  considered  as  axioms  rather  than  propo* 
sitions  requiring  formal  demonstration. 

204.  If  an  odd  number  measures  an  odd  number,  the  quo- 
tient will  be  odd.  This  is  evident  from  art.  903^  because  the 
product  of  the  quotient  and  divbor  is  equal  to  the  dividend. 

205.  If  an  odd;  or  an  even  number  measures  an  even  one^ 
the  quotient  will  be  even.    This  follows  from  art.  200. 

206.  An  even  number  cannot  measure  an  odd  number In 

other  words,  if  an  odd  number  be  divided  by  an  even  one,  the 
quotient  will  always  contain  a  fraction.  For  an  even  number 
taken  any  whole  number  of  times  whatever,  cannot  make  an 
odd  number. 

807.  If  one  number  measures  another,  it  will  also  measure 
Wiy  multiple  of  it. 
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Let  d  be  the  measure  or  divisor,  and  q  the  quotient ;  then  dq  win  belho 

ndq_ 
d 


dividend,  and  mdq  a  multiple  of  it ;  and  ^~-  =  my,  that  rs,  rf  measures  the 


number  dq,  and  also  its  multiple  mdq, 

208.  If  a  number  measures  two  other  numbers,  it  wilt  also 
measure  their  sum,  and  difierence* 

Let  the  measure  he  <f,  and  a  and  h  the  other  two  numbers ;  then  3  and 

a 

-  arc  whole  numbers  (by  hypothesis) ;  therefore  their  sum  — ,  and  also 

their  difference  ,  must  be  whole  numbers. 

a 

Corol,  \.  Hence,  if  a  number  rf  measures  another  numlwr  a^b,  and 
alsa  a  part  of  it  b,  it  wll  also  measure  the  remaining  part  a.  (Arith.  art,  40). 

Cornl.  2.  When  </=*,  then  tlie  number  tf  +  *  is  an  even  number  (COO) ; 
therefore,  if  a  number  {d)  measures  an  even  number  (fl+^),  it  will  also 
]<u»sure  its  half  (a  04-  b), 

209.  *Every  number  having  0  or  5  in  the  units  place,  is  divi- 
sible by  5, 

810*  All  prime  numbers  (i.e.  those  which  can  only  be  mea- 
sured by  13  are  odd,  except  the  number  2.  And  such  numbers 
have  1,  3,  7^  or  9  in  the  units  place,  2  and  5  excepted*  All 
other  numbers  are  composite  or  the  products  of  two  or  piore 
numbers, 

211.  The  least  factors  of  every  composite  number  are  its 
prime  divisors.  Thus  1,  2,  and  3  are  the  prime  divisors  of  6, 
or  12,  or  18,  &c, 

212.  The  least  common  multiple  of  two  or  more  numbers  is 
the  continued  product  of  the  highest  powers  of  their  unlike  prime 
factors. 

I^i  a^bc,  bed,  Cf/«/ he  three  numbers,  a, ,3,  c,d,/,  being  the  prime  fac- 
tors, all  liiilikc;  iheii  a'-d'^bcf  is  their  least  common  multiple: 
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^or  if  a^'^bcf  be  divided  by  either  o^  its  factors,  the  quotient  is  not 
4iivisible  by  all  the  three  numbers:  and  whatever  number  is  divisible  by 
those  numbers,  it  must  contain  «*,  d\  and  the  factors  bcf,  because  a,  rf,  h,  c, 
and  /  are  primes,  for  which  reason  no  number  can  contain  a\  rf*  and  bcf 
except  f^d^bcf  or  some  multiple  of  it,  therefore  (^dV>cf  is  the  least.  From 
tills  expression,  the  ruie  in  Arith.  art,  46,  is  immediately  obtained. 

To  give  an  exajnple  in  numbers,  let  the  least  common  multiple  of  the 
nine  digits  I,  2,  3,  4,  5,  €,  7,  S,  9,  be  required : 

The  BUinbers  when  resolved  into  their  prime  factors  will  be    . 
1,  2,  3,  2S  5,  2  X  3,  7,  2\  3», 
aud  the  continued  product  of  the  highest  powers  of  the  unlike  factors  h 
lX5x7X2*X  3*=2520  the  multiple  required. 

The  preceding  rule  i8  simple.  But  the  great  difficulty  con- 
sists in  resolving  large  numbers  into  their  component  factors  : 
nor  has  any  direct  method  been  discovered  for  that  purpose* 
When  a  number  is  composite,  one  of  the  factors  must  be  its 
square  root  or  a  less  number,  and  therefore  if  the  number  is  odd 
fto  which  it  should  be  reduced)  the  odd  numbers  less  than  its 
square  root,  are  the  most  convenient  divisors  for  resolving  it  into 
its  factors. 

1  X  2  X  3  X  .  • .  •  (^ — 1)  +  1     -11     . 
213.  The  expression  — ^ wiiJ  give 

an  integer,  or  a  fractional  quotient,  according  as  n  is  a  prime, 
or  a  composite  number  :  thus  if  n  n  7, 

^        IX  2X3X4X5  X   (7  —  1)   4  1  _721  _,, 
then = —  -=-  —  13- 

,          I  xgX3X4x5x6x(8— 1)+1  _  ^  ^ 
If  71=8,  we  have  — g —  o30y. 

But  if  n  be  a  large  number,  the  operation  of  obtaining  the 
continued  product  of  all  the  inferior  numbers  will  be  too  labo- 
rious  to  make  the  theorem  useful  in  determining  whether  the 
number  n  be  prime  or  composite.  See  VVarmg  Meditai. 
Jlgeb.  p.  218.  and  Legendre  Thearie  des  Nomb.  p.  183U 
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214.  If  «  be  put  to  denote  any  of  the  numbers  1,  2, 3, 4,  &c, 
then  6n  +  I9  and  6n —  1  will  give  a  series  containing  all  the 
prime  numbers  greater  than  3.  But  it  must  be  remarked,  that 
neither  6n  +  I  nor  6n  —  1  are  always  prime  numbers :  Thus 
if  n  =  8,  or  9,  then  6n  +  I  zz  49j  and  55,  both  composite: 
or  if  7»  =  6,  we  have  6n  —  1  =  35  a  composite  number.    Ac- 

cording  to  Fermat,  the  expression  2+1   should  always  be  a 

prime  number  if  any  term  of  the  series  1,  2,  4,  8,  16,  32,  64, 

^&c.  be  substituted  for  x :  Euler  however,  has  found  the  theorem 

32 

defective  when  x  =  32,  for  2     +  1  =  641  x  6700417* 

215.  If  the  sum  of  the  digits  of  a  number  is  divisible  by  9, 
the  number  itself  is  also  divisible  by  9« 

Let  a,  b,  c,  d,  be  the  digits  of  a  number  consistiDg  of  4  figures ;  then 
1000a  +  100^ -H  lOc-h  d  will  express  the  number : 

9)  1000<2+  100&-I-  lOc  +  d  {iila^ll^  +  c 
999a  +    99b  +    9c 
remainder         a  +       A  +     c+  d 

Hence  it  is  evident,  when  the  remainder  or  sum  of  the  digits  is  divisible 
by  9,  the  number  itself  must  be  so  too,  whatever  be  the  number  of  its 
iigures. 

On  this  property  is  founded  the  proof  of  multiplication  by  casting  away 
tlie  nines:  Arith.  art,  21. 

216.  The  difference  between  a  number  consisting  of  two 
digits,  and  the  number  formed  by  the  digits  when  in  an  inverted 
order,  is  always  9  times  the  difference  of  the  two  digits.  Art* 
128.  ex,  11« 

217-  The  sum  of  the  odd  numbers  I  +S  +  5  +  7  +  .•..  n 

is  =  n.     (139) 

2222 
Hence  the  differences  of  the  squares  l  ,2^3,4,  &c.  will 

be  3,  5,  7>  &c» 
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218.  The  sum  of  any  number  of  the  series  of  cubes  1+2 

3  3  .  • 

+  3  -4-  4  ,  &c.  taken  from  the  beginning,  is  a  square  number* 
(179,  ex.3.)      .      . 

219.  The  s^m  of  two  numbers  differing  by  1,  is  equal  to  the 
difference  of  their  squares. 

Let  n  and  n+  \   Ije  the  inimbers :    then  2n+  I  xi  their  sum :   dUd 
(>H.l)*^„a  =  2«+l. 

220.  The  powers  of  prime  numbers  are  prime  to  all  numbers 
except  their  roots  or  powers  of  the  roots.    This  is  evident  from 
art.  $12. 

22  !•  If  a  audi  be  wTiole  numbers,  then 7-  and w* 

are  both  integers  when  n  is  an  odd  number :  and  — -rjr-  and 

a—b" 

— — y  both  integers  if  n  is  an  even  one.     (54). 

222.  If  twice  a  number  Is  the  sum  of  two  squares^  the  num* 
ber  itself  is  the  sum  of  two  squares. 

For  suppose  n  to  be  tlie  number,  and  let.2n 2=a* +c*;  then  inz:zSa'^'^'Sc^i 

and  n  =r ■: = .  H ' — 7 • 

4  4  4 

223.  The  product  of  the  sum  of  two  squares  by  the  sura  of 
two  squares,  is  also  the  sum  of  two  squares. 

for  (fl»  +  b^)  X  (c*  +  rf*)  =  {db  +acy+  (ad^  bc)\ 

224.  The  product  of  the  sum  of  four  squares  by  the  sum  of 
four  squares,  is  the  sum  of  four  squares.  This  theorem  has 
been  demonstrated  by  Euler  and  Lagrange. 

*224.  Neither  the  sum  nor  difference  of  two  cub«  number»  k 
ft  cube. 

vol..  XI,  P  x> 
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995.  If  n  be  any  prime  number^  and  N  any  number  not 

It 1 

divisible  by  «,  then  N        —  1  is  divisible  by  n. 

226.  If  47?  -|-  1  be  a  prime  number,  it  is  the  sum  of  two 
squares.  And  when  8n  +  1  is  a  prime  number,  it  is  the  sum 
of  two>  and  also  of  three  squares. 

227.  Every  prime  number  is  the  sum  of  four  squares. 

228.  Every  number  is  the  sum  of  four,  or  of  a  less  number 
of  squares. 

Euler,  Lagrange,  and  others  Iiave  investigated  these  latter  properties ; 
the  demoiistratioDs  however^  are  too  long  to  be  admitted  in  thit 
place. 

229.  A  perfect  numler  is  equal  to  the  sum  of  all  its  aliquot 
parts. 

Thus  6  is  a  perfect  number,  its  aliquot  parts  being  I,  2,  and 
3,  whose  sum  1  +  2  -f  d  =;  6.  And  28  is  also  a  perfect  num- 
ber, for  28  =  1  -H  2  -h  4  H-  7  -+- 14  the  aliquot  parts  of  28.  In 
the  last  proposition  of  Euclid*s  ijth.  book  it  is  proved,  that  when 
the  sum  of  the  geometrical  scries  1+2 4-4  +  8+ 16-+-  &c. 
is  a  prime  number,  the  said  sum  multiplied  by  the  last  term  of 
the  series  will  be  a  perfect  number.     If  therefore,  n  is  put  to 

n  n  — «  f 

denote  the  number  of  terms,  2  —  1  will  be  the  sum,  and  2 

»  n  —  1 

the  last  term  ;  consequently  (2   —  1)  ,2  is  a  perfect  num- 

ber  when  2—1  is  prime.   Thus,  if  ??  =  5,  then  (2—1)2       = 
31  X  16  z:  496  the  third  perfect  number. 

230.  Amicahte  numbers,  are  pairs  of  numbers  having  this 
property,  that  each  is  equal  to  the  sum  of  all  the  aliquot  parts 
of  the  other : 

Thus  220  and  284  are  amicable  numbers;  for  the  sum  of 
},  2,  4,  5,  10,  11,  20,  22,  44,  55,  lio  which  are  the  aliqvat 
parts  ot  220,  is  zz  284  ;  and  1,  2,  4,  71>  142,  the  aliquot  part* 
of  284,  when  added  together^  make  220 :  those  two  xuunbers 
are  the  least  of  the  kind. 


ADDITIONAL   EXAMPLES.  S03 

Tlie  two  next  amicable  numbers  are  6232  and  6368  according 
to  Euler,  who  has  treated  the  subject  at  very  considerable  length, 
and  given  a  table  containing  61  pair  of  these  numbers,  in  a 
miscellaneous  tract  published  in  1750.  In  this  we  are  informed 
that  Stifelius  was  the  first  who  took  notice  of  such  numbers. 

Many  curious  investigations  relative  to  the  properties  of  num* 
bers  arc  to  be  found  in  Legendre  Essai  sur  la  TlUorie  des, 
Nombres. 


231.   A    Collection   of    Exercises   in  the  several 
Rules  o/*  Algebra,  beginning  tuith  Multiplication. 

1.  (*— fl)  X  (Jc  +  fl)  =  «*— fl*. 

2.  (5x— .7)  X  (7*  — 5)  =  35je-~74x-*-35. 

3.  (— fl— -A—  1)  .  (a—  1)  ss.  A— .^— fl*-H  1. 

4.  (3fl»  — 26)  .  (4fl4-3^>)  =  12fl»+9fl**— 8flJ  — 6^. 

5.  («*+l?fl*+A*).(tf4-*)=fl'+3a»A  +  3fl6»  +  K 

7.  {x^  +  *^  +  «y»  +y) .  (x—y)  =  x^-^y^. 

10.  (f«3— i«»*-Hi/rJ).(3a3  — 2A»)  =  fa^6— VV*^'^*— !«*^+-A«*'*- 
I.  (Sa'i— '2aA«+4flV)  •  (Sa'^  —  tf^^  +  3«^c*)  =2 JO«*A*— Sa^A^  +  gSa*^ 

+  2fl»^  —  lOfl^^c*  +  laa^c*. 

Division. 

Quotients. 

1.  *  +  0  «*— c*  (*— ^• 

2.  ««— 16)  **— 8x*— 124a»— 64  (a4  +  8«*+4. 

3.  4fl«H-5fl*  +  ^*)  8fl*— 2a5^— 13fl»A»— 3fl^  (2««— 3fl3. 

4.  a«  +  ^+c')  tf*  +  2a'A*  +  M— c*  (fl»+**— c** 

5.  |««— ^**)  ffl'-ZT^^+K*— A*^  (?«+!*. 

6.  a—*)  rtJ— «^— 1  («*  +  «*+ «*  +  ^^- 

2v* 

7.  6—^)  i*^3^  (i'+^V+V+y^— ^* 
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^-  ^ 5a^^4^'^4-3^^^3^ ^ =  4a»^5^S  +  2^-. 

:fi^^ 

Thfl  divisors  are  under'the  dividends  in  the  three  last  examples, 

Fractions  reduced  to  their  lowest  terms. 

1           Jc*-^4jyM-4y*  _      1 

■  A»  —  6jc*5^  +  J 2*y*  —  sy*' * '•jf— 'j/ 

""  x*  +  2bx+6^ " ^    x-^h' 

jnr3ST^ "*  b—a  • 

'  «'— aH' — /«f*-4-jc' * ~*    a — x' 


5. 


fl53  +  2a^^J»  +  2aP+^ "~  a»A +  fl6*-h/5»3' 

5^3— 18a*A+llflA*— 64» ^5a'— 3<?^-*-26«* 


Improper  fractions  reduced  to  whole  or  mixt  quantities. 
^-  ^       gj^;  '• ^  »T— j*y    ^>^  • 

^    j:«--2j:  +  2  ,   .       I 

2.   ~ , =z=JC^lH -. 

jr — 1  ^  X — 1 

3.  i-^ •. 5=14-*  +  *' 

4.  ^-^-^^l^;^^.^'^^''-.. =  l~3.H-3.«^,^ 

5.  1*-Wt^  +  J^' =  Jx-^^. 

^  «  — *  -     •'  ,       -^      ^     -^  tf— y 
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^ixt  quantities  brought  to  improper  fractions* 

*•  ^+*+r=4 =-;irr- 

.2.  a^b^  4- «2l=£i±£L 

^-  ^   '  -^57+7- -  3j+r 

4.  i-^:«  +  '^:=i^ ^if!id5t±3f=ir. 


5.    «'+a^j/  +  *y*H-3^  + 


>*^^  —     *♦ 


«.  !+*+««+*'+**+ i^ =7i:j- 

«7— .a*  1 


7.     i+x— jj^  — ;c4  4-jt«  + 


1 — «+**  1— *jf-tar 


Fractions  reduced  to  common  denominators. 


^      X     X         .  X  6x     ^         .  3m 

^-     2'    I'    ^^^^  i  =  12'    Ts'  ^^  12- 

«      2     «         J  z  20z      15a      12k         •  lO* 

^-  y  i'  y  ^°^  5 ="5^'  "60*   60'  •^'^  ^- 

^-    5'  "S'  *"^  c —  ==^'  S;*  ^"^3^^ 

*.    T.    -.  and  -T =-r>    JX'  and  ;X 


S*    ac'  3 ""fl^    fl^'  *^    flic' 

&c         ,  cd  «**•     b^         ,  erf 


«•    -TTT'  1=1:3'  *°^  i =    *»-.3*'  i?Il3?  ^^iCSr- 


Addition  of  fractions. 


1. 


fi      2«  ,   3n  ,  4«  _  163n 


r+3+T  +  T 


2^  3  ^  4  ^  3  60 


2.    i«+i2  +  i2  +  i* -*^ *=^f** 

«      22  ,  72   ,  2g4'l  «-'ii«-l-X 

3*    "3^  +  7  + "IT' '"" F=^iai*Ty» 


% 
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a^  +  az                                                              Sa* 
*•      ^ '    ^  *r  ^  ** ••••• • •••••  *=" • 


6.  a-.'A^.c  .       , ^^ ^ 

7.  7^+-^4-4i*  +  — J— +  ~ =l*|*-l-i2- 

ft     !!r^_,_ — g—^  .  jg— 14-a  {5tf— 34— 5)2— 12*— 10a 

«  5         ■  3  152 

9.      W+g         2  — g  _  (n  +  2)  (c->2)  +  (>l— 2)  (2— tf), 

«  — 2        C  — » («  — 2)   (C  —  Z) 

Subtraction  effractions^ 

jf— 7      7  — a?  7jp  — 49 

8     "^"T"  =       24      • 

jf~7       7— Jg  _49  — 7< 

'     — 8  ■*'  — 6   "•      24     • 

-        2         «  (« —  m)2 

m      n  mn 

s?       V'      ^y —    io^* 

e.  t±*-l±* ^  (fl+^)(2^;t) 

*  «  ""  42 

r    (a+4(a-c)-^-p^_-^ «««+c«. 

Multiplication  of  fractions. 

.abed  a 

*•    5  ^  c  ^  5 ^/ =/ 
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3.  'Lti^'Lziy  '  .  -  **-3'* 

^    a  +  b  ^  «  +  * -  F+^ 

4.     ilZ±x—  -4*«-4«. 

^*»  /\        rt      ••••    ••♦•••••»••■•••••••••••••••••••     «ii»  X*     """™  ^i^w« 

5.  (3^-6.)xjr— J— -jy.... =;n:2i 

42      ^  1— «  —  42— 4x«* 

'•  r»^  *  ^  c -  TS^- 

a        b        e  abc 

^^  g*         ^    g* _^       2<» 

ii{c— *)«      if(c-*)* «i(c— Q"""*"* 

DU;isi4fn  of  fractions. 

Divlscm.          Dividends.  Quotients. 

a  tf  he 

'•  "i  ^. •.•... —2* 

*•  *"  a  +  * •'  ""wCa  +  A)* 

^•6  6      —     5«   • 

^      ^-^^^f^       W                 ^  —  ^                   _    (fl  — c)  (j?— 1) 
ac— 2v  i^ — 8y*  4«'+4*y+4y» 

(c— rf)                    (c— <0  (e— «0  ' 

,0  4l2  *I =^=1. 

«  3^ 


§68  ALGEBRA.  ^ 

Radians  resolved  into  Infinite  Series* 

1.        Ist^ =rl+2«  +  2*«  +  2«»+&c. 

1  —""  X 

az  z*      z^      ^       m 

'•      io37 ='To"*"Ior>+Io>"*"To*  +  **^* 

4, ^ — : =  l+a^a^^a^+tfi-^ai^tfi  &c. 

c*  ,        2*.    3*»      ^*'       o 

^      (T+T^ =^-7+7^"7T+^^- 

e.        J^*   =l+3;:  +  5x»+7*^+&c. 

fl*  +  *'  1  a!  2jc«      2«4       2af 


Simple^  Equations. 

1.  Given  ^-4-4  =^  +  12— y;  r<?quired«?,.  -rfw.*=2  13--^. 

2x  167 

2.  Givett  2+ j«— f2+ j=72*;   req.  «? ^rt*,2S~. 

20 

3.  Given  •*  +  ^00  +  *)==  -7TY^^;req.«?  ^«J.*=3}. 

2rt* 

5.  Given  «»  +  «'=  jjq;:;^;  rcq.«? ^w.*=v/(— ^). 

6.  Given  f +  *=?  +  f ;  req.  *? ^«.,=  ^1^. 

7.  Given  ^ZT^+^^^II^'  ^"^^  "^•'^^"'*  =  3a'4-.6-^c+6cf 

8.  Given  aj'+fi.=  i;  j         ,^   ^;„.,=^+^. 

S.     Given    5*-3y  =  24      .  ^eq.xandj^? ^«5.«  =  9,^  =  7. 

4=m     5  '"'»•'""**' -''"•*=te:::^- 


10.     Given  «  +  ^=«  )  „„  ,,„j.,, j„, bm—dn 
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J  req.  xand^?....  Ans.M^zr 1* 

Cd'-d 

12.      Given  fl:«4.^::*—y:^)  .cH-a^ 

X — ab 


13.     Given  *  +  y  +  —  =  20 


X 


r«-f.^«+^^^=:140 


rcq.  y? ^w.^^ssej 


r*-*-|5'— -42  =  42    ^  Afis.x^eQ 

i^  +  jy—^x=i26  V  req.  jc,y,  andz?  .,  5^  =  54 

1*  +  !*  — iy  =  47   3  »  =  24 


Involution. 

1 .  What  is  the  square  of  ax  +  *jc  ?  Ans.  (a  «  -#-  2jA  +  *  ')«  *. 

2.  What  is  the  square  of  4*  —  -?  -<^nj.  -ijca_*j.?!. 

3.  Required  the  cube  of  1  — -^jc*?  -rfwj.  I  —  l^x*  +  jx^— |a«. 

4.  What  is  the  4M.  power  of -+-5^?  ^w/*+4L*+ ^^^*  +  6. 

or  <^3^-<+y4ji:— •+4jc*y-«-h4>**-«+6, 

5.  What  is  tiie  square  of  jT"  +y -"  ?     Am,  jt»"  +  2y  -" x"  +y -*•. 

2*"        1 
or  a«"4----+  --.fc 

Evolution  (7r  rt<?  Extraction  of  Roots. 

1«    What  is  the  S(iuare  root  of  r»  —  4*^  +  6* *— •  4x  4- 1  ? 

Ans.  *•— £?3CH-1. 

2.  .  Required  the  square  root  of  4z^H-  122^^+  i3z-^^^6zy^-hy*i 

Ans,  2s^^3zy+y\ 

3.  Wliat  is  the  square  root  of  Jx* — i«y — ^xz  +  ^^y* — 5« -+- Jit»? 

Ans.  i*  +  iy— 12. 

4.  What  is  the  square  root  of  «*  +  jc*? 

5.  What  is  the  8:|[uare  ro6t  of  **  +  «»? 
JOU  II.  S  K 
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6.  Required  the  cube  root  of— //y/i^z^?  Atis.^^a*z. 

7.  What  is  the  cube  root  of  a«  +  6«s  — 40x^r*-96x— 64? 

Arts.  *»  +  2x— 4. 

8.  What  is  the  cube  root  of  ^ -h  J*^  —  |a*  +  ^-^xy+  Jjcy*  -hy  — 

9.  Bequiied  the  cube  root  of  a' — 6  ? 

^ft.r.  a  —  ""^  —  T~7  —  _,  -  —  ■ . _  , ,  occ. 
3ii*      9fl5       81fl"      243a" 


10.  What  is  the  5lh.  root  of  a*— *»  ? 

1 1.  What  is  the  square  root  of  iz  4*  ^  •' 


SUROS* 


1.  Heduce  7^  to  the  form  of  the  square  root?        Ans,  |/56|-. 

2.  Reduce  J^a  to  the  form  of  the  cube  root?        Am.  \^j^^}^. 

3.  Reduce  (a  4*  ^)  (^ — ^)  ^<^  ^^^^  ^^"^  C)!"  the  square  root  r 

4«    Reduce  4^  and  5^  to  equivalent  quantities  having  a  common  index  ? 

•  r  f 

Afis,  256""  and  125"*^. 

5.  Reduce  d^  and  b^  to  equivalent  quantities  having  a  common  index  ? 

Afis,  (flO^andC^O^. 
I  I 

6.  Let  3^  and  5^  be  reduced  to  equivalent  quantities  having  the  com- 

mon index  ^?  Ans,  (siv*^  and  25^. 

7.  Reduce  U^  and  ^^  to  equivalent  quantities  having  the  common  in- 

dex i?  Ans.  G^)^  and  G^)^. 

Multiplication  of  Surds. 

1.  What  is  the  continued  product  of  t/4,  4/5,  and  |/7  ?      Ans,  140^. 

2.  Required  the  product  of  ^a^  and  y/b^}  Ans.  ah^ah, 

3.  What  is  the  product   ax^  y,  bx^  %  cx^ }  Ans.  abcx^, 

4.  Required  the  product  5  x  4^  X  U*  ^w,  10  x  ^^. 
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5.  What  is  the  product  |  ^/|  x  f  Vtts  ^  -''"•  A  t/^^' 

6.  What  is  the  product  (a»^3)^X  (fl'^0^?        -4fii.  fl*. 

7.  Required  the  product  (•a  +  V^O  (y'fl— t/ft)?  ^«J*  «— *• 
«.     Required  the  product  y/  (2fl»*  —  8ax  -♦-  8*)  X  t^2«  ? 

9.    What  is  the  product  *»  x  -^  -^«*'  —  or  *      ^. 

10.  Required,  the  product  (4  +  2t/2)  X  (2  — t/SJ?        -^«*-  4. 

11.  Required  the  product*^  X  (*  — ft)*?  ^w.  (*(«—.*) 0*- 

Division  of  Surds. 


1.  Divide  fl"  by  a  > 

1  I 

2.  Divide  x'  by  jt''  ? 

3.  Divide  a^  by  ^*  ? 

4.  Divide  Jt/TTT^yf^T? 

5.  Divide  fx  (D^byfx   g)^ 

6.  Divide  2«— «fe— ft  +  rft/ft  by  a—  V*? 

7.  Divide  4/20+ v' 12  by  t/S  — i/3? 

«.    Divide  (a -Hz)"  by  («  +  «)  '? 
9.     Divide  8— 5i/2  by  3  —  2^/2  ? 

Sttrcf5  reduced  to  their  simplest  termsp 

1 .  Reduce  y^  1 2 1  ft  ^  to  its  most  simple  terms  ?       ^ns,  1 1  ft  ^ x 

2«  Reduce  875^  to  its  simplest  terms  ?  ^nx.  5  x  7* 

3.  Reduce  (--J     to  its  moet  simple  terms ?         .^ns.  ^  x  18^. 

4.  Reduce  (24  — fl*zO^  to  its  most  simple  tenns?     ^nj*  2(2— 11*) 


Quotient  a  **  . 

(M- 

jt. 

Quo/. 

iif- 

Quo/. 

iV3. 

Quo/. 

?^X3T. 

Quo/. 

z  +  ^b—d. 

Quo/. 

8  +  2^l5. 

Quo/.  (fl+»)   -«  . 

Qt^ot. 

4  +  1/2. 

3 

5.  R^educe    .    .     to  more  simple  terms?        Ans^  V^'{'  V^* 

6.  Let  '  \r       ,ri    be  reduced  to  its  most  simple  terms? 

^«*.  8  4. 2  •IS. 
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Addition  and  Sul traction  of  Surds, 

X  i  X 

1.  What  is  the  sum  oT  500^  and  108'  ?  jins,  8  x  4^ 

X  X 

2. of  27*  and  147*?  Am.  \Oy/Z. 

3 * of  2  ^fl^  and  3  |/ 64^x4?       Ans.  (:d^2Ax^)^b 

4 of  9^243  and  10 v'So.!?         Am.  J91  v^3. 

5*     of  ^27a**  and  y^Ja**?  Am,  (3a*+fl)  1/3*. 

6.     of5*and5^?  Ans,  (3*  +  I)^^ 

T.     What  18  the  difference  of  ^448  and  |/ II ; ?      Am.  A^l. 

8 of  ^80^4*  and  ^20^2x3?  ^ 

-^//i\  ( I  rt*  c/5  2aJi )  V^  5jr, 

9 of  8  (fl'^)^  and  G'•A)^' 

^to.  (8a'/jfl*)  A^. 

10.    ^KD'^"^©'-       ^'^^.  AXI8*,     . 

Towers^  and  Roots  of  Surds » 

1.  What  18  the  square  of  fl**"?  -^^/j.  fl'jc*". 

X  a 

2.  Required  tlie  cube  of  4^*^  ?  Am.  ^x\ 

3.  Wha^  is  the  ^th.  power  of  (a  +  *V*  ?  Am    (a  -+•  6\^, 

4.  What  is  the  square  of  5  —  <i/  5  ?  Am,  30  — 10-^5. 

5.  What  is  the  cube  of  32 — Q^x} 

Am.  2^z^^54z^\/^x-^36zx  —  Sx\^x. 

S.    Let  be  raised  to  the  7/ Ih.  power?  Am.   ~a**. 

Ax  O 

1.    Required  the  4th.  power  of  -  -/a?  Am.  — . 

m 

8»    What  is  the  nth.  root  of  a"}  Am.  a". 

r  Mr 

9.    Required  the  -  root  of  x'?  Am.  «"*. 

10.    What  is  the  square  root  of  9*—  6a  |/x+  a*?        /f;M.  3  |/jt — «. 
1 L     What  is  the  square  root  of  1  J.  —  g?--/^  ?  Am.  J—  2  ^ J. 

12.  Required  the  square  lOot  of  12  —  v^  1  iO  ?  Am.  \^1  —  ^5, 

13.  What  is  the  —nth.  root  of  (;?  +y)      .?  ^nj  (x 4-^)  ". 
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Questions  producing  Simple  Equations. 

1.  The  difference  of  two  numbers  being  i,  and  the  difference 
of  their  squares  9,  then  what  are  the  numbers  ? 

jins.  3i  and  3J. 

2.  The  whole  number  of  troops  in  two  companies  are  1 80, 
and  the  number  in  one  troop  to  the  number  in  the  other  as 
8  to  7.    What  is  the  strength  of  each  ?     Ans,  96,  and  84  men. 

3.  What  two  fractions  are  those  whose  sum  is  1,  and  the 
greater  divided  by  the  less  gives  the  quotient  20  ? 

Ans.  4f  and  Vr- 

4.  A  General  having  detached  400  men  to  take  possession  of 
a  strong  post,  and  ^  of  the  remainder  of  his  troops  to  watch 
the  motions  of  the  enemy,  finds  that  he  has  only  -fy-  of  his 
army  lelt ;  what  was  his  whole  force  ?  Atis.  850  men, 

5.  Three  battalions  of  unequal  force  are  in  column  of  march; 
the  extent  of  the  first  battalion  is  210  paces,  the  extent  of  the 
second  is  equal  to  that  of  the  first  and  ^  of  the  third  together, 
and  the  extent  of  the  third  is  equal  to  that  of  the  first  and  half 
the  second ;  what  is  the  length  of  the  column  ? 

Ans,  1302  *paces, 

6.  A  company  of  foot  are  1 165  of  their  own  paces  a  head  of 
a  troop  of  horse ;  now  if  the  foot  take  5  paces  to  every  4  of  the 
horse,  but  3  paces  of  a  horse  are  equal  in  extent  to  4  paces  of 
the  foot ;  how  many  paces  will  the  horse  have  marched  before 
they  overtake  the  foot?  Ans.  139&O. 

7I  If  a  person  buys  a  certain  number  of  eggs  at  2  for  a  penny, 
and  the  like  number  at  3  a  penny,  and  by  seUirg  the  whole  to- 
gether at  5  for  2  pence,  loses  1  penny;  what  was  the  number 
bought?  A?is,  30. 

8.  If  the  agents  A  and  B  acting  separately,  produce  a  like 
effect  a  in  the  times  b  and  c^  respectively^  and  A^  B^  and  C 
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together  produce  the  same  effect  (a)  in  the  time  d;  in  what  time 

would  C  alone  produce  the  effect  m  ? 

.  bcdm  ^ 

*  abc  —  adc  —  adb* 

Q.  A  labourer  agreed  to  serve  10  weeks  upon  these  conditions, 
that  for  every  day  he  worked  he  was  to  receive  9s.  4d,  hut  to 
forfeit  7d,  for  every  day  he  absented  himself;  now  at  the  end 
of  the  tirtie  he  had  to  receive  4l,  \9$.  2i.  What  number  of 
days  did  he  work  7  jins.  46. 

10,  The  weight  of  a  cubic  foot  of  copper  is  9000  J 

of  tin  7320    >   ounces* 

of  gun  metal  8784    7 
Those  numbers  also  denote  the  specific  gravities  of  the  metals: 
hence  the  quantity  of  copper  and  of  tin  in  the  mixture  which 
is  gun  metal,  is  required  ? 
jins.  7842y  ounces  of  copper, 

941y  ounces  of  tin ;  or  8^/^.  of  copper  to  1  of  ^i7i,  nearly. 

1 1  •  Suppose  the  weight  of  a  brass  1 2  pounder  is  1 8  hundred 
weight,  and  that  of  another  brass  12  pounder  exactly  of  the 
same  dimensions  is  16  hundredweight;  now  if  the  former  is 
gun  metal  whose  specific  gravity  is  8784,  it  is  required  to  find 

the  weight  of  copper  and  also  of  tin  in  the  latter  piece  ? 

02. 
j4?is.    9600  copper 
19072  tin. 

12.  Suppose  25  battalions  of  troops  have  to  march  through 
4  roads  or  defiles^ 

VIZ. 

ABsz  1  mile,  in  this  the  length  of  a  battalion  on  the 
inarch  is  243  paces  of  ^i/eet  each,  and  the  rate 
of  marching  65  paces  per  minute. 

CDs=  1^  miles,  in  this  a  battalion  extends  210  paces, 
and  the  rate  of  marching  is  50  paces  per  minute. 

GH=  1  i  miles,  here  a  battalion  is  204  paces  in  length,  and  the  rate  of 
marching  60  paces  per  minate. 
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LN  =  2  miles.  In  this  the  extent  of  a  battalion  is  232  paces,  and  the 
rate  of  marching  80  paces  per  minute. 

Now  how  should  the  25  battalions  be  divided  that  the  whole 
march  through  the  4  roads  may  be  made  in  the  least  time,  sup- 
posing  the  4  divisions  begin  the  march  together  at  A,  C,  G, 
and  L,  respectively  ?  Ans.  10  battal.  through  AB, 

4  through  CD. 

5  through  GH. 

6  through  LN. 

13.  To  divide  a  given  number  n  into  two  such  parts  that  the 
^HfTerence  of  their  squares  shall  be  equal  to  a  given  number  d  ? 

Ans,  the  two  parts  are ,  and 


2n    '  Qn 

14.  A  body  of  1905  troops  consists  of  three  battalions  ;  now 
^  the  first  battalion  is  to  ^  of  the  second^  as  7  to  5 ;  and  |  of 
the  second  battalion  is  to  i  of  the  third  as  9  to  10.  Required 
the  strength  of  each  battalion  ?  Ans.  630^675^600  men. 

15.  A  waterman  finds  that  he  can  row  5  miles  with  the  tide 
in  I  of  an  hour^  and  that  it  takes  him  1^  hours  to  row  the  same 
distance  back  against  the  tide  when  it  is  but  i  as  strong;  hence 
the  velocity  of  the  strongest  tide  is  required  ? 

Ans,  2f  miles  per  hour. 

16.  A  Garrison  had  provisions  sufficient  for  30  months,  but 
at  the  end  of  4  months  the  number  of  troops  were  doubled,  and 
3  months  after  that  it  was  reinforced  with  400  men  more,  by 
which  means  the  provisions  lasted  but  1 5  months  in  the  whole. 
Required  the  strength  of  the  garrison  before  any  augmentation 
took  place  ?  Ans.  800  men. 

17.  The  weight  of  a  cubic  foot  of  rain  water  is  1000  ounces 
avoirdupois,  and  that  of  a  cubic  foot  of  sea  water  1031  ounces; 
now  how  much  of  each  must  be  taken  that  a  cubic  foot  ot  the 
mixture  shall  weigh  1008  ounces?  Oz. 

Ans.  741  xl  rain  water. 
^^Q  Vx  sea  water. 
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18.  Suppose  three  uigots  of  metal  composed  of  gold,  silver, 
and  copper,  each  weighing  1 6  ounces  ;  the  first  contains  7  ounces 
of  gold,  8  of  silver,  and  l  of  copper ;  the  second  ft  ounces  of 
gold,  7  of  silver,  and  4  of  copper ;  and  the  third  2  ounces  of 
gold,  9  of  silver,  and  .5  of  copper ;  now  what  quiuitity  of  each 
ingot  must  he  taken  to  make  another  mixture  ot  16  ounces  that 
shall  contain  4|^  ounces  of  gold,  7^^^  of  silver,  and  3^  of 
copper  ?  ^ns,  4  ounces  of  the  first  ingot,  9  of  the 

second,  and  3  of  the  third. 

19.  If  1 1520  be  divided  into  3  parts  such,  that  the  sum  of  the 
first  and  second  is  to  the  sum  of  the  second  and  third  as  7  is  to  9; ' 
and  the  difference  of  the  first  and  second  is  to  the  sum  of  the 
first  and.  third,  as  1  to  8,  the  three  results  will  be  the  number 
of  cartridges  for  three  companies  of  foot,  respectively,  40  rounds 
to  each  man.     Hence  the  strength  of  each  company  is  required  ? 

^ns.  72,  96,  and  120,  men. 

20.  The  number  of  men  in  three  companies  of  foot  are  such, 
that  the  first  company  with  i  the  other  two,  the  second  with  ^ 
of  the  other  two,  and  the  third  with  ^  of  the  other  two,  are  the 
same,  each  being  1 1 9  men.  Hence  the  respective  numbers  are 
required  ?  ^ns.  35  njen  in  the  first  company. 

77  in  the  second. 

91  in  the  third. 

21.  A  man  dying,  his  wife  being  with  child,  ordered  by  will, 
that  if  the  child  proved  a  daughter,  then  his  wife  should  have 
3"  and  the  child  -y  of  his  estate;  but  if  it  was  a  son,  then  he 
should  have  y  and  the  mother  -j  thereof;  now  it  happened  that 
the  mother  was  delivered  of  a  son  and  a  daughter ;  how  must 
the  estate,  which  was  6300/.  be  divided  to  answer  the  father's 
intention  ?  Z. 

jins.     900  the  daughter's  share. 
1 800  the  mother's. 
3600  the  soA*s. 


ADDITIONAL   EXAMPLES.  217 

22.  Suppose  4  footmen  were  to  start  together  to  travel  the 
same  way  round  an  island  which  is  124  tniles  in  circumference, 
and  that  the  first  went  11  mi?es  per  day,  the  second  15,  the 
third  19,  and  the  fourth  23  :  when  would  they  come  together 
again?  Ans.  in  31  days. 

23.  Several  detachments  of  Artillery  divided  a  certain  num- 
ber of  cannon  shot  in  the  following  manner  : 

The  first  detachment  took  72  and  f  of  the  remainder. 

The  second  took  144  and  ^  of  the  remainder. 

The  third  took  216  and  ^  of  those  that  were  It  ft. 

The  fourth  took  268  and  -^  of  those  left ;  and  so  on. 
Kow  at  last  it  was  found  that  the  shot  had  been  equally  divided. 
Hence  the  whole  number  of  balls,  and  the  number  of  detach- 
ments are  required  ?  Ans.  No.  of  shot  4608. 

Detachments      8. 

Quadratic  Equations* 

1.  Given  a;*  —  *— 400=  1700;  to  find  jr. 

Am.  *=(2100j)    +J. 

2.  Given  Da*  H-  6ji;  —  27  =  228 ;  to  find  x.  Am.  x  =  5. 

I   /  \^       1 

3.  Given  tfx*  +  jr=^;  requiredx.  Ant.  *=~  f  4a*+ 1 V— — . 

4*    Given  x  —  y'jcss  A ;  required  jc.         Am.  *  =  V.a  ±  (* + i)* y  • 

n  " 

5.  Given  ax    ^■^bx^^czs-^d;  to  find  «. 

Am.  x=  fA:fc(lf£z:l^±LVV^ 
\2a       ^  4a*  ^  J 

6.  Given  *+  V(5x+  10)  =  8;  required  *.  Am.  *=:3. 
•7.    Given  *  —  *"J^  =:  4 

y  — ^^J^asl;  requixedAandy.  Am^  gsa2  or  5. 


x+i 


y:szS  or  ^. 


8»    Given  x^  =  125x  -f-  300y 

y *—«*= 90000 ;  required  X  and  y. 

Am»  X  =z  400,  y = 500. 

VOL.  II.  r  V 
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Questions  prodiulng  Quadratic  E',^ cation 


s. 


1.  To  find  a  number  such,  that  if  you  subtract  it  from  30, 
and  multiply  the  remainder  by  the  number  itself,  the  product 
shall  be  209?  Ans.  11  or  19- 

2.  The  difiercnce  of  two  numbers  is  .5,  and  tho  difference  of 
their  cubes  is  1685;  what  are  those  numbers  ? 

Jiis,  8  and  13. 

3.  When  969  men  were  drawn  \vp  in  two  square  columns 
(f.  e.  the  number  of  ranks  equal  to  the  number  of  men  in  front) 
it  was  found  that  one  column  consisted  of  18  ranks  more  than 
the  other  :  hence  the  strength  of  each  column  is  required  ? 

Ans,  841,  and  121  men, 

4.  To  find  two  numbers  whose  product  shall  be  equal  to  the 
difference  of  their  squares,  and  the  sum  of  thtir  squares  equal  to 
the  difference  of  their  cubes  ?  , 

jins,  \  v/5,  and  -  -   - — . 
4 

5.  Two  partners  A  and  B  gained  140/.  by  trado;  A's  money 
was  3  months  in  trade,  and  liis  gain  was  60/.  less  than  his 
stock;  and  B's  money,  which  was  50/.  more  than  A's,  was  in 
trade  5  months ;  what  was  A's  stock  ?  Ans^  lOOZ. 

6.  A  and  B  take,  in  trade,  5940Z.  per  nvnum  each,  but  A, 
whose  profits  are  2  per  cent,  greater  than  those  of  B,  clears 
100/.  per  anmim  more  than  B.  What  are  the  profits  of  each, 
per  cent,  and  what  do  they  clear  per  a?i?!vm  P 

Ans.  A  gains  \0  per  cent,  and  clears  540/.  per  ann, 
B  gains  8  per  cent,  and  clears  44o2.  per  ann. 

7.  What  two  numbers  are  those  whose  difference  multiplied 
by  the  difference  of  thejr  isquares  will  produce  576;  and  whose 
sum  mnltiplied  by  the  sum  of  their  squares  is  2336  ? 

Ans.  11  andS, 
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8.  What  nuipber  is  that  which  being  muhtplied  by  the  sum 
of  its  two  digits,  the  product  shall  be  1012,  and  if  63  be  sub- 
tracted from  the  number^  its  digits  will  be  inverted? 

Alts.  92. 

9.  When  732  men  were  drawn  up  in  column,  the  number  in 
front  and  the  number  of  ranks  together  made  73.  How  many 
were  the  rank  ?  jins.  61  or  19. 

10.  Two  detachments  of  foot  are  ordered  to  a  station  distant 
39  miles,  they  begin  iheir  march  at  the  same  time,  but  one 
party  by  travelling  i  of  a  mile  an  hour  more  than  the  other,  ar- 
rives 1  hour  sQoner  :  hence  the  rates  of  marching  are  required  ? 

Ans.  3i,  and  3  miles  per  hour. 

11 .  To  find  two  numbers  whose  product  shall  be  330,  and 
the  diflferenee  of  their  cubes  to  the  cube  of  their  diflerence,  as 
61  is  to  1  ?  jins.  20  and  16. 

12.  Given  the  sum  of  three  numbers  in  harmonic  proportion 
=  191,  and  the  product  of  the  first  and  third  =  403S;  to  find 
the  numbers  ?  Ans.  72,  63,  56. 

13.  Given  the  sura  of  3  numbers  in  geometrical  progression 
=  91,  and  the  sum  of  their  squares  =:  4459;  what  are  the 
numbers  ?  Jtns.  7,  21,  63. 

14.  If  the  sum  of  two  numbers  is  11,  and  the  sum  of  their 
5th.  powers  17831 ;  what  arc  the  numbers?  jias.  4  and  7* 

Indeterminate  Problems. 

1.  To  find  the  least  whole  number  which  being  divided  by  17 
shall  leave  a  remainder  of  7^  but  when  divided  by  26  the  jc- 
mainder  shall  be  13?  Ans.  143. 

2.  Required  the  least  possible  integer  that  being  divided  by 
28,  ly,  and  15,  the  respective  remamders  shall  be  I9,  15, 
and  11  ?  Ans.  7691. 

r  F  2 
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3.  When  a  company  of  foot  was  dravvii  up  in  column  with 
11  men  in  front,  it  was  found  that  5  men  were  wanting  to  form 
complete  ranks;  but  when  they  were  drawn  up  with  7  men  in 
front,  only  1  was  required;  what  was  the  strength  of  the  com- 
pany, supposing  the  number  less  than  100  ?  Ans.  83  men.  ^ 

4.  To  find  the  year  when  the  Roman  Indlction  was  4,  the 
Golden  Number  2,  and  Cycle  of  the  Sun  12  ?       Ans,  in  1711- 

5.  A  regiment  of  foot  (less  than  1000)  when  put  in  column 
with  13  men  in  front,  wanted  9  men  to  complete  the  last  rank  ; 
when  15  were  in  front  then  14  men  were  wanting;  but  with 
17  in  front  ihc  ranks  were  copiplete :  what  was  the  strength  of 
tbc  regimeiH  ?  jlns.  poi  w^cw. 

6.  How  mai>y  different  ways  is  it  possible  to  pay  20Z.  without 
any  other  coin  than  half  guineas  and  half  crouns  P      Ans.  7- 

7.  If  17jj  +  19y  +  21x  =  400;  how  mapy  positive  integral 
values  are  there  of  x^  y,  and  z  ?  Ans,  10  of  each, 

8.  To  find  two  whole  numbers  having  77  for  the  difference  of 
their  squares  ?  Ans.  2  and  9t  or  38  and  39« 

g»  To  find  that  number  which  being  any  how  divided  into 
two  unequal  pans,  the  greater  part  added  to  the  square  of  the 
less,  shall  be  equal  to  the  less  part  added  to  the  j^quare  of  the 
greater?  Avs.  l. 

10.  To  find  the  two  least  whole  numbers  whose  difference, 
the  difference  of  their  squares,  and  the  difference  of  their  cubes, 
arc  all  square  numbers  ?  Ans.  6  and  10. 

11.  To  find  a  square  number  to  which  if  you  add  7,  or  sub- 
tract 7>  the  sum,  and  difference,  shall  also  be  square  numbers  ? 

Ans,  7-Hi4*.. 
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12.  To  divide  10  into  4  such  parts,  that  the  sum  of  every 
three  shall  be  a  square  ?  ^ns.  6,  1,  If ff.  and  ^^^f . 

13.  To  divide  i  into  4  parts  such,  that  either  part  when 
added  to  the  cube  of  -^  phall  be  a  square  ? 

Arithmetical  Progressions. 

1.  If  the  first  term  s.  ^,  number  of  terms  =  20,  and  the  sum 
of  all  the  terms  =  100 ;   what  is  the  common  difference  ? 

2.  A  detachment  of  foot  have  to  occupy  a  post  distant  1 59 
miles ;  the  first  day  they  march  16  miles,  the  second  day  }5i, 
the  third  day  15,  and  so  on,  lessening  each  day's  march  i  a 
mile :  in  what  time  will  the  journey  be  performed  ? 

•  Ans»  12  days, 

3.  A  detachment  marched  IQS  miles  in  16  days,  and  the  first 
day  they  travelled  18  miles;  now  supposing  each  day's  march 
was  diminished  by  the  same  distance,  how  far  did  they  travel  the 
last  day  ?  jijis.  6f  miles. 

4.  If  the  first  term  of  a  progression  is  —  0,  common  difference 
z:  l-y,  and  sum  of  all  the  terms  rz  1170 ;  what  is  the  number 
of  terms  ?  •  ^ns.  40. 

5.  A  party  of  foot  begin  their  march  at  6  in  the  morning, 
and  travel  3^  miles  an  hour ;  3  hours  after  a  troop  ot  horse 
follow  them  from  the  same  place,  and  march  3i  miles  the  first 
hour,  4  miles  the  next,  4^  the  third,  &c.  increasing  their  march 
i  a  mile  every  hour  ;  in  what  time  will  they  overtake  the  foot? 

u4ns,  7  hours. 

6.  Given  the  sum  of  the  squares  of  the  two  means  =:  346, 
and  the  sum  of  the  squares  of  the  two  extremes  zr  410 ;  to  de- 
Ermine  the  four  number^.  ^ns,  7>  1I>  15, 19, 
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7.  If  a  complete  9<]uare  pile  of  cannon  balls  contains  just 
7:^  times  the  number  in  the  bottom  layer ;  then  how  many  are 
there  in  the  pile  ?  u4ns.  2870. 

8.  The  cannon  shot  of  a  complete  triangular  pile  when  placed 
in  rows  that  touched  one  another  on  the  ground,  formed  an 
exact  square. '  What  was  the  whole  number  of  balls,  the  num- 
ber being  greater  than  4  ? 

Geometrical  Progressions. 

1.  What  is  the  sum  of  the  first  1 1  terms  of  the  series,  g,  4^^, 
2i,  1t>  &c.  yins.  ISHH. 

2.  What  is  the  13/A.  term  of  the  progression  21,  7^  2j,  f, 
&c.  jiTJS.  ttYttt^ 

3.  Required   the  sum  of  the  progression  «,   -,  -i,  —3,  &c. 

infinitely  continued,  r  being  greater  than  1  ? 

Ans. • 


4.  If  the  first  term  =  6,  the  ratio  =  \^  and  sum  of  the  pro* 
gression  zz  12  ?  what  is  the  number  of  terms  ? 

5.  There  are  4  numbers  in  geometrical  progression,  and  the 
sum  of  the  two  least  zi  20,  and  that  of  the  two  greatest  rz  45  ; 
what  are  the  numbers  ?  Ans.  8,  12,  1 8,  27. 

6.  To  find  4  numbers  in  arithmetical  progression  which  being 
increased  by  4,  7,  48,  and  294,  respectively,  the  sums  shall  be 
in  geometrical  progression  ?  Ans.  7i  29,  51,  73. 

7.  From  a  vessel  containing  10  gallons  of  brandy,  l  gallon 
was  drawn  out,  and  a  gallon  of  water  poured  into  the  vessel ;  a 
gallon  of  the  mixture  was  then  drawn  out,  and  another  gallon 
of  water  poured  in ;  now  the  like  process  being  repeated  10 
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times,  it  is  required  to  find  how  much  brandy  remained  in 
the  vessel,  supposing  the  two  fluids  were  thoroughly  mixed 
cveiy  time  ?  ^ns.  3  i^^^n^^nArVW  g«^- 

8.  The  sum  of  three  numbers  in  geometrical  progression  is 
SI,  and  their  continued  product  9261 ;  what  are  the  numbers? 

Ans.  7,  21,  63. 

9.  If  the  first  term  of  a  series  be  90,  the  last  term  2,  and  the 
number  of  terms  20 ;  what  is  the  ratio  ? 

Jjts.  •8184438,  nearly. 

10.  Suppose  the  first  term  is  1,  the  last  0,  and  the  sum  of 

3  •  J        ^ 

the  series  -^— —  ;  what  is  the  ratio  ?  -^^^^  a' 

3 — X  ^ 

Permutations,  Combinations,  &c. 

1.  How  many  changes  or  variations  can  lake  place  in  the 
letters  of  the  word  change  P  Ans.  720. 

2.  Suppose  7  men  stand  in  a  rank ;  how  many  times  can 
their  order  be  varied  ?  ^^^*  ^^lO. 

3.  If  a  company  consisting  of  30  men  are  drawn  up  in  column, 
with  how  many  different  fronts  can  that  be  done,  when  5  men 
are  always  in  front  ?  ^ns.  142506. 

4.  How  many  different  hands  can  be  held  at  the  game  of 
^j^jg^p  Ans.  635013559600. 

5.  How  many  variations  may  be  made  of  the  letters  in  the 
word  Bacchanalia  ?  ^^^-  831600. 

6.  How  many  different  numbers  can  be  made  out  of  an  unit, 
S  twos,  S  threes,  4  fours,  and  five  fives,  taken  5  at  a  time  ? 

Ans.  2111. 
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7.  How  many  different  numbers  can  be  made  with  the  same 
figures  as  in  the  last  example,  supposing  all  the  1 5  figures  10  be 
in  every  number  ?  Jtns.  37837800. 

8.  Let  there  be  5  ranks  of  men,  and  suppose  the  first  rank 
consists  of  7  men,  the  second  of  10,  the  third  of  12,  the  fourth 
of  14,  and  the  fifth  of  15  ;  now  how  many  ways  can  5  men  be 
chosen  from  the  ra^ks,  one  man  being  taken  from  each  rank 
every  time?  ^iw.  176400. 

9.  How  many  words,  significant  and  insignificant,  can  be 
made  out  of  the  24  letters  ? 

Am.   1391724288887232999423128493402200. 

Recurring^  and  ^ther  Series. — Differential  Method. 


3  9        27    *    8f 

1 .  What  is  the  sum  of  the  infinite  series  *:  —  tt  -I-  ^  —  ,;7t  +  &c- 

4  lo       64       2(JO 

Am.  -. 

2.  Required  the  sum  of  the  series  1+  3*+  6**+  10x3+  15*4  +  gfc. 
infinitely  continued? 

3.  What  is  the  sum  of  the  infinite  series  1  +  4x  4- Ox '  +  1  6jk^  +  &c.  ? 

.  1  +  * 


4.     What  is  the  sum  of  the  infinite  series ;  +  — , —  -:  +  &c»? 

'»  12*  /I"*  v»«      • 


Am    — - — . 


5.  Required  the  sum  of  the  infinite  series  -  +  -+--+--4.  Sec. 

3       9       2  T       8 1 

Am,  J* 
4 

6.  What  is  the  sum  of  the  first  10  terms  of  the  series  1  4-  -  +?  +  — 

_j_  ^    «,^  ^        «    4915 

^il  '  •  ^   19683 
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7.    Required  ihe  sum  of  the8criegl4-  r  +  ;Jr+  Jx  +  ^-^-dcckiir^. 

I.  Required thesumof Ihe iofinitettries  |  + 14+ ^  *^4#l  *«• 

^nj.  3. 

9.  What  is  the  sum  of  .    ,^  ■.    4 ! j I &C.  iofioitely 

continued?  '  ^,^,    JL, 

10,  llequired  the  sum  of  the  infinite  series  ^  +  r^  +  ;r^+  t^  &c 

aft  2.<^  •^•Y  V.O 

Arts,   1. 

I I.  Required  the  sum  of  20  terms  of  the  series  of  products  1.2. 3+3 .4.5 
+  5 . 6 . 7  +  &c.  ji^,  3553«0. 

12.  Tf  the  top  row  of  a  complete  oblong  pile  of  cannon  shot  consists  of  10 
baHs,  and  the  number  of  courses  are  11;  then  how  many  shot  are  in  the 
V^^^  Ans,  1100. 

13.  The  sides  of  the  top  course  of  a  broken  rectangular  pile  of  shot  are 
12  and  7,  and  the  number  of  courses  9 ;  required  the  number  in  the  pile? 

Ans.  1728. 

14.  What  is  the  SOih.  term  of  the  series  1,  6, 21, 56,  126, 252,  &c.f 

Ans.  42504. 


Reversion  of  Series. 

U    To  revert  the  series  ay  +  ^  ' + <y  +  </^  +fy^.  Sec  =  x.    (180) 

Ans   v  =  *— —    ,  (2^'— gp  J^      (5^  — 5g^4-a^«» 

+  .^^  "^  &<5. 

fl*V*      ahf^       a4i/*         a^yS 

2.  To  revert  the  «erie8  4iy  +  --^  +  -g^j  +  jj~  + 

.  XX*        X»        *♦         «5  - 

WfW.    V  =  -  •— r-  +  ;r-   —  t~  +  —  — &C. 

*^      a      da      3a      4a~5a 

8  13 

3.  Toreverl  the  series  y  — 2^*  +  - jr'  —  ^y*-!- Iters «. 


^«5.  j^=:«-.2«*+^«»  +  f  *4  Ice. 


3^3 
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4.  I*t the«rie.  J.  +^,  +^  +  Jgj  +  &c.  =«,  be  ,««ted. 

x'  «s  *'    ■       . 

t  71 

5,  To  reweftthescncsy^-f.Ay4  4.^*T^.  j^ii  4.  &<;.  =  *. 
CtJBic«  a«i  higher  Equations. 

1.    If  2a* — 24««  +  56x=:37S;  what  is  the  value  of  j:?        Jns.  x  =  9. 
S.    -Let  4P»4-  9JCSS 1430 ;  required  the  value  of «?  -^^•.  Jf  =  1 1. 

3.  Civenj:»  +  21*«— J9Gjf  =  41t6;  tofind*? 

^'/j,  xi=  14,  — .  14,  —  21,  the  three  roots. 

4.  Given  «»4.74*—434:  =  30l ;  to  find  jr? 

jifis,  *  = — 7,  |/43,  — t/ 43,  the  three  loots. 

5.  SuppoK*'— 17l«9lJc*4- 7905. 6jc=r71256;  required  thevalucof«? 

.^tffts.  jrss  1 1 .862,  60 .  i06,  99 .342,  the  three  roots,  nearly. 

6.  The  sum  of  4  numben  in  geometrical  progrestioa  being  140,  and 
their  continued  product  =  109395-^^ ;  what  are  the  numbers  i 

Arts.  3i,  lOi,  3li,  944. 

7.  The  sum  of  3  numbers  in  harmonic  proportion  is  191,  and  their  con- 
tinued product  254016.    Required  Ihe  numben. 

Ans.  12,  63,  and  56. 
••    Given  the  sum  of  three  numbers  =  32,  the  sum  of  their  squares 
s=  350,  and  the  sum  of  their  cubes  =  3926.    What  are  the  numbers  ? 

Am,  9,  10,  and  13. 

9.  A  company  of  foot  can  be  drawn  up  in  column  with  34220  different 
fironts  having  always  3  men  in  front :  what  is  its  strength  ? 

Arts,  €0  men, 

10.  The  number  of  cannon  shot  in  a  complete  triangular  pile  is  9139 ; 
then  how  many  are  in  the  bottom  coune?  Am,  703. 

]  I.  The  number  of  cannon  shot  in  a  complete  square  pile  or  pyramid 
escceeds  the  number  in  a  complete  triangular  one  by  2300  when  the  sides  of 
the  two  bases  are  equal :  how  many  balls  are  in  each  pile  ? 

Am,  4900  and  2600.  ' 

x       dc'      «'      «4 

12,    If  * i  +  -,  — :3  +  &c.  in  infin.  zsnn\  what  is  the  value  of  *} 

a      a^      a'      ff^ 


a      a^      a 

Am,  x  = 


1— m' 
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13.  Suppose  l4-3«  +  6»»+10«^  +  15Jc^-4-&c.fhfi2/&».  =  lO;recpniod 
the  value  •fx^ 

Am*  XZZ.I J-.     » 

14.  If  the  sum  of  the  series  of  biquadrates  i*  +  2^  4-  3^  +4^ + &c.  be 
equal  to  6367  times  the  number  of  tenns ;  what  is  the  sum  of  the  Sesies  ? 

Arts.  89211. 
J 5.     IfA4— ,6 1 1977*^ +  .755695* »— ^76366*  =.2Si062S5.   Rcqmfcd 
the  value  of  x }  Ans.  x  =  .791207. 

16.  Supposed     +3    =4785156:  what  is  the  vaiueolx? 

Ams.  T. 

17.  If  2  —  2     =  12 ;  required  the  valoe  of  a? 

^ir.  2.33985  mBrnhf. 

1  %.    Given  1  +  2* *  +  3**  +  4Jt*  +  &c.  (in  injtn.)  =3f* 

and  2x^y. 
Required  the  values  of  «  and  y  ? 

Atts.  x=s^f. 

19.  Suppose  i*  +  ^«"+^*^+355;^+5^*'+^^-0«^>->=^ 

what  is  the  vakie  of  « ? 

Ans,  ^^l-i^  +  ^-siS+^^iSo"**"- 

20.  Given  «<  +^=  100^0,  and  X5— -y  =  25000;  Xxt  ftinl  jttndjr? 

^/.\$.  a=r8. 87017,  aDdjfsnT.SSSSS  xesri^. 

Interest^  a»d  Annuities. 

J .  A  sum  of  money  put  out  at  simple  interest  amoonts  to 
S97i.  125,  in  8  months  ;  and  the  amount  of  the  same  sum  in 
13  months  is  306/.  Required  that  sum :  also  the  rate  of  in- 
terest? Ans.  288/.  the  sum. 

b  per  €tnU  the  inlereBt. 

S.  Two  notes^  one  of  120?.  payaUe  in  6  mouths,  and  the 
other  of  130i.  payable  in  9  months,  were  discoontcd  for  Bl.  lOf. 
what  was  the  rate  of  interest  ? 

Ans*  SL  15.  loidm  per  cent,  nearly 

G  O  S 
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3.  There  is  3S02.  due  to  me  at  this  titn^,  and  96/.  more  will 
be  due  at  the  end  of  5  years  (both  from  the  same  person^ ;  now 
wt  make  an  agreement  that  the  whole  shall  he  discharged 
at  one  pajrment,  at  the  time  when  the  interest  of  tht  320Z.  be- 
domes  equal  to  the  discount  of  the  96/.  Hence  the  time  of 
payment  is  required :  the  calculation  being  made  at  5  per  cent. 
per  ann.  simple  interest  ?  Ans.  at  the  end  of  1  year. 

4.  At  what  rate  of  compound  interest  will  48  iZ.  raise  a  stock 
of  lOOOZ.  in  Id  years  ?  Ans.  5  per  cent. 

5.  What  is  the  amount  of  fil7Z.  forborn  2^  years  at  5  per 
cent,  per  annum  compound  interest^  supposing  the  interest 
payable  quarterly}  Ans.  S4l/.  13^.  A^d. 

6.  If  356Z.  be  payable  at  the  end  of  7  years,  what  is  it  worth 
in  ready  money,  discompting  after  the  rate  of  7  per  cent,  per 
ann.  compound  interest  ?  Ans.  221/.  145.  nearly. 

7*  The  compound  interest  of  a  cert^n  sum  of  money  amount- 
ed to  344.81/.  in  4  years ;  but  the  simple  interest  of  the  same 
sum,  at  the  same  rate  in  4  years,  would  have  been  only  320/. 
Hence  the  principal,  and  the  rate  of  interest  are  required  ? 

Ans.  1600/.  the  principal. 
5  per  cent,  the  rate. 

8.  What  is  the  present  worth  of  an  annuity  or  rent  of  50/, 
per  ann.  payable  yearly  for  21  years,  reckoning  compound  in- 
terest at  the  rate  of  6  per  cent,  per  annum. 

Ans.  568/.  4i.  id.  nearly. 

9.  For  how  long  time  will  600/.  purchase  an  annuity  of  100/. 
»t  4  per  cent,  compound  interest  ?  Ans.  7  years. 

10.  To  detennine  at  what  rate  of  interest  an  annuity  of  50/, 
tp  continue  \o  years,  may  be  purchased  for  400/. 

Ans*  4.2775/.  per  cent,  nearly. 
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«  11.  Suppose  an  annuity  of  \75L  is  to  commence  Q  years 
hence,  and  then  continue  1 1  years :  to  find  the  present  valucj 
allowing  6  per  cent,  per  ann.  compound  interest. 

Alls.  816/.  185.  gd.  nearly. 

12.  A  young  man  sinks  lOOoZ.  in  purchasing  an  income  of 
100/.  per  arm.  to  continue  till  he  is  6a  years  of  age  ;  now  if  he 
be  S4  years  old  when  the  purchase  money  is  paid,  at  what  age 
will  he  begin  to  receive  the  annuity,  allowing  5  per  cent,  per 
ann.  compound  interest  ?  Ans.  32.127  years,  nearly. 


APPLICATION  OF  ALGEBRA  to  GEOMETRY.     WttH 
the  Solutions  by  GEOMETRICAL  CONSTRUCTION, 

232.  In  the  preceding  Articles  we  have  considered  Algebra 
-as  independent  of  Geometry^  and  demonstrated  its  operations 
from  its  own  principles.  We  shall  now  explain  the  use  of  Al- 
gebra in  resolving.  Geometrical  Problems  which  depend  on  the 
properties  of  right  lines  and  the  circle.*  The  student,  should 
therefore  be  master  of  the  geonietry  in  the  first  volume  before 
he  enters  on  this  part. 

Though  the  algebraic  method  is  concise^  and  admirably 
adapted  to  the  discovery  of  general  properties  and  theorems^  yet 
constructions  purely  geometrical  claim  the  preference  in  point  of 
elegance  and  perspicuity ;  this  however,  is  to  be  understood  of 
plane  problems  only,  or  such  that  may  be  resolved  by  a  simple, 
or  a  quadratic  equation.  When  the  equation  rises  to  a  cubicy 
the  problem  is  called  a  solid  one,  and  the  actual  description  of 
those  lines  by  which  the  construction  is  eflfected  in  that  case^ 
becomes  a  matter  of  some  difficulty. 

Different  problems  will  requine  different  methods  of  solution ; 
and  consequently  it  would  not  be  easy  to  frame  precepts  for 
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general  reference.  The  student  must  therefore  acquire  his 
knowledge  and  dexterity  in  this  branch  from  examples,  and  his 
own  practice. 

233.     We  shall  begin  with 

The  construction  of  the  three  forms  of  adfecled  Quadratic 
Equations : 


VIZ. 


jf'  +  ax  =  f  c. 
x^  —  ax  —  be. 
ax  —  *'  =  he. 


Construction  of  the  first  and  second  forms. 
With  a  radius  equal  to  -ya  let  a  circle  be  de- 
scribed, its  centre  being  O.  In  this  circle  dra^r 
a  chord  AB  =:h  —  c  [h  being  supposed  greater 
than  c)  and  produce  AB  till  BP  zi  c;  and  from 
P  draw  PC  through  the  center  O.  Then  will 
X  =  DP  in  ih^  first  form ;  and  x  =  CP  in  the 
second.   • 


For  AB  zi  i— c,  and  BP  =  c,  therefore  AP  =:  *— <:  4-  c  =:  f . 
And  since  the  radius  of  the  circle  is  =  \a,  the  diameter  DC  zz  a. 

Now  (DP  +  DC)  X  DP  =  AP  X  BP,  [Geom.  98) 
that  is     (x-^a)  y.  X  :=:l  X  Cyor  **-i-  ax  zz  Ic,  the  first  form. 
And  in  the  second  form  (PC  — DC)  x  PC  =  AP  x  BP, 
or  (;c  —  a)  X  *  =  i  X  c,  that  is  **  —  ax  iz  be. 

If  the  rectangle  tc  =  nS  or  n  is  taken  a  geometrical  mean 
between  b  and  c,  then  the  distance  of  the  point  P  from  the 
circle  is  found  by  drawing  a  tangent  (RP)  n  n  from  any  point 
(R)  in  the  circumference:  for  AP  X  BP  =  PR*  {Geom.  gg) 
zz  bc-zzn^.  This  latter  method  of  construction  (by  means  of 
the  tangent)  may  be  adopted  when  f  —  c  is  greater  than  a  the 
diameter  of  the  circle : 


TO    GEOMETRY. 


«l 


Method  ofcakukitioti.  Draw  the  radius  OA,  and  on  AP  let  fall  the  pci^ 
pendicular  01  which  will  bisect  the  chord  AB  [Geom,  65). 

Then  OP=OA»— AP(Gcow.  83);  and  OP«=OI*-hIP*,  or  0P«= 
AO*--AP+IP«;  therefore  OP=  t/ (AO'— AP  +  IP*),  and  conse- 
quenUy  DP  or  xt=  t/(AO^— AI»-hlP*)  — OD  in  the  first  form:  and  PC 
•r  *  =  t/(AO*— .Ai«  +  IP«)  -i-OC  in  the  second. 

Suppose  **+9x=:8  X  4t  yhe  first  form). 

Then  AO=ia=r4i^,  AI=:^=^=  IJ,  IP=6i,  OD  orOC  =  4}:  and 

«  =  t/pOj— 3^V+39^)— 4i  =  7t  — 4i  =  3  =  DP;and7i+4i=:l2 
^  PC,  the  values  of  jr  in  the  two  first  forms. 


Construction  of  the  third  form.  Let  a  circle 
whose  diameter  is  a  be  described  as  in  the  pre- 
ceding forms;  and  take  the  chord  AB  =  i  +  c ; 
make  AP  rr  Ij  and  PB  =:  c,  and  through  P  draw  A^ 
the  diameter  DC.  Then  PD,  and  PC  will  be 
the  two  roots  or  values  of  x. 


For  (DC  —  PD)  X  PD  =  AP  >c  PB,  (Geom.  97) 
that  is  (a  —  x)  X  X  zzl  X  c^  or  ax  —  Af'  rr  Ic,  {x  being  =  PD). 

And  (DC  — PC)  >c  PC  =  AP  X  PB, 
that  is  [a — x]  X  x,  or  ax — x^zz  Icj  {x  being  denoted  by  PC). 

When  i  +  c  is  greater  than  the  diameter  a,  take  n*  z:  ic, 
or  let  ax — a;*  z:  «',  then  AP  and  PB  will  be  equal,  and 
AB  zi  2n. 

Method  of  ccdadation.  From  the  centre  O  let  fall  the  perpendicular  01 
upon  AB,  and  join  OA. 

,  Then  OP  =  AO«—AI«  (Gftwi.  83)  =:ia«— (^j*: 
And  IP=AP-AI  =  6-*-±£=*-=:5; 

therefore  OP*  =  OI*+IP«  =  ifl^—(^)V(^)*=i«*'^^; 

and  OY^ViW-^^)'*  whence  PD,  and  PC  the  two  values  of  ;r  are 
OD— OP,  andOC+OP,  ori^— t/Ct^— &;);  andfa+i^(y— *c)* 


I 
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Let  I4*-.i*=8x3  be  the  equation.    Then  «=  I4  =  DC,  &=8=A^,  j 

€=i3  =s PB ;  and  PD  and  PC  will  be  2,  and  12  the  values  ol  x. 

The  same  conclusions  result  from  compleli/ig  the  squ:ire :  thus,  taking 
Uie  third  form  «t — **  =:  Ac,  or  x'  — * «x  = — be,  whence  x^ — a«  +  Jo* ^ 
iifi^bc,  andj=ifld:|/(Jtf*— 3c). 

From  the  preceding  constructions  it  appears^  that  when  a 
geometrical  problem  can  be  solved  by  an  equation  not  exceeding 
a  quadratic^  it  also  admits  of  a  construction  by  means  6f  right 
lines  and  the  circle.  ^ 

234.  The  area  [a)  of  a  right  angled  triangle^  and  the 
bj/poienuse  (h)  being  given^  tojind  the  other  two  sides* 

Suppose  AB  is  .the  hypotenuse,  and  CP  the  perpendicular 
let  fall  from  the  right  angle  ACB  upon  the  h3rpotenu8e. 

2/2 

Since  AB  (or  h)  x  CP  =  3a  {Mensur.  257)  we  get  -^  =CP 
the  perpendicular. 

Now  let  one  of  the  segments  AP  or  PB  D   Z 
be  denoted  by  x,  then  the  other  will  be 
h-^x.    And  because  CP  is  a  mean  pro- 
portional between  the  segments  AP^  PB^ 

(Geom.'164)  we  have  {h—x)x  —  -j^^  or  *»— A;c  =  — -rr; 

which  equation  gives  ;r  =  -JA  +  -/  f  ^A*.^-^!,  the  two  seg- 

ments  AP  and  PB.    Whence  the  sides  AC^  BC  will  be  found 
by  Geom.  83* 

Suppose  the   hypotenuse  AB=:  13 s=A»   and  the  areas 39 sa:  then 
z^±V  (4**—^)=  ^»  ± •(42i— 36) =9  and4  thctwo segments.  Now 

CFbeiDgs^=s6,  vefaave  ACss|^<81  4-3^»aiidBCss4/(l6^S6> 


4a*  ,       .  4a* 
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If  the  perpendicular  -r-  =  t^,  the  expression  ^\\V —  ^y 

isc=  «y  and  x  =  iA.  or  the  poini  P  coincides  vitib  Jfce  center  of 
the  circle :  therefore  should  the  given  area  exceed  ^h^  .the  pECb» 
blem  is  impossible. 

Oibenvise  thus: 

Suppose  O  is  the  middle  of  AB ;  and  put  x  =  OP,  half  the 
difference  of  the  aegmenJ^  AP,  Pfi;  tbw  4i«+-i?f  and  ^i—  « 
will  denote  the  two  segments ;  whence  {Gewn.  I64j,  {^h  +  *) 

X[\h—x)-^[^  qp«)^  which  gives  x^  zz.ih?  —  ^,  m^ 

^iry'AA"  —  ~j  =0?,  which  added  to,  and  subtracted 
from  ih,  give  the  two  segmenU  AP  and  PB,  as  before. 

Geometrically. 

On  the  given*  hypotenuse  AB  describe  a  semicircle ;  also  on 
the  same  line  AB  let  a  rectangle  ZB  be  made  equal  to  twice  the 
area  of  the  triangle  {Geom.  179) :  from  C  draw  CA,  CB;  and 
ACB  is  the  triangle.  For  the  triangle  ACB  is  =  i  the  paral- 
lelogram  ZB  (Geom.  82.  corol.  2),  and  the  angle  ACB  a  ri^ht 
one  (Geom.  72.) 

Method  ofcakuUUion.  Draw  the  radiiis  OC ;  then  the  perpeodicular  CP 
being  found  as  before;  wc  have  ^(OC— CP»)  =  OP  {Geom.  83),  pr  ha^ 
the  ditTerence  of  the  segments  AP  and  PB:  which  is  the  same  expression  as 
that  found  by  the  last  of  the  preceding  methods. 

In  this  construction,  the  vertex  (c)  of  the  triangle  is  deter- 
mined by  the  intersection  of  two  loci.  Thus  the  circular  arc 
ACB  is  called  the  locu$  or  place  of  the  angle  ACB,  because  two 
lines  drawn  from  A  and  B  to  meet  any  where  in  the  arc  ACB 
wU  form  the  auie  an^e  {G^om.  70}.  Therefore  when  the  baae^ 
and  verucal  ai^e^f  a  triangle  aiei^veii,  the  Ukus  of  the  vertes 
is  the  arc  of  a  circle.    But  when  the  base  an4  area  are  given, 
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the  locus  of  the  vertex  is  a  right  line  parallel  to  the  base.  Thus 
all  triangles  standing  on  the  base  AB^  and.  having  equal  areas, 
will  have  their  vertices  in  the  indefinite  line  DG :  Ge&m^  Sf. 
caroL  9. 

935.  In  a  right-angled  triangle  ACB»  let  there  be  given 
ihe  hypotenuse  AB,  and  the  sum  of  the  other  sides  AC+BC; 
to  determine  those  sides. 

Suppose  AB  =  A,  AC  +  BC  z=  tf,  and  BC  =:  jr. 
Then*— xrrAC,  and  (j  — jirf  +  ;r"  =  fc» 
{Geom,  83)  or  s*  —  Qsx  +  2*"  =  h* ;  which 

equation  solved  gives  xzzis  +  |/f J; 

and  these  two  values  of  jt  are  BC  and  AC.         X 

If  s*  is  greater  than  Qhf,  the  problem  is  impossible. 

Suppose  AB  =  15  s  A«  and  AC  +  RC  s  21  s  J': 

Z — - — 1  s=  10}  ±  •  -  =s  12  apdi),  the  required  sides. 

Geometrically. 

On  the  hypotenuse  AB  describe  a  semicircle,  and  also  a 
segment  of  a  circle  to  contain  h&lf  a  right  angle ;  make  the  chord 
BD  =  the  sum  of  the  sides ;  then  fh)m  the  point  of  intersectioa 
C»  draw  CA;  and  ACB  is  the  triangle. 

For  ACB  is  a  right  angle  {Geom.  72),  and  therefore  ACD  is 
also  a  right  angle ;  and  since  ADC  is  =  half  a  right  angle,  the 
angle  DAC  must  be  half  a  right  angle,  and  consequently 
AC  =  CD ;  therefore  AC  +  CB  ==  BD  the  sum  of  the  sides  by 
construction* 

Method  of  cal^UUion.  By  trigonometry,  as  AB'.MfitfADB::  W>idne 
DAB;  whence  the  angle  DBA  becomes  known ;  and  then  tiie  sides  BC  aad 
.AC  are  readily  calculated  from  the  given  side  ABb 


TO  OIOMETRY.  «M 

«36.  Let  ike  hypotenuse  AB,  and  the  difference  of  the 
sides  AC  and  BC»  be  given  /  to  find  AC  and  BC. 

Put  h  =  the  hypotenuse^  J  r:  the  difference  of  the  required 
sides^  and  x=:the  less  side.     Then  x^d  will  denote  the 

greater. 

And  {x  +  J)*  +*«  =  *•  (Geam.  83),  or  2**  +  3<ir4- £p  =  A*j 
this  equation  gives  xzz^  (4 A* — ^d?)  —  id* 

Suppose  A=sl5«  aQd</s3;  then  /(iA*— iO  —  iifsslO}— 1}=5» 
the  least  side ;  and  9  4-3  =  12  the  greater. 

Geometrically. 

On  the  hypotenuse  describe  a  semicircle, 
and  also  a  segment  to  contain  l-J-  right  an« 
gles ;  and  make  the  chord  BD  =  the  given  ^ 
difference  of  the  sides :  produce  BD  to  C, 
and  join  CA ;  then  ACB  is  the  triangle. 

For  ACB  being  a  right  angle,  and  the  angle  ADC  zz\dL  right 
one,  the  angle  DAC  must  be  7  a  right  one,  and  therefore 
AC  =  DC,  and  consequently  DB  is  the  difference  of  AC  and 
CB. 

Method  of  cakuiation.  By  trigonoinetry,  as  AB  :  sine  ADB :;  BD :  im« 
DAB;  this  being  determined,  all  the  other  angles  in  the  £gure  become 
known. 

S3  7*  Having  the  base  (AC)  of  a  right  angled  triangle^  and 
the  sum  of  the  hypotenuse  and  perpendicular  (AB  +  BC)^ 
to  find  each  of  the  latter  sides. 

Let  the  base  AC  =r  i.  AB  +  BC  —s,  and  CB  =:x:  Then 
the  hypotenuse  AB  =  *  —  x.     And  s^~^isx  +  x*  =z  i*^  +  «* 

{Geom.  83)  5  whence  j'  —  9sx^b\  and  *r=  -     —  the  perp, 

j9 j«      j»  -4-  i« 

CB :  and  s  — — ^—  =:  ■■  ^   ■■  the  hypotenuse  AB» 
Si         '    2s  ^^ 

HH  S 
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If  ilC±t8±s3,  afeiA*B+CB*f  16*25;  tJien  ^^^ 
=  6  =  CB;  and^ii*  =  10s=AB. 

Geartietrttdlly. 

At  C  the  extremity  of  the  given  base,  erect  CD  perpendicu-* . 
kr  to  AC^  arid  equail  to  the  «win  of  ttie  other  sides  j  join  AD, 
and  make  the  angle  BAEf  =:  BDA :  Then  ACB  is  the  triangle. 
For  the  angle  BAD  being  =  the  angle  BDA,  the  opposite 
sides  BD,  BA  must  also  be  equal  {Geom.  46.  cor.  2)  and  there- 
fere  AB -^BC  =:  CD. 

Method  of  calculation.  By  tngonom.'  DC  :  CA  ::  nadius  :  Umg.  angle 
ADC;  double  this  is  th^  angle  ABC  {Geom.  41) ;  therefore  m  the  triangle 
ACB»  the  base  AC,  and  all  the  angles  will  be  given« 

938.  Let  the  lose  AC,  and  difference  of  the  hypotenuse  AB 
and  perpendicular  CB.  le  giv^n;  to  determine  those  sides 
separately. 

Suppose  h  =  the  base^  d  =  the  difference  AB  —  BC,  aud 
X  zz  BC.    Then  x  +  d=  AB  the  hypotenuse. 

And  (jr  +  d)»  z=  t»  +  *%   or  x^+adx-^-d* 
=s  *•  +  *•  (Geoffi.  SB);  whence  9dx  =  b^-^d^, 

and  X  =:  — -T —  =  CB  :  and  therefore  — ^ — 
-^dcz     ^  '    =  AB  the  hypotcnnse. 

Geometritully. 

Make  CD  p^r|>endicular  ib  the  given  base  AC^  and  fcqual  to 
the  difference  AB  —  BC  5  j«lfi  AD  which  bisect  in  P^  and  draw 
PB  perjpendiculaf  to  AD,  meeting  DC  produced  in  B ;  draw  AB ; 
and  ACB  is  the  triangle.  For  the  angles  at  P  being  right  ones, 
and  PA  =  PDi  thefefere  m  trnmgle  A$D  is  isoctlea,  i^nd 
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AB  z=  BD ;  thcfefore  CD  is  the  difference  of  CB  and  AB^  the 
given  difierence  by  eansttuctiom 

Method  of  calculation.  By  trigonom.  AC  :  CD  : ;  radius :  tsng.  angle 
DAC ;  and  if»complement  i^  the  angle  ADC  =:  DAB,  whence  all  the  angle* 
in  the  triangle  ACB  become  known. 

339.  To  divide  a  given  line  AB  imio  mean  and  extreme 
proportion. 

Let  AB  =  a,  and  jc  :r  AD  the  greater  part,    A  Id       B 

then  a  —x  =  OB  the  less. 

And  AB  :  AD  : :  AD  :  DB 

or     a  I    X     \\    X    :  a— if,  ^heliofci*  =  ft*— •*, 

andjc*4-ax  =  a*5  which  gives ;r  =  f  ~V  — ^  — AD. 

For  the  geomefrica/ com^T^crfon,  tctGecm.  157. 

♦  239-  To  divide  a  given  line  AB  into  two  parts  AP  and 
PB  so  that  their  rectangle  AP  X  PB  sfwU  le  of  a  given  mag^ 
hitude  (7fe»]. 


tfet  d  dfeldte  the  ^vcn  litie,  and  x  one  o^    ^- 


H^ 


—  A  P      B 

the  parts ;  then  the  other  will  be  a  —  x;  and 

(d  -jc)  *  =r  )n»,  whence  x^—ax  zz^lri",  which  pVei  *  ::r  ^ 

4-  |/(^rf»_i)i«;;  and  these  two  roots  or  values  of  «  art  thi 

parU  AP  and  PB. 

If  m  is  greater  than  ia,  the  pfoblein  is  evidently  impossible* 

The  construction  and  method  of  calculation  will  be  exactly 
tht  ssteie  as  that  in  Art.  234,  by  taking  PC  =  m. 

440.  Theorem.  If  a  line  BD  be  drawn  from  the  vertem 
qfany  triangle  ABC  to  bisect  the  base :  Then  2BD'  +  SAD^ 
=:AB*4-BCS 
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Let  BP  be  perpendicular  to  AC ;  «nd  put  BD  =  *,  DB  =  rf, 
»iuiA=sADorDC:  thenA  +  <i  =  AP,  and*— i  =  PC: 

B 
And  BD*  —  DP  =  BP» 

AP*  +  BP»  =  AB*    {Geom.  83.) 
CP  4-  BP*  =  BC* 

That  »^— «P=:DP», 

(A+  d)*  +  ^—  i»  or  A*  +  ahd  +  i*  =  AB« 
(A— rf/  +  *•  —  d»  or  A* — 2Ai  +  i«  =  BC» 

whence  by  addition        SA*        +  9b^  —  AB*  +  BCS 
or    gAD*  +  2BD«  =  AB»  +  BC*. 

CoTol.  If  AR,  CR  be  parallel  to  BC,  AB,  respectively ; 
then  BDR  and  AC  will  be  the  diagonals  of  the  parallelogram 
ABCR,  and  DR  =  DB  {Geom.  81.  corol.  i),  and  therefore 
«DC»+9RD*=  CR*+  RA«;  but  DC  =  AD,  and  BD  =  RD; 
consequently  4DC«  +  4RD»=  CR»  +  RA*  -H  AB*  +  BC* : 
but  4  times  the  square  on  half  a  line  is  ei^ual  to  the  square  on  the 
whole  Imc;  therefore  4DC*  =  AC%  aiu!  4RD*  zz  RB*;  whence 
we  have  AC*  +  RB*  =  CR*  +  RA*4- AB*+BC«;  that  is^ 
ih0  sum  of  the  squares  of  the  two  diagonals  of  ^  paralMo* 
gram^  is  equal  to  ihs  squares  on  the  four  sides  taken  together* 

S41«  Theorem.  The  rectangle  under  the  two  diagonals 
o/any  quadrilateral  inscribed  in  a  circle^  is  equal  to  the  s%in 
of  the  two  rectangles  of  the  opposite  sides : 

That  is,  AC  X  BD  =  AB  X  CD  + AD  x  BC. 

Suppose  CP  is  drawn  to  make  the  angle 
PCD  =  BCA: 

Then  because  the  angle  PDC  =  BAC^ 
{Geom.  10),  the  triangles  CPD^  CBA  are 
equiangular;  whence  AC  :  AB  : :  DC  :  DP 
[Geom.  94.  coroL  1),  therefore  AC  X  DP  =  AB  X  DC. 


TO   CKOMSTRY.  9S9 

Agam;  because  the  angle  CPD  =  CBA,  and  CPD^*  CPB 
make  two  right  angles^  and  CBA -4- CD  A  also  make  two  right 
angles,  the  angle  CPB  =:  CDA,  and  the  angle  PBGr:  CAD 
{Ge^m.  70),  therelbve  the  triangles  CPB>  CDA  are  equiangular; 
consequently  AC  :  AD  : :  BC  :  BP^  whence  AC  x  BP  =  AD 
X  BC  ;  now  by  adding  this  equation  and  the  former  together, 
we  have 

AC  X  BP  +  AC  X  DP  =  AD  X  BC  +  AB  X  DC, 
that  is  (BP+DPJ  x  AC,  or  BD  x  AC=AD  xBC+AB  xDC. 

S49.  Theorem.  Lei  ABC  le  any  triangle,  and  suppose 
AQ  =  AB,  and  GO  parallel  to  AB;  then  if  GD  be  taken 
zz  GO,  CG  will  be  a  mean  proportional  between  AC  and  CD* 

By  similar  triangles,  CA  :  AB  (AG)  : :  CG  :  GO  (GD), 
and  by  division,    CA  :  CA— AG : :  CG  :  CG—  GD, 
or    CA  :  CG  : ;  CG  ;  CD. 

From  this  Theorem  the  locus  of 
the  vertex  of  a  triangle  may  be  de- 
termined when  the  base  AD  and  the 
ratio  of  the  sides  AV,  DV  arc  given. 
Thus,  if  a  circle  be  described  about 
the  center  C  with  the  radius  CG, 
then  any  two  lines  drawn  from  A  and  D  to  meet  in  the  clrcum* 
ference  will  have  the  ratio  of  AG  to  GD.    i 

For  CA  ;  CG  (CVj : :  CG  (C  V)  :  CD;  that  b,  the  sides  of 
the  triangles  CV  A,  CVD  about  the  common  angle  at  C,  are 
proportional,  and  therefore  the  triangles  are  similar  (Geom»  94» 
cor.  l),  consequently  the  other  sides  are  proportional,  viz* 
AV  :  DV  : :  CA  :  CV  (CG) : :  AB  (AG) :  GO  (GD.)  Hence, 
to  describe  the  circle  which  is  the  required  locus,  divide  the 
base  in  the  given  proportion  0/  the  sides,  azul  find  the  ceater 
(C)  as  above. 
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M9#  J^T  a  ilb.  iron  skoi^  and  an^hw  Mlb*  are  on  the 
grmnd  at  m  ymis  distame  from  each  other:  where  must 
i  siOMd  im  a  ltn$  between  them  so  thai  each  mey  appear  ef 
the  wme  ^imgnitude  |  the  height  ef  the  eye  being  i^  ^eet  f 


Suppose  O  to  be  the  center 
of  the  les8  shot^  C  the  center 
of  the  greater^  apd  £  the  plaice 
of  the  ejr^;  also  let  £A^  ^3 
be  tangents  at  A  and  B;  then 
CAE^  OBE  will  be  right  angles. 

Now  it  is  evident  that  when  the  two  shot  appear  of  the  same 
magnitude^  the  diameters  of  the  circles  which  bound  die  visible 
surfaces  will  be  seen  under  equal  angles^  or,  which  amounts  to 
the  same  thing,  ti>e  angk»  €£A^  OEB  mdH'he  equal ;  flierefore 
the  triangles  <S  AE^  X>8E  wiH  be  similar,  and  consequently  CE, 
0£  will  have  the  same  ratid  as  the  iwlii  CA,  OB^  or  8r3| 
inches  to  2  inches^  which  are  the  radii  of  a  48/^.  shot^  and  a 
Qlb.  shot^  nearly. 

Construction^  Divide  the  disUnoe  CO  zz  SQ  yards  into  two 
parts  CG^  GO  having  the  ratio  of  3^  to  «,  d^  de9oribe  ^U 
locus  of  the  vertex  of  the  triangle  CEO^  ^  4ir^ct^  i^  the  p^^ 
ceding  article  :  then  if  DE  be  drawn  {mallei  to^  apd  j|t  the 
distiiope  of  bi  feet  from  pQ,  the  pptut  E  whepe  it  intersex 
the  circle,  will  be  the  pJace  of  the  fye. 

Calcuiation.    CG  =  38. 182,  and  GO  =  21 .  ^Sfeei,  pearly. 

Aod  38. 182— 21.813  : 38. 182  ::  38. 182  :  89 . Q.89 ::=  CN,  from  tbistak^ 
C6,  and  there  remaiDS  50 .  907  =  GN  ss  N£  the  radius ;  th^n  the  perpeo- 
dicillar  9E  beings:  Sifiet,  v»  get  FN=:50.6,  which  taken  from  CN 
gim  CPaas  .4^&>^,  the  distance  ^m  the  greatest  haU  where  a  perm 
m^^t  stand  to  see  them  both  4Hiderlhe  same  angle.  * 

N.  B.  The  point  P  is  between  2  aod  3  inches  from  the  ground,  and  con- 
teqiientiy  P£  is  taken  that  quantity  too  great  in  th(:  computation;  the  cob* 
cludon  bowevery  is  not  materially  affected  on  that  accouot. 
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«44.  Having  the  sides  of  a  plane  triangle,  to  find  the 
angles. 


Let  CGA  be  the  triande.  About  G 
as  a  center  with  the  radius  GA  describe 
a  semicircle;  produce  CG  toB;  draw 
BAR,  and  AOP;  make  CP  perpendi- 
cular to  AP,  and  CR  perpendicular  to 
BR;  then  the  angle  OAB  in  a  semicircle 
is  a  right  one,  consequently  PA,  CR  are  parallel,  and  PC  =:  AR ; 
also  GO  rz  GA  =  GB ;  and  CB  is  the  sum,  and  OC  the  dif- 
ference of  the  sides  GC«  G  A  ;  and  because  the  triangle  AGE  is 
isoceles,  the  angle  GBA  is  =  ^  the  angle  CGA. 

Now  if  AB  be  the  base  of  the  triangle  ACB,  and  CR  the 
perpendicular  on   the  base  (produced),   we  have  (^rigonom. 

BC»  -  AC» 


art.  228)    AB  :  BC  +  AC  : :  BC  —  AC ; 
2AB  2   . 


AB 


and 


Again,  sirppose  AO  is  the  base  of  the  triangle  ACO,  and  CP 
the  perpendicular  on  the  base  (produced;. 


'     then  AO  :  AC 

AC  — CO^      AO 

2A0  2 


CO::  AC  — CO 
=  OP. 


AC«  — CO« 


AiO" 


>  and 


But  the  triangles  CFG,  BAG  are  siniilar, 
thatisCP:  AB::OP:AO; 

"AC»  — C0»      AO 


BC*  — AC      AB     .„ 
or  — — 7-_ :r-  :  AB 

N      SAB  2 


or 


BC»— AC* 


AB 


•  AB:  AB  : 


2AO 
AC-CO* 


:AOi 


and  by  composition. 


BC— AC 
AB 


AB 


AO 

AC-CO* 
•       AO 


AO :  AO; 
AOj 
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whence  BC*  --  AC*  :  AB«  : :  AC»  —  CO*  :  A0%  (by  cqui. 
multiples),  or  BC»  — AC*  :  AC*  — C0»  ::  AB*  :  A0%  that  19 
(BC  +  ACj(BC— AC)  :(AC  +  CO)  (AC-CO)  ::AB*:AO*: 

But  if  AB  be  made  radius,  AG  will  be  the  tangent  of  the 
angle  DBA  or  half  the  angle  CGA  of  the  proposed  triangle 
CGA. 

Therefore  let  s  and  d  respectively  denote  the  sum  (BC)  and 
difference  (CO),  of  the  sides  including  the  required  angle 
(CGA),  and  b  the  other  side  (AC) ; 

Then  (s+l)  is^i)  t  [b^d){b^d) ;:  rad.- :  '^^^Vis-^^^ 
X  rad.^  =  the  square  of  the  tangent  of  half  the  angle  CGA. 

Example.    Let  CA  =  462,  CO  =s  384,  AG  =  i 69 ;  and  the  radius  =  I . 

384  584 

169  169 

553*=  *  S\5  =z  d 

462  =  3  462  =  b 

ICnb^s  +  b  677=*+</ 

91  =  J  — 3  247  =s  A  — rf 

(7+^n7=r^)  X  '•^^.•*  =  rolTxUT  =  ^ •  8^0^  "^'^y.  and  its  squam 
root  =:  1 .  3455  the  natural  tangent  of  53<>  23'. 

But  the  operation  by  logarithms  is  very  short ! 

1015  or,  CO,  log,  6.993534 

91  or.  CO,  log.  8.040959 

677  log.  2.830589 

247  log.  2.392697 

rod,* log  20.000000 

2)  20.257779 

53°  23'  fang.  log.  10.  128889 

Therefore  twice  53*'  25'  is  106®  46'  the  required  angle  CGA* 

This  rule  is  preferable  to  that  in  vol.  1,  art  229i  and  should  be  used 
when  the  required  angle  is  very  obtuse. 
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S45.  In  a  right  angled  triangle  ACB  to  Inscribe  a  rect^  • 
angle  GC  of  a  given  magnitude  (m*). 

Let  OD,  parallel  to  BC,  bisect  AC  the 
base  in  D.    Then  by  similar  triangles, 

AD:DO::AD  +  DS:^X(AD  +  DS) 

=SG,  which  drawn  into  SC  or  AD  —DS 

ig  the  recungle  GC,  that  w  a  r^  x  (AD  + 

DS)  (AB-DS)  =  m%  or  DO  :  AD  ::  m* 

:  ( AD+DS)  (AD  —  DS).    Hence  the  following  construction  : 

On  AC  describe  a  gemicircle,  in  which,  at  right  angles  to  AC, 
j^ply  SQ  and  IN  so  that  DO  :  AD  : :  tti'  :  SQ»  or  IN"  (Geom. 
ait.  186);  then  if  SG,  IP  are  perpendicular  to  AC,  either  of  the 
rectangles  GC,  PC  is  that  required.  For  ( AD-+-DSy  (AD— DS) 

zz  SQ%  by  Geom.  97^  corol.  i.     Therefore  -^,^  x  SQ'  —  m*. 

Corol.  1 .  When  m'r  AD  x  DO,  then  DO  :  AD  : :  DO  x  AD 
:  AD*  (or  DV*),  and  the  points  I,  S,  coincide  .  D,  and  DO, 
DC  are  the  sides  of  the  rectangle,  which  s  a  maximum^  be- 
cause DV  is  clicr  greatest  possible.  And  in  that  case,  the  pro- 
blem admits  of  but  one  answer. 


CoroL  2.  Hence  we  conclude,  that  if  EOF 
be  any  curve  concave  to  its  axis  EC,  the 
greatest  inscribed  rectangle  OC  will  be  when 
OD  bisects  the  base  AC,  or  the  subtangent 
DA  z=  \  the  base,  and  the  tangent  AB  is 
bisected  at  the  point  of  contact  O. 


246.  The  sines  and  cosines  of  two  arcs  (BD,  DG)  being 
given^  to  find  the  sine  and  cosine  of  the  sum  (BG),  and 
difference  (BS)  offhosearcs.  (See  Trigonom.  art.  2io). 


U  2 
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Draw  the  sines  SH,  DK,  GP, 
axul  the  radius  CD;  also  join  SG^ 
and  let  SR  and  OQ  be  parallel 
to  the  radius  CB,  and  OI  per- 
pendicular to  CB.  Then  DK^ 
KC ;  and  GO,  OC,  are  the  sines, 
iand  cosines  of  the  arcs  BD,  DG. 

By  similar  triangles : 

CD  :  CO  ::  DK  :  OI,  whence 

CD:CK::  GO  :  GQ,  axid 


Ix  HB 


CO.DK 
CD 
CK.GO_ 
CD      - 


=  OI  =  QP, 

GQ:  therefore 


^^D^"*"^%g^  =  QP+GQ  =  PG  the  sine  of  the  sum; 


and 


CO-DK      CK-GO 


=  QP  —  QG  (QR)  =  RP  =  SH, 


CD  CD 

ihe  sine  of  the  diff. 

Again; 
CD  :  CK  ::  CO  :  CI,  whence  ^=^^—  =  CI, 

CD  :  DK  ::  GO  :  OQ,  and  ^'^^  :=  OP  =  PI  iz  IH, 

,         CK.CO      DK.GO    ^,    T„    ^o  r.7 

whence — tt^ ^,^     nCI — IH  —  CP,  cosine  of  the  sumi 


and 


CD 


CD 


— j^^ —  +  — p^j^ — zzCI  +  IHriCH,  cosine  of  the  difference. 

Hence,  if  the  sine  and  cosine  of  an  arc  be  denoted  by  S  and  C, 
and  the  sine  and  cosine  of  another  arc  by  s  and  c,  and  the 
radius  zzr: 

r 
Cc--  Ss 


Then,  the  jf/i^  of  their  jmw  = : 


cosine  zz 


sine  of  their  diff.  =: 


cosine  -z= 


r      ' 

Sc  —  sC 

• 

r      • 

Cc+Ss 
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When  the  given  arcs  are  equal,  then  5rri,  and  C=c,  and  the 

expressions  become  ^^— ,  and ,  or  (making  the  radiusrrl) 

2sr  and  r'  —  i*  for  the  si?ie  and  cosine  of  double  the  arc  whose 
fine  and  cosine  are  denoted  by  5  and  c. 

Therefore,  if -4  be  the  arc  whose  sine  is  J,  and  co5tnc  c ;  then 
the  sine  and  cosine  of  A-j-J  (or  2-<^)  will  be  Qsc,  and  c* — s*: 

And  by  the  same  rule,  the  sine  of  {A  +  ji)  +  A  (or  Zj)  u 
«5r  X  c+^  {c^—s^),  or  35  c*  —  5' : 


And  the  cosine  (c*  —  **)  c  —  25C  x  *»  or  c'  —  3ic.  That  is  j 
if  any  me,  or  roWfze,  be  multiplied  by  S^,  and  the  next  pre« 
ceding  one  by  5'  +  c%  and  the  latter  product  subtracted  from 
the  former,  the  remainder  is  the  next  following  sine,  or  cosine^ 

Hence  we  have  ' 

Miftgs,  cosina. 

Arc    A    s  .        c 

2A    2sc  c^^^ 

3A    3jc*— J»  c^  —  3s^c 

AA    4jc*— .4j^c  c^  — 6jV  +  J4 

bA    5«r*— 10*^c*  +  *5  c5— 10i«c3  +  5j*tf 

&c.  &c. 

Where  the  law  of  continuation  is  manifest,  it  being  such,  that 
all  the  terms  of  the  coslrt  and  sine  of  any  multiple  arc  nA 
[n  being  a  positive  integer;  lake  n  in  order,  are  the  terms  of  the 

binomial  (c  +  5)  .  Thus,  for  example,  to  find  the  sine  and 
mine  of  bA : 

[c+sY  zz  c^  4-^^*+  105V^  4- IO5V  +  55V  + 5^  where  the 
first,  third,  fifth,  &c.  terms  being  set  down  alternately  +,  and  — » 
is  the  cosine :  and  the  second,  fourth,  sixths  &c.  connected  in 
like  manner,  give  the  sine. 
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247*  The  tangents  of  two  arcs  being  T  and  t ;  to  find  the 
tangent  of  the  sum  of  those  arcs^  and  also  of  their  difference. 

If  the  corresponding  sines  and  cosines  are  denoted  as  in  the 
preceding  problem ;  then  by  Trigonom. 

cosine  :  sine  : :  radius  :  tang.  {Geom.  204) 

Sc~\^sC 
viz.  Cc — Ss  :  Sc+sC ::  l  [radius)  :      __c'>  ^^^g-  of  the  sum. 

g^ j^ 

Cc+Ss  :  Sc  —sC  : :  I  :  ^    .    ..  >  tangent  of  the  difference. 

Now  suppose  m  and  n  to  represent  the  secants  of  the  given 
arcs,  respectively; 

Then  [Geom.  fill) 

T 
m  I  T  :i  1  (radius)  :  -  =  5  the  sine : 

mi  1  : :  1  :  —  =  C  the  cosine, 
m 

And  in  like  manner  we  have  -  =  s.  and  -  =:  c :  these  values 

«        '  n 

being  substituted  in  the  foregoing  expressions  for  the  tangents^ 

T  -h  t 
give 7p2  ^®  tangent  of  the  5t^7n. 

7* ^ 

and  7JT  the  tangent  of  the  difference. 

Remark.  If  an  arc  be  greater  than  OO**,  its  tangent,  cosine, 
&c.  &re  to  be  used  with  the  negative  sign  prefixed. 

248.  Given  the  vertical  angle  (AVB),  the  perpendicular 
(VP),  and  the  rectangle  of  the  segments  of  the  base  made  by 
the  perpendicular^  (AP  x  PBj  i  to  determine  the  triangle. 

V 

Let  VO  bisect  the  verticle  angle, 

t  =  the  tangent  of  AVO  or  OVB, 
the  tangent  o£OVP ;  the  radius 


V 

le,  and  put                ^X**"^^ 
J,  and  X  =       ^y^     t\  \ 
r  being  1.     j^ trii 
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94T 


Then  by  the  preceding  problem  r-  is  thcf  tang,  of  the 


angle  AVP,  and 


-X 

1  +  tx 


that  of  the  angle  PVB; 


Now  if  the  rectangle  of  the  segments  be  denoted  by  r,  and 
the  perpendicular  VP  by  p,  we  shall  have  (by  trigonom.) 


l  —  tx       '^        1 — tx 


t  —  x 
l-\-tx 


.ttzPJL-^ 


l^tx 


=  PB: 


Therefore    ^f^  x  ^^^  =^^'^\Vf  =  r ; 
l—tx  \+tx  1— ./•*•  ' 


Whence,  by  reduction,  x  =:  |/-  ^  ^    ^-  the  fimg.  of  OVP. 

This  added  to,  and  subtracted  from  -J-  the  vertical  angle,  will 
give  the  angles  AVP,  and  PVB ;  and  thence  the  segments  of 
the  base,  &c.  may  readily  be  found  by  trigonometry. 

If  ^T  be  greater  than  r,  the  problem  is  evidently  im- 
possible. 

Example,    Suppose  the  vertical  angle  =  9d^,  the  perpendicular  =:  60, 
and  the  rectangle  of  the  segments  of  the  bate  =:  4400 : 

Then/=:1.09i3085thenaturalAin^.or47i®;  and  t/^^  ^  =  .26196 

the  natural  tang,  of  I40  41',  nearly,  the  angle  OVP;  whence  AVP=62<^.  1 T, 
and  PVB = 32o  49^.    And  the  sides  are  found  by  coratnon  trigonometry. 


-Geometrically. 

Suppose  AVB  is  the  triangle  circum- 
scribed by  a  circle  whose  center  is  C. 
Let  the  perpendicular  VP  be  produced 
to  D;  then  since  AP  x  PB  is  given, 
and  n  VP  X  PD  [Geom.  97),  therefore 
PD  is  given^  and  consequently  VD  will 
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also  be  known.  Join  CA,  and  draw  CO  parallel  to  AB,  and 
CS  perpendicular  to  AB,  then  VD  and  AB  are  bisected  in  O 
and  S,  respectively  {Geom.  63),  and  consequently  CS  iz  PO  the 
difference  of  4-  VD  and  the  perpendicular  PV.  Also,  the  angle 
"CAS  is  the  difference  of  AVB  and  a  right  angle  {Geom.  172). 
Hence  the  following  construction  is  obvious  : 

Make  the  given  rectangle  AP  X  PB  =  7n*  {Geom.  184) ;  and 
we  get  VP  :  m  ::  m  :  PD  ;\then  if  a  right  angled  triangle  ASC 
be  constructed  having  the  angle  SAC  =  the  difference  of  the 
given  vertical  angle  and  a  right  one,  and  the  opposite  side  SC  =: 
the  difference  of  VP  and  i  VD,  the  side  AS  will  be  i  the  base 
AB,  and  AC  the  radius  of  the  circumscribing  circle,  which  de- 
scribe, and  produce  CS  till  SI  =  the  given  perpendicular  ;  then 
draw  IV  parallel  to  the  base  AB  :  and  the  point  V  in  the  circle 
will  be  the  vertex  of  the  required  triangle  AVB, 

CaiciUaiion.   Taking  the  data  as  before,  we  have  — — —  =  ——  =  73} 

=  PD,  whence  PO  or  SO  =  6| ;  and  the  angle  CA-  =  5°,  therefore  (by 
irigonom.)  as  radius  :  cotang.  5^  ::  6 j  (CS)  :  76.2  =  AS  half  the  base. 
And,  as  sin,  5°  i  6| ::  rod. :  76.4914-  =  CA  tie  radius  of  the  circle,  which 
also  is  the  diagonal  of  the  parallelogram  CiVO;  and  VO  being  66§,  we' 
get  CO  =  SP  =  37 . 5  nearly,  conseciuently  the  segment  A P  =  76. 2+ 37. 5 
=  113.7,  and  PB  =  76.2  — 37.5  =  38.7,  nearly;  whence  AV  and  \B 
are  readily  found. 

S49.  To  investigate  tJie  content  of  the  Jrustum  of  a  Cone  #r 
Pyramid. 


Let  HDAB  be  the  frustum,  and  sup- 
pose the  cone  or  pyramid  to  be  com- 
pleted. 

Put  b^  =z  the  area  of  the  base  HB, 
f  =  that  of  the  top  DA,  A  =  the  height 
€0,  and  X  =  OV,  CV  being  the  axis,. 


TO   GEOMETRY. 
Then  ^*  :  /»  ::  (/2-ha)«  :  *»    (Ccfm).  132) 


9^9 


hi 


OT  h    :i    ::   h-^x     :*,  wheDce*  =  , — ~ s=  OV,, therefore CV 

6  — • 

And  ]A»  X  ^^  =  ^^^^  the  content  of  HVB,  (Gam.  133.  air.  2) 

Also  I/»  X  f  ^-  =  l^^  the  content  of  DVA : 

And  the  difference,  or  afl_p-  == 'A  (^SZr7J  =  i*(''-^ *'+'')» 

Tiz.  7%^  orpff  J  ^Me  /m/^  ends  and  the  mean  proportional  le-^ 
tween  them  in  one  sum,  mtUtiplied  by  ^  of  the  height,  is  the 
content  of  the  frustum  HDAB.  The  same  result  as  that  ia 
art.  283  mensuration. 

250.  Tojittd  the  content  of  a  segment  of  a  sphere^ 

Let  HP  be  the  diameter  of  a  sphere ;  TAO  a  segment ;  and 

irappose  the  hemisphere  to  be  circumscribed  by  a  cylinder 
HWBP.  Put  R A  the  height  of  the  segment  z:  A  ;  TR  or  RO 
the  radius  of  its  base  —  I ;  and  m  zr  .  7854. 


Then  J  =  KQ  {Geom.  97),  and  ^  -|-  A 

s-*ljL^=  ,\Q  =  W  B  the  diaro.  of  the 
h 

sj>here,   and    -—;■-. —  =  the  radius   CA; 

ivhence — -j — —  A=i ; — =RC=RN 

==  Rn,  aad  — , —  =;=  iiN. 


X  \h  is  the  content  of  the  conic  frustum  nWBN  (bt^  the  preceding  article)^ 
Also  {^^-^^y  ^  ^^  *  i»  the  content  of  the  cylinder  dWBD; 
VOL,  II.  K  & 


950  APPLICATION    OP   ALGEBRA 

Aod  (Geom,  134.  cor.  2)  the  difference  of  those  expressions  is  the  content 
of  the  segment  TAO; 

thatis  (H-t~)    -  (-5-)    -  -IT-  ><  -—J  >^  ^^' 

fiA*  -4-  5A* 

which,  by  reduction,  becomes x  tnh,  or,  putting  B  5^2^:5: TO, 

we  have  (3^  -f-  4A*}  x  A  X  7/ff  the  content  of  the  segment 

In  words.  To  3  times  the  square  of  the  diameter  of  the  base 
add  4  tirne^  the  square  of  the  height^  then  multiply  the  sum 
by  the  height^  and  that  product  by  the  decimal  ,1309  (or  7  of 
•7854),  and  the  result  is  the  content. 

^51.  A  stone  being  let  fall  into  a  well^  it  was  observed^ 
that  after  being  dropped,  it  was  4  seconds  before  the  sound  of 
the  Jail  at  the  bottom  reached  the  ear.  Hence  the  depth  of 
the  well  is  required. 

Heav7  bodies  near  the  earth's  surface  descend  by  their  own 
gravity  16^  feet  in  the  first  second  of  time,  48-jV  in  the  next, 
80-^7  in  the  third,  and  $0  on^  constituting  a  series  of  distancea 
in  arithmetical  progression,  the  first  term  being  IftiV^  and  com- 
mon difference  32tV'  Now  let  fzz  je^V.  d  =:  32^7*  /  =  4 
seconds f  and  x  zz  the  sum  of  all  the  terms  in  the  progression 
or  depth  of  the  well ;  also  put  i  z=  1 100  Jeet  the  velocity  of 
sound  per  second: 

Then  (138)  we  have  y^-j  for  the  number  of  terms  or  time 

in  which  th^  stone  is  falling  to  the  bottom,  [Qf=:  d  in  this  case)} 

and  -  the  time  of  the  sound's  ascent :  therefore  both  times  to« 
s 

gether  must  be  equal  to  the  whole  time  /'; 

VIZ.  V"T  -f  ~  ^  ^j  whence  1/ -^  +*  =  ;/, 

2s  ^ 
Now  put  r  =  V^'TT »  J^nd  «•  =  ^  5 

then  f«  H-  a*  =  j/  ;  whence  we  have  z  =  V^(ir'  4-  st)  —  fr, 
or  X*  =  X  =  {y/(ir*  -+■  st)  —  4r)'  =:  231  feet,    nearly,  by 
substituting  the  preceding  numeral  values  of  the  different  letters. 
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«3«%  To  find  the  comparative  intensity  of  light  at  different 
iisiancesfrom  a  lucid  point  P» 

Let  BPG  and  DPC  be  similar  sectors 
of  two  circles  described  *bout  P  as  a 
center. 

Now  the  same  light  which  issues  from 
the  point  P,  and  is  spread  over  the  sector 
BPG,  will  also  be  diffused  through  the 
sector  DPC.  And  it  is  evident  the  intensity  of  the  light  must  grow 
less,  as  the  space  it  occupies  becomes  greater :  but  the  sp:ices 
BPG,  DPC  are  as  the  squares  of  the  radii  PB  and  PD  {',eom. 
105.  coroL)  5  hence  we  conclude,  that  the  intensilies  are  ijt^ 
versely  as  the  squares  oj  the  distances ;  that  is,  if  the  light  at 
B  and  D  are  respectively  denoted  by  iVand  n,  then  PB^  :  PD* 
iini  N^  And  the  same  conclusion  is  evident  in  respect  of  heat. 
Thus  if  PD  is  double  PB,  then  the  he^t  at  B  will  be  4  times 
that  at  D,  supposing  P  is  a  point  from  which  heat  is  emitted. 

253.  Let  OAB  le  a  concave  spherical  speculum  or  mirror; 
to  find  the  point  F  where  a  ray  of  light  SO  parallel  to  the 
axis  AD  meets  the  radius  CA  cifter  being  reflected  from  the 
incident  point  O. 


Tsr 


Let  C  be  the  centre  of  the      -- Or 

spherical  surface  OAB;   CO  a  ^^'      - 

radius,  and  OR  perpendicular  to 
the  radius  CA.  Then  because 
CO  is  perpendicular  to  the  sur- 
face of  the  speculum  at  O,  the 
angle  of  reflexion  COF  is  equal  to  the  angle  of  incidence  COS, 
or  the  direct  and  reflected  rays  SO,  OF  make  equal  angles  with 
the  perpendicular  CO.   This  is  one  of  the  known  laws  of  optics. 

Because  SO  is  parallel  to  CR»  the  angles  SOC,  RCO  are 
equal;  but  the  angle  COF  =  COS,  therefore  the  triangle  CFG 

K  K  8 
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is  iflocelee,  and  FO  =  FC.    SupfwscON  iz  OC,  then  iht  iri- 

angle  CON  is  isoceles,  and  RN  =  RC  :  moreover,  as  the  at^c 

at  C  is  common  to  both  the  isoccles  triangles,  they  must  be 

equiangular  or  similar;   hence  CN  (sCR)  :  CO  ::  CO  :  CF. 

Let  the  radius  CO  =:  r,  CR  —  ^,  and  jc  zr  CF ;  then  the  pro- 

r*  r* 

portion  is,  2i:r::r:     j  zn  x  :=:  CF,  whence  AF  =  r  —  -j 

z=L 7 —  the  distance  from  the  speculum  where  tlie  rcflecteil 

ray  OF  meets  the  axis. 

If  the  incident  ray  is  indefinitely  near  the  axis  DA,  then  h 
may  Be  taken  =z  r,  and  x  becomes  =  '^r,  or  FC  =  FA. 

Suppose  the  radius  CO  or  r  =z  6  feet  =  72  inches^  and  OR 
=  20  inchts^  then  CR  =  69.1(56  inches  nearly,  —i;  whence 
CF  =  37  ,  47  inches.  Hence  it  appears  that  when  a  spherical 
speculum  or  burning  mirror  is  exposed  to  the  rays  of  the  sun,  all 
the  reflected  rays  are  not  collected  into  one  point  or  focus,  for 
the  extreme  rays,  or  those  reflected  from  O  and  B,  meet  the  axis 
at  a  greater  distance  from  the  centre  C  than  those  that  are  in- 
cident near  the  middle  of  the' speculum  at  A,  Thus  in  the  pre- 
sent instance,  the  point  F  is  1 .47  inclus  from  the  middle  of  tlic 
radius  CA. 

The  Geometrical  construction  is  obvious  :  For  having  drawn 
.an  incident  ray  SO  (whether  it  be  parallel  to  the  axis  CA,    or 
not]  join  O,  C,  and  make  tlie  angle  of  reflexion  COF  equal  to 
the  angle  of  incidence  COS ;  then  F  is  the  point  where  the  re- 
flected ray  meets  the  axis. 

254.  In  reconnoitring  a  country  we  observed  two  windmills^ 
(me  bore  N.  the  other  E.  we  then  proceeded  2  miles  in  a  NEbE 
direction  and  came  to  a  village  that  was  at  an- equal  distance 
from  those  objects;  and  when  we  had  continued  our  route  t 
miles  farther  in  the  same  direction,  we  found  ourselves  upon  an 
height  in  a  line  directly  between  them.  Hence  the  distanccjrom 
cnc  windmill  to  the  other  is  required  f- 
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Let  N  and  E  be  the  north  and 
cast  windmills,  B  the  place  where 
they  were  first  observed,  BR  the 
NEbE  line,  II  the  vilb-c,  and  R 
the  height  in  the  line  NE.  About 
H  with  the  radius  HB  or  HR 
(5  miles)  describe  a  circle,  and  join 
RC,  RA, 


Then,  since  HE  -  HN,  the  points  E,  N,  are  equally  distant 
Aom  the  circle,  and  therefore  it  follows  from  Geom.  98  or  99, 
that  tlie  rectangle  (BC  +  CE)  x  CE  is  equal  to  the  rectangfe 
(B A  +  AN)  X  AN ;  whence  we  have 

BC  +  CE  :  BA  +  AN  ::  AN  :  CE. 
But  the  triangles  ANR,  CRE  are  similar, 
whence  AR  (BC)  :  CE  : :  AN  :  RC  (BA); 
asd  by  composition,  BC  +  CE  :  BA  +  AN  : :  CE  :  BA; 
therefore  by  equality  (from  the  first  proportion) 

CE  :  BA  ::  AN  :  CE  ;  consequently  CE  Is  a  mean 
proportional  between. B A  (or  RC)  and  AN. 

Also,  by  similar  triangles,  RC  :  CE  : :  AN  :  AR  (BC)  j 
row  the  Qd,  term  CE  being  a  mean  proportional  between  thU 
1st.  and  Sd.  terms  RC  and  AN,  the  4  terms  RC,  CE,  AN,  BC. 
are  continued  proportionals :  Hence  the  question  is  reduced  to 
that  of  finding  2  mean  proportionals  between  two  given  lioef 
(RC,  BC),  which  is  a  solid  prohUm^  and  consequently  will  not 
admit  of  a  geometrical  construction  by  means  of  right  lines  and 
the  circle  only  (232). 

If  </  =  a^  =  4,  X  =  CE  the  2d.  term,  and  s  and  c  are  put  to  denote  the 
sifie  and  cosine  of  33^.45'  the  angle  RBC  (the  radius  being  J);  then  by 

irigonom,  j^=RC,  andcrf=BC;  and  the  4  proportionals  arerrf,  x,  --, 

M  wbenee  «  x  *^  =  5C^,  which  gives *=  ^cs*d^y  sz  2.54196  m^es, 
nearly,  =  CE;  whence  by  trigonometTy,  NE  is  found  =m  7.7946  MSUt. 
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CONIC    SECTIONS. 


DEFINITIONS. 

855.  The  figures  denominated  Conic  Sections  are  made  by 
a  plane  cutting  a  cone. 

S56.  If  the  plane  pass  through  the  vertex  of  the  cone^  the 
section  will  evidently  be  a  triangle.  And  if  it  be 
parallel  to  the  base  of  the  cone^  the  section  is  a 
circle  (Geom.  121.  coroL).  Thus^  the  section  OVB 
is  a  triangle  \  and  the  section  CG  a  circle.  These 
however^  are  not  called  conic  sections. 


257*  When  the  plane  is  inclined  to  the  base 
of  the  cone,  and  cuts  both  sides,  the  section  is 
Uk  ellipse.    Thus  CG  is  an  ellipse. 

258.  If  the  intersecting  plane  is  parallel  to  the 
side,  the  section  is  called  a  parabola*  Thus  if 
the  plane  PGD  is  parallel  to  VA^  the  section 
POD  is  a  parabola.  ^ 


S5^.  But  if  the  inclination  of  the  plane 
be  such  that  it  cuts  the  opposite  cone  when 
produced^  the  section  is  an  hyperbola. 


Thus  if  V  be  the  vertex  common  to  both 
cones  VAB,  Vai,  and  the  plane  PDG  when 
produced  cuts  the  cone  Vai,  then  PDG,  pgd, 
are  opposite  hyperbolas.  This  section,  the 
jiarabola^  and  ellipse,  are  exclusively  called  Conic  Sections. 

860.  The  vertices  of  any  section  are  the  points  where  the  ia« 
ttrsccting  plane  meets  the  opposite  sides  of  the  cone. 
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Thus  C  and  G  are  the  vertices  of  the  ellipse,  and  G,  g,  those 
of  the  opposite  hyperbolas.    The  parabola  has  only  one  vertex  G. 

261.  The  axis  or  transverse  diameter  is  the  line  c(mnecting 
the  vertices. 

Thus  CG  is  the  a;^is  of  the  ellipse ;  and  Gg  that  of  the  hyper- 
bola. But  the  axis  of  the  parabola  is  infinite  in  length;  GO 
being  a  part  of  that  axis. 

262.  The  center  of  any  section  is  the  middle  of  the  axis ; 
consequently  that  of  the  parabola  is  at  an  infinite  distance  from 
the  vertex, 

263.  A  diameter  is  any  right  line  passing  through  the  centrt 
and  terminated  by  th^  curve, 

264.  An  ordinate  to  a  diameter  is  any  right  line  tenninated 
by  the  curve,  and  bisected  by  that  diameter. 

Thus  PD  is  an  ordinate  to  the  axis  CG  in  the  ellipse,  to  Gg 
in  the  hyperbola,  and  to  GO  in  the  parabola.  The  lemi-] 
ordinates  OP,  or  OD,  or  Od,  are  also  called  ordinates. 

Jience  the  ordihates  to  the  axis  are  at  right  angles  to  it. 

S65.  An  absciss  or  abscissa  is  a  part  of  any  diameter  con* 
tained  between  its  extremities  and  an  ordinate  to  il« 

Thus  OG,  Of,  are  abscissas, 

«66.  BEFORE  vi^c  proceed  to  the  properties  of  the  sections^ 
it  may  be  necessary  to  explain  what  is  understood  by  the  €qua* 
tion  of  a  curve. 

Let  AB  the  diameter  of  a  circle  bisect  the 
chord  DP ;  then  OD  zi  OP,  and  AO  x  OB 
=:OD*  {Geom,  97.  corol.  1),  or  (AB  —  OB) 
K  OB  —  OD*;  therefore  if  the  diameter 
AB  =  d,  AO  or  O  B  =  ;c,  and  OD  =  O  P = y  i 
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thtftt  C^--^)  xxzzy\  or  dx  —  x^zz  y*  is  the  eguaihn  of  the 
arcUy  and  defines  the  nature  of  that  curve  by  expressing  the 
relation  of  the  absciss  x  to  the  corresponding  ordinate  y  at  any 
point  (O)  in  the  diamcLcr. 

To  find  ihs  Equations  of  the  three  Conic  Sections. 


a67.  Let  the  plane  CPGDR 
eut  the  cone  VLW ;  and  sup- 
pose GO  =  CS;  also  let  PD 
md  SR  be  at  right  angles  to 
GC,  and  the  points  P  and  D 
di  equal  distances  from  the 
vertex  V :  then  if  AB  and 
HK  are  the  diameters  of  the 
circular  sections  through  O 
and  S,  PD  and  SR  will  be  in 
Ibe  planes  of  tbpse  circles,  and 
perpendicujar  to  the  diameters 
AB,  HK,  rcspi3ctively» 


Then  the  triangles  SGK^  OGB ;  OAC,  SHC,  being  re^ 
spectivcly  similar,  we  have 

SK  :  OB  : :  SG  (OC)  :  OG  (SC)  : :  OA  ;  SH, 
whence  SK .  SH  =  OB  .  OA- 

And  since  OD  and  SR  are  in  the  planes  of  the  circular  sections 
whose  diameters  are  AB,  and  HK,  and  also  perpendicular  to 
those  diahietcrs,  therefore  (Geom.  97.  corol.  1)  SK.SHrrSR* 
=r  OB  .OA  =:  OD',  consequently  SR  and  OD  are  equal; 
that  is,  whatever  be  the  curve  CPGDR,  the  ordinates  (SR,  OD) 
to  the  axis  CG,  are  equal  at  equal  distances  from  the  verticec 
C  and  G. 


Now  suppo.=;c  NQ  10  the  diameter  of  another  circular  sectic^ 
of  the  cone  3  then  IT  (in  the  plane  of  that  circle,  and  also  ia 
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that  of  the  oblique  section  CPGTR)  will  be  perpendicular  to 
CG  and  NQ»  whence^  by  similar  triangles, 

SC  :  SH  ::  IC  :  IN, 

SO  :  SK  ::  IG  :  IQ, 
therefore  (96)  SC.SG  :  SH.SK  (SR*) ::  IC.IG  :  IN.IQ  (IT«); 

or  SR»  :  SC.SG  ::  IT«  :  IC.IG : 

That  IS,  As  the  square  of  any  ordinate  (SR*), 

Is  to  the  rectangle  of  the  corresponding  alscissas 

(SC.SG), 
So  is  the  square  of  any  other  ordinate  (IT*), 
To  the  rectangle  of  its  corresponding  abscissas 
(IC .  IG)^ 

If  I  be  the  center  of  the  transverse  axis  CG,  then  TZ  (at 
right  angles  to  CG)  is  called  the  conjugate  axis. 

Let  CG  =  /,  TZ  =  c,  any  abscissa  (OG  or  OC)  r=  x,  and 

the  corresponding  ordinate  (CD)  z:^  y.    Then  the  precedinj^ 
analogy  becomes 

\ty,\t\\cx\c\\  {t—x)x  :  y'. 
or  /'  :  c'  ::  tx — *■  :  y*; 

that  is  -7  [tx — **)  =  y*.    Which  is  the  equation  of  an 
ellipse,  or  the  oval  CZPGDTR. 

268.  When  the  intersecting  plane  is  paraJlel  to  the  side  of 
the  cone,  (PD  being  at  right  angles  to  CG,  and  its  extremities 
F  and  D  equally  distant  from  the  vertex  of  the  cone,  as  before) 
then  C  will  be  at  an  infinite  distance,  and  the  axis  infinite  in 
length,  in  which  case,  we  conclude  that  the  rectangles  SC.SG, 
IC.IG  have  the  same  ratio  as  SG  and  IG,  consequently  the 
proportion 

SR*  :  SC.SG  ::  IT«  s  IC.IG 

will  become  SR*  :  SG  ::  IT«  :  IG; 
that  is,  the  alscissas  are  as  the  squares  of  their  corresponding 
wrdinates.    But  the  same  conclusion  may  be  obtained  thus  : 

VOIt.  ii»  !•  L 
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Since  IT^  =  NI .  IQ,  SR»  =  HS .  SK 
(by  the  prop,  of  the  circle),  and  NI=HS, 
therefore  IT'  and  SR^  will  have  the  same 
ratio  as  IQ  and  SK ;  but  by  sinular  tri- 
angles 

,IG  :  SG  ::  IQ  :  SK  ::  IT?  :  SR' 

(by  equality) ; 

That  is^  the  squares  of  the  ordlnates 
IT  and  SR  are  in  the  same  proporUon  as  the  abscissas  IQ 
and  SG. 


Put  the  absciss  SG  zz  ^,  the  corresponding  ordinate  SR  =  c^ 
and  X  and  y  for  any  other  absciss  and  its  ordinate : 

Then  tic*  ::  x  :  y*,  whence  —  xzzy\  or,  putting  —  =^| 

we  have  px  =y*,  the  equation  of  a  parabola,  where  the  con^ 

ttant  quantity  j-,  which  is  a  third  proportional  to  the  axis  and 

its  conjugate,  is  called  the  latus  rectum,  or  parameter  of  tb^ 
axis. 


269.  Let  the  intersecting  plan^  cut 
the  opposite  cones;  and  si^ppose 
gii=GI. 

By  similar  triangles, 
IQ  :  iq  : :  GI  :  Gf, 
IN  :  in  : :  gl  :  gi, 

whence  IQ •  IN  :  iq. in  : :   GI . gi 

:  Gi.gi;  but  these  latter  rectangles 

are  equal  because  Gi  zi  ^I,  and  GI 

zzgif,  consequently  the  two  former 

must  also  be  equal,  or  IQ  IN  ( =IT^) 

z:z  iq.inzL  ij^y  hence  IT  and  if  are 

equal,  and  therefore  the  opposite  l^yperbolas  are  similap  an^ 

poual. 
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-  Agiln,  by  similar  triangles,  ^ 

SK  ;  SG  ::  IQ  :  IG, 
SH  :  S^   :':  IN  :  I^, 

hence  we  have  SK.SH  iSG.Sg::  IQ.INrlG.T^: 
iwj't  SK.SH  =  SR%  and  IQ.  IN  n  it'  (by  prop,  of  circle), 

and  therefore  SR* :  Sfe.Sg  ::  IT'  :  IG.I^, 
that  is,  the  squares  of  the  ordinates  (SR,  IT)  have  the  same 
ratio  as  the  rec£angles  'of  their  corresponding  abscissus  (SG, 
Sg,  and  IG,  I^},  as  in  the  ellipse. 

IF  C  be  the  center  of  the  transverse,  axis  Gg,  and  CB  parallel 
to  NQ  Of  HK ;  then,  by  similar  triangles^ 

IQ  :  IG  ::  CB  :  CG, 
IN  :  1^    : :  CD  :  Cg, 
and  IQ.IN  :  IG.I^  ::  CB.CD  :  CG.C^: 

Now  IQ.IJf  =IT*y  consequently  the  square  of  iny  ordinate 
(IT*)  aiid  the  rectangle  of  its  coVresponding  abscissas  (IG.l^) 
have  the  constant  ratio  of  the  rtctangle  CB .  CD  to  the  square 
iof  the  wemi-transveirse  (CG.C^),  hence  a  mean  proportional 
between  CB  and  CD  will  be  the  'semi-conjugate  to  the  trans* 
verse  G^.  I^et  this  be  denoted  by  ^c,  and  put  t  =,  Ggy  x  = 
any  absciss  IG^  and  y  =  the  ordinate  IT;  then  /4-x  =  i^  the 
other  absciss  (instead  of  / — x  as  in  the  ellipse),  and  we  shall  have 

y«  :  it+x]x  ::  ii.^c  :  it.^t, 

c* 
or  y*  :    tx+x*  ::  c*  :  /*;  whence  -f  {tx  +  **)  =  y%  the 

equation  of  an  hyperbola. 

From  the  three  equations  thus  obtained,  ^^e  may  derive  the 
other  principal  properties  of  the  curves  by  considering  the 
sections  in  piano  only,  without  any  farther  reference  to  the 
solid  itself. 
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Op  the  ellipse. 


270.  Suppose  CG  and  ZT  are  the  transverse  and  coU' 
jugate  axes^  any  absciss  FG  =  x,  and  the  corresponding 
ordinate  FR=:y: 

Then  g^  (CG  xx-x*)  =y\  (267) 

Let  the  ordinate  PR  be  a  third 
proportional  to  the  axes  CG  and  ZT^ 

thatis^  =  PR;then^=:FR,     C| 
ZT* 

ZT*  «  ZT* 

therefore  we  have  ^^  (CG  x  x*—x*)  zz  jQ^f 

ZT* 

or  CG  X  X— a:*  zz ,  this  quadratic  equation 

(CG*       ZT*\ 
j^  these  two  roots  or 

values  of  x  are  the  abscissas  FC  and  FG  ; 

or  FC  =  IG  +  /  (IG*  —  IT*j, 
and  FG  =  IG  — -/(IG*— IT*). 

But  FG  =  IG_IF,  therefore  /(IG*— IT*)  =  IF.  and  con- 
sequently  FT  =  IG. 

This  ordinate  P^,  which  is  a  third  proportional  to  the  axes, 
is  called  the  parameter  of  the  axis  CG. 

And  if  I/=  IF  then  F  and /are  the /oci  of  the  ellipse. 

CoroL  1 .  Hence  F/,  the  distance  of  the  foci,  is  a  mean  pro- 
portional between  the  sum  and  difference  of  the  axes.  Or  the 
distance  of  the  foci  from  the  center  is  a  mean  proportional  be- 
tween the  sum  and  the  difference  of  the  semiaxes. 
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Carol.  2.  And  when  the  axes  are  given,  the  foci  may  be 
found  by  making  TF,  Tf,  each  =:  the  semitransverse. 

ST  I*  If  two  lines  are  drawn  from  the  foci  to  meet  at  any 
point  in  the  curve^  their  sum  will  be  equal  to  the  transverse 
axis :  that  is,  FS  -h/S  =  CG. 

Make  GN  perpendicular  to  IG, 
and  =  IZ  the  semiconjugate,  and 
join  IN ;  also  let  RS  be  an  ordi- 
nate at  right  angles  to  IG. 

Then  the  triangles  IRD,  IGN 
being  similar,  we  have 

IG*  :  GN»  (IZ*)  ::  IR«  :  RD% 
whence  IG«  ;  IZ» : :  IG*  -  IR*  :  IZ*— RD»  (by  alternation 
and  division). 


And  IG* ;  IZ*  ::  IG*— IR*  (or  IC  +  IR  .  IG-IR)  :  RS*, 
(267) 

whence  by  equality  RS*  =  IZ*  —  RD*. 

Now  FR  nFI  +  IR,  and  fR*  =  FP  +  sFI  x  IR  +  IR* : 
but  FS«  =  FR*  +  RS*; 
whence  FS*  =  FI*  +  2FI  X  IR  +  IR*  +  IZ*  —  RD*  (by  ad- 
dition), 

•or  FS*  =  FI*  +  IZ*  +  2FI  x  IR  +  IR*^RD*; 
but  FP  +  IZ*  =  IG*,  (270.  corol.  l) 
whence  FS*  =  IG*  +  sFI  x  IR  +  IR*— RD*  (by  substitution). 

Let  10  be  a  4th.  proportional  to  CO,  F/,  and  IR, 
that  is,  2IG  :  2FI  : :  IR  :  lO ;   then  2FI  x  IR  =  2lG  X  10 
this  substituted  for  SFI  x  IR  in  the  last  equation,  and  we  hare 
FS*  =  IG*  +  2IG  X  10  +  IR*  -  RD*. 

Agaio,  since  2lG  :  2FI  ::  IR  :  10,  or  IG  :  IR  ::  FI  :  lOj 
we  get  IG*  :  IR*  ::  FI*  (or  IG*  —  IZ*j  :  IO*j 
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fiut  from  the  similar  triangles  IRD,  1(jN, 
IG*  :  GN*  (=  IZ*)  ::  ift* :  RD% 
whence  IG*  :  IG*  —  IZ»  : :  IR*  :  IR*  —  RD*  (by  divisiohji 
or  IG*  :  IR*  ::  IG*— IZ«  :  III*  — RD«. 
Also  IG*  :  IR*  : :  IG*  — IZ»  j  IO*  (from  the  4th.  propor^ 
tional),  whence  by  equality,  IR*  —  RD*  =  10*  this  substituteJ 
for  IR'— RD»  in  the  latter  of  the  preceding  values  of  FS% 
^  and  the  result  is  FS*  =  IG*  +  2IG  X  10  +*10*5 

and  the  square  roots  give  FS  =:  IG  +  lO  or  CI  +  ID; 

And  by  proceeding  ctactly  in  the  same  manner  with  /R*  =f 
(/i  —  IR)*  instead  of  FR*  =  (FI  -h  IR)%  we  shall  get  /S  rz 
IG— 10, 

Therefore  FS  and  /S  are  respcttively  equal  to  OC  and  OG^ 
the  two  parts  of  the  transverse  diameter. 

CoroL  Hence  is  derived!  tke  cominoh  method  of  describing 
this  curve  with  a  thread,  thus  2 

Let  the  thread  be  equal  in  length  to  the  transverse  CG/  and 
fix  its  ends  at  the  foci  F  and  /« then  move  a  pencil  or  pen  round 
by  the  thread,  keeping  it  always  stretched,  and  the  point  of  the 
pencil  or  pen  will  describe  the  curve. 

Or  the  curve  may  be  traced  mcehanically,  thus  3 

Take  any  point  P  ia-the  transversa, 
and  with  PC,  PG  as  radii^  about  the 
foci  F9  /,  describe  arcs  intersecting 
each  other  in  R,  R,  R,  R  which  will 
*  be  4  points  in  tlie  curve  $  and  the  like 
number  may  be  found  by  assuming 

another  point  in  CG,  and  so  on :  the  curve  is  then  to  be  drawn 
tbrougb  the  points  of  inter$ectiou.  . 
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«72.  Tb  draw  a  tangent  to  an  ellipse  at  a  given  point  f  in 
the  curve,  t 


Let  the  point  and  the  &ci  F,^  be 
joined,  and  bisect  the  angle  ¥Pf  with 
PB ;  then  TA  drawn  through  P  at  right 
juigles  to  PB)  or  to  make  the  angle  FPT 
:=JTAj  will  be.the  tangent  required. 


The  truth  pf  tjii^  ponatructiox;  will  be  niaxufest  from  the^ 
/oUowing 

Theorem.    I/frfm  two  given  points  ¥,/,  two  lines  FP^ 

yP  be  drawn  to  meet  at  a  given  right  line  TA,  and  make 

fiqual  angles  FPT,/PA,  the  lines  FP,/P  taken  together  will 

be  less  than  any  other  two  lines  FR,/R,  drawn  Jrom  the 

same  points  to  meet  on  the  same  line  TAt 

Dr^w  FW  at  right  angles  to  TA,  ai^d 
produce  fP  to  meet  it  in  W ;  fJso  let 
WR  be  joined; 

Then  since  the  angle FPS  i^PRzrSPW, 
the  right  angled  triangles  SPF,  SPW  are 
f  imilar  and  equal,  and  therefore  FPr=  WP, 
and  FP  +/P  =  W/;  but  WR  =  FR,  whence  FR  +/R  =:/R 
+  RW  which  is  greater  than  VJfor  its  equal  FP  +yP, 


The  foUowiog  method  qf  drawing  an  Oval  is  frequently  practised  by 
irorkmeo,  q 

Two  equal  isoceles  triangles  OCP,'0€P,  arc  con- 
structed on  a  common  base  OP,  and  the  sides  CO, 
CP  produced ;  then  C,  C,  are  the  centers  of  the  cir- 
cular arcs  AB»  AR  (decribed  with  a  pair  of  common 
compasses)  and  O,  P,  the  centers  of  the  arcs  AA 
^ndRR. 
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Hence,  if  F  and  /  be  the  foci  of  an  dlipsc,  and  FP+;/P 
equal  to  the  transverse  axis^  it  follows  that  an  elliptical  arc  de- 
scribed with  a  thread  (as  directed  in  the  preceding  corollary) 
will  pass  through  the  point  P  and  touch  the  line  TA  in  that 
point:  for  if  FP+/P  be  increased,  the  curve  thus  described 
must  cut  the  lice  in  two  points^  but  when  diminished,  it  can 
neither  Intersect  nor  touch  it,  as  is  evident  from  the  description 
of  the  curve. 


It  has  already  been  observed  (253)  that  opticians  find  when 
a  ray  of  light  falls  on  a  reflecting  surface,  the  angles  of  incidence 
and  reflexion  are  equal ;  hence,  if  either  focus  be  a  lucid  pointy 
and  the  concavity  of  the  ellipse  a  polished  surface,  the  rays 
issuing  from  that  point  m  focus  will  be  jeflectcd  to  the  other  : 
thus  the  angle  FPB  ir/PB,  and  the  ray  FP  is  reflected  in  the 
direction  Pf; .  hence  it  is,  that  F^  f,  are  called  foci  or  burning 
points. 

273.  Let  TP  he  a  tangent  to  the  ellipse,  F,  J,  the  foci^ 
I  tlhe  center,  and  PR  an  ordinate  to  the  axis  CG;  then 
J[C»:IF«;:IR:IB. 


Since  PB  bisects  the  angel  FP/* 
we  have/P :  FP  : :  /B  :  FB  (Geom.96) 
vrhence/P  +  FP  :/P— FP  : :  FB  +/B 
;/B — FB,  (by  composition  and  division) 

or  2IC  :/P— FP  ::  2IF  :  «IB, 

or    IC  i^^Z^^  -  IP  :  IB. 
2 

imd  IC«  ;/^7-    XIC  : 


IF  :  IB.  (92) 


But  in  the  triangle  Fiy*,  I  is  the  middle  of  the  base  ff,  PR 
the  perpendicular  on  that  base,  andyP-J-FP  (or  2IC)  is  the 
Him  of  the  sides ; 


X-tLtPSE. 


9» 


whtnoe  (245)  Vf:f?  +  TP  (or  2IC)  t'./f-^f?  :  8JB,. 


lEf 


and  ^  (or  IF)  :  IC  : 


-/P-FP. 


:IR, 


whence 


/P-FP 


X  IC  =  IF  X  IR: 


Therefore  IC*  :  IF  x  IR  ::  IF  :  IB  (by  substitution)^ 
or  IC*  :  IF  X  IR  ::  IF*  1  IB  X  IF,  (9«) 
and  IC»  :  IF' : :  IF  x  IR  :  IB  x  IF  (by  altematioa). 
that  is  I(!;*:IP::IR:IB. 

Carol.    Let  I Z  be  the  semiconjugate  axe ; 
then  since  IC*  :  IF«  : :  IR  :  IB, 
we  have  IC*  :  IC~IF*  : :  IR  :  IR— IB  (or  BR), by  division, 
that  is  IC»  :  IZ» : :  IR  :  BR,  because  IC*— IF^nlZ*.  (970) 

274.  ffT?  he  a  tangent^  CG  the  transverse  axis,  IZ  M# 
semiconjugate f  PB  perpendicular  to  TP,  and  PR  an  ordinate; 
then  IC  is  a  geometrical  mean  between  IR  and  IT. 

Let  RS  be  parallel  to  CZ. 
ThenIC*:IZ*::IR*:IS*(by 

sim.  triang.) 
But  IC*  :  IZ*  :  IR  :  BR   (273. 

corol.):;  IR*  :  IR  x  BR; 
whence  IR*  :  IR  xBR::  IR* 

:  IS*  (by  equality), 
and  therefore  IR  x  BR  =  IS*. 

Moreover,  the  right  angled  triangles  TRB,  PRB  being  similar, 
wc  have  TR  :  RP  : :  RP  :  BR, 
whence    TR  x  BR  n  RP». 

But  IC* :  IZ*  : :  1C*-IR*  :  IZ*  — 1^^  =:  RP*.  («67). 

A«dby  sim.  triang.  IC*  :  IZ*  ::  IR*  :  -^j^  =  IS*, 

whcncei  by  substitution  IZ*— IS»  =  RP*=:TR  x  BR, 
or  IZ*=:IR  X  BR  +TR  x  BR=  (IR  +  TR)  BR  =  BR  x  IT. 
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And  smee  BR  :  IR  : :  BR  x  IT  :  IR  x  IT,  (92) 
that  is  BR  :  IR  : :  IZ«  :  IR  x  IT  (by  substilation) : 
Also  BR  :  IR  : :  IZ*  :  IC%  (273  corol.) 
•   therefore  IC*  zr  IR  x  IT ;  that  is,  IC  is  a  mean  proportional 
between  IR  and  IT. 

CoroL  1.  If  TD  be  a  tangent  to  a  circle  described  on  the 
transverse  CO,  and  the  points  D  and  I  joined,  also  suppose  DR 
to  be  perpendicular  to  CG  :  then  the  angle  TDI  being  a  right 
one,  we  have,  by  sim.  triangles,  TI  :  DI  (or  IC)  : :  DI  :  IR, 
therefore  IC  is  also  a  mean  proportional  between  IR  and  IT  in 
the  circle,  consequently  the  point  D  is  in  RP  produced.  Hence 
it  follows,  that  if  any  number  of  ellipses  have  the  same  trans- 
verse (CG),  the  tangents  drawn  from  the  points  (P,  &c.)  where 
an  ordinate  (RD)  intersects  them,  will  all  meet  in  the  same 
point  (T)  in  the  transverse  produced.  For  IR  and  IT  remain 
the  same,  whatever  be  the  length  of  the  conjugate. 

Corol.  2.  Since  IC*  :  IZ»  :  RC  X  RG  :  RP%  (267)  in  the 
ellipse ; 

and  RD*  -  RC  x  RG  in  the  circle, 
it  will  be  1C':IZ»::  RD'  :  RP% 
or  IC   :  IZ  ::RD    :  RP; 

that  is,  the  ordinates  RP,  RD,  have  always  the  same  ratio  as 
the  semiaxes,  or  axes  of  the  ellipse : 

or  transverse  :  conjugate  : :  RD  :  RP. 

Corol,  3.  Hence  also,  the  area  of  /he  ellipse  will  be  a 
geometrical  mean  between  the  circles  described  on  the  two 
axes.  For  if  ordinates  (RD,  &c.)  be  drawn  from  every  pomt 
in  CG,  the  sum  of  all  the  RD's  constitutes  the  area  of  the 
semicircle  GOG,  and  the  sum  of  all  the  RP's  th^  of  the  semi- 
^ipse  CPG;  but  the  sum  of  the  former  to  that  of  the  latter  is 
as  RD  to  RP,  or  as  the  transverse  axe  to  the  conjugate.  And 
•ny  corresponding  segmental  have  evidently  the  same  proportion. 
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Hence,  if  /  be  put  to  denote  the  transverse,  and  c  the  conjugate, 
then  .7854/*  is  the  area  of  the  circle  described  on  the  trans* 
verse,  and  /  :  c  :;  .7834/-  :  .7854/c  the  area  of  the  ellipse,' 
which  is  a  mean  proportional  between  the  two  areas  .7854/^ 
and  .7854c". 

575.  If  CG  he  the  transverse  axisj  TP  and  CB  tangents 
at  P  and  C,  respectively,  and  KPB  a  diameter  produced'/ 
then  the  triangles  IPT,  ICB  will  le  equal. 

Draw  the  ordinate  PR,  and 
let  CF  be  parallel  to  TP. 

Then  the  triangles  PRI,BCI; 
'  CFI,  TPI  being  respectively 
similar,  we  have  B 

IF  :  IP  : :  IC  :  IT  : :  IR  :  IC  (274)  : :  IP  :  IB,  (by  sim.  triang.) 

that  is,  IF  :  IR  ::  IP  :  IC, 
and  IC  :  IP  ::  IT  :  IB 

therefore  (Geom.  94.  corol.  l)  RF,  CP,  TB  arc  parallel  to 
each  other. 

Now  the  triangles  TCP,  BCP  on  the  same  base  CP,  and  be- 
tween  the  parallels  CP,  TB,  are  equal,  therefore  adding  CPI  to 
each  we  have  IPT  =  ICB. 

Corol.  The  triangle  PRT  =  trapezoid  CRPB ;  this  appears 
by  taking  the  triangle  PRI  from  each  of  the  triangles  IPT,  ICB. 

576.  Let  the  diameter  H  V  le  parallel  to  the  tangent  TP, 
then  PK  and  HV  are  called  conjugate  diameters.  And  if 
SN  be  an  ordinate  to  PK,  and  HD,  SQ  parallel  to  th^ 
tangent  CB,  the  triangle  SO£  =  trapezoid  COQB. 
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Let  PR  be  "an  ofdinate  to 
CG: 


By  similar  triangles, 

IC:CB::IR:RP::I0:0Q, 
whence  by  alternation  and 
division, 
IC  :  CB  ::  JC+IR  :  CB+RP  ::  IC  +  IO  :  CB^-OQ. 

or  IC+IO  :  IC  +  IR  ::  CB+OQ :  CB^-RP  (by 
alternation). 
But 
OCxOG=:OC.(IO  +  IC),  and  RC  XRG=RC.  (IR  +  IC)  ; 

whence 
OCxOG  :  RC  X  RG  ::  OC .  (ID  +  IC) :  RC .  (IR  +  IC), 

or 
OCxOG  ;  RC  X  RG  ::  OC.  (CB  +  OQ)  :  RC.  (CB  +  RP) 
by  equality ; 

,oc.(?a±°-S):Rc.(2LtH). 

::  trapez.  COQB  :  trapex.  CRPB. 

Moreoyer,  the  triangles  PRT,  SOE  being  similar,  we  have 
triang.  SOE  :  triang.  PRT  ::  SO'  :  RP'  ::  OC  x  OG  :  RC 
X  RG.  (267) 

or  iria?ig.  SOE  :  iriang.  PRT  : ;  trapez.  COQB  :  trapex. 
CRPB,  (by  equality)  : 

But  (273  corol.)  iriang.  PRT  =  trapez.  CRPB,  therefore, 
by  equality,  the  iriang.  SOE  =  trapez.  COQB.  And  in  the 
same  manner  it  is  proved  that  the  iriapgle  HLI  =.  trapez. 
CLDB. 

Carol.  From  the  equal  triangles  IPT,  ICB,  take  the  triang. 
lEIN,  then  the  trapez.  TPNE  =  quadrilateral  'BCEN  ;  from  this 
•ubtract  the  trapez.  COQB,  and  add  its  equal,  or  the  trianf^ 
SOE,  to  the  remainder  QOEIN,  and  we  hate  the  triang.  SQN 
=  trapez.  TPNE.  In  like  manner,  by  subtracting  CLDB  from 
the  triang.  ICB,  and  adding  its  equal  HLI,  we  get  the  triaog« 
HDI  =  triang.  ICB  =  triang,  IPT. 


ELLIPSE.  «69 

«77.  If  PK  ani  HV  be  conjugate  diameters,  and  SN  an 
ordinate^  as  in  the  preceding  Theorem, 

Then  IP»   :  IH«  ::  NP  xNK  ;  NS\ 

By  similar  triangles, 
triang.  IPT  :  iriaiig.  EIN  : :  IP^  :  IN«  ; 

and  IPT  :  IPT-EIN  s:  IP'  :  IP*  —IN*  (by  division), 
that  is,  triang.  IPT  :  trapez.  TPNE  ::  IP'  :  (IP-J-IN) 
.(IP  — IN;,orNK\NP. 

Moreover,  since  the  triangles  HDI,  SQN  are  similar^  we  have 

IH*  :  NS-  ::  triang.  DHI  :  triang.  SQN; 

that  is  IH-  :  NS"  : :  triang.  IPT :  trapez.  TPNE  (by  equalityj 
::  IP'  :NKxNP; 

or  alternately,  IP"  ;  IH«  ; ;  NK  x  NP  :  NS».  And  in  the 
same  manner  it  isproved  that  iP»  :  IV  ::  NK  X  NP  ;  NW*  : 

therefore  NW  =  NS. 

Corol.  I.   Hence  any. diameter  bisects  all  its  double  ordinates, 

CoroL  2.  And  tlie  property  demonstrated  In  regard  to  the 
transverse  axis  (Art.  s67)  is  general  for  any  diameter  whatever, 
viz.  the  rectangles  of  the  segments  of  any  diameter ,  are  as  the 
squares  of  their  corresponding  ordinates. 

CoroL  S*  Hence  also  is  derived  the  method  of  finding  the 
center  and  axes  of  an  ellipse ;  thus^ 

Draw  two  parallel  ordinates  or  lines 
SS,RR,  and  bisect  them  with  PK  which 
will  be  a  diameter;  then  about  I  the 
center,  or  middle  of  PK,  describe  an.  arc 
of  a  circle  meeting  the  ellipse  in  two 
points  DD,  bisect  DD  in  B,  and  through  B,  lydraw  GC  wiiich 
will  be  the  transverse.  If  the  arc  faUa  without  the  ellipse  ir 
gives  the  cqnjiigate. 
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278,    Every  parallelogram  circumscribing  an  ellipse    is 
equal  to  the  rectangle  oj  the  two  axes. 

Let  PK,  HV  be  conju- 
gate diameters,  then  the 
tangents  through  their  ex- 
tremities will  form  a  paral- 
lelogram SN.  (276j. 

Draw  the  axes  CG,  ZB, 
and  the  ordinates  PR,  HL,  also  suppose  GC,  AS  are  produced 
till  they  meet  in  T,  and  let  lO  be  perpendicular  to  SA. 

Then  (274)  IC*  =  IR.IT,  and  IC*-IL.ID; 
therefore  ID  :  IT  ::  IR  :  IL. 
But  the  triangles  IHD,  TPI ;  IHL,  TPR  arc  respectively  similar, 

whence  ID  :  IT  ::  IL  :  TR, 
therefore  by  equality,  IR  :  IL  ::  IL  :  TR,  or  IL*=:  IR.TR: 

Also,  because  IC  :  IR  : :  IT  :  IC,  (274) 
wehavelC-IR(orRC):  IR::  IT— IC  (or  CT}:IC,  by  division, 
or  alternately,  IR  :  IC  : :  RC  :  CT ; 

and  IR  -^  IC  (or  RG)  :  IR  : :  RC  +  CT  (or  RT}  :  RC, 
by  composition, 

or  alternately,  IR  :  RG  ::  RC  ;  RT,  hence  IR.TR  =  IL* 
=  RG.RC. 

:  RC.RG  :  RP%  (267) 

:  IL»  :  RP*  (by  equality), 

:IL    :RP. 

;LC.LG:LHS 

:  IR  :  LH. 

:  IC  :  IR  (by  alternation). 

:IC:IR, 
IZ:LH.orIT.LH=IC.lZ. 

being  similar,  we  have 
LH:IO,orIT.LH  =  IH.IO, 
.IO  =  IC.IZ,  and  4IH-I0 


Moreover,  because  IC* 

:IZ'  : 

or 

IC» 

:  IZ"  : 

we  have  IC 

:IZ    : 

In  like  m  yiner,  since 

IC 

:IZ'  : 

we  shall  get 

IC 

:IZ    : 

or 

IZ 

:LH  : 

■    But  (874) 

IT 

:IC    : 

therefore  by  equality 

IT 

:  IC  : : 

But  the  triangles 

lOT 

,  ILH 

IH 

:IT:: 

and  therefore  the 

rectang.  IH 

=  2lC.2lZ. 
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-+-IR«=IC«. 
IL«  :  RP% 

IL--hIR»  :RP«  +  LHS  (by  com- 


But  the  rectang.  IH  •  10  is  =  the  parallelogram  PIHS  or  i 
of  the  circumscribing  parallelogram  SN,  consequently  2lC  .  2lZ 
or  the  rectang.  CG.  ZB  =  the  parallelogram  SN. 

279.  The  sum  of  the  squares  of  any  two  conjugate  diameters^ 
is  equal  to  the  smn  of  the  squares  of  the.  two  axes.      Viat  is^ 

'  PK'^  H-  HV*  =  CG»  -+-  ZB^  :  (see  the  preceding  fig.) 

By  the  last  Thco.  IL»  =:RG.RC  =1C*-IR*  (orlC  +  lR 

X  IC  -  IR), 

therefore  IL* 

But     IC»  :    IZ»  :: 
and    IC  :    IZ»  :: 
whence  2lC*  :  2lZ»  :: 
position) 
Ihatis  5IC«  :2lZ«  ::  IC  :  RP^+LH"; 

therefore  by  equality  RP*  +  LH;  =  IZ*  ; 
Hence  the  sum  of  the  4  squares  IL*  +  IR»  +  RP*  +  LH*  nIC* 
+  IZ»  the  sum  of  the  squares  on  the  semiaxes :  but  (Geom.  83) 
the  sum  of  those  4  squares  are  equal  to  IH"  +  IP«  the  squares 
on  the  semiconjugates ;  therefore  4lH*-+-4lP*  =:  4lC»  -f-4lZ* 
or  HV-I-PK"  z=  CG»  H- ZB*. 

280.  If  a  cylinder  be  cut  by  a  plane  oblique  to  its  axis,  ike 
section  is  an  ellipse. 

Let  CZGT  be  the  section,  HRK,  NTQZ, 
two  sections  parallel  to  the  base  of  the  cylin- 
der. Then  the  equation  of  the  curve  is  de- 
rived exactly  as  in  the  cone^  (267)  5  thus 

By  similar  triangles, 

SC:SH::IC  :  IN, 

SGrSK::  IG  :  IQ, 

whence  (96)  SC.SG:SH'.SK  (orSR«)   ::  IC.IG  :  IN.IQ 

(1T»  or  IZ*), 
or  SR' :SC.SG::IT«  :  IC.IG, 

That  is,  the  squares  of  the  ordinates  are  as  the  rectangles  of 

the  corresponding  abscissas. 
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The  conjugate  axis  ZT  is  the  diameter  of  the  cylinder^  1  being 
the  center  of  the  transverse  CG. 

If  CG=:<,  ZTzif,  SC  or  SG-x,  SRiry,  then  the  fon^ing 
proportion  gives  ~  {tx  —  *')  =:  y"  the  equation  of  the  ellipse. 

281.  The  spheroid  or  solid  generated  by  the  rei^olution  of  an 
ellipse  about  either  axis,  is  f  of  the  circumscribing  cylinder. 

Let  ZTG  be  a  semiellipse,  ZT  the  con- 
jugate axis,  IG  the  senii transverse,  and 
AGB  a  semicircle  described  about  the 
center  I.  ^ 

Then  if  the  ellipse  and  circle  revolve  about  tlie  axis  IG,  the 
former  will  describe  a  hemispheroid,  and  the  latter  an  hemisphere. 

Suppose  DC  to  be  a  plane  parallel  to  the  base  AB ;  then  SO 
and  DC  will  be  the  diameters  of  the  circular  sections  of  the  two 
solids  made  by  that  plane.  And  because  AB  :  ZT  : :  DC  :  SO 
at  every  point  in  IG  (1274)  the  surfaces  of  the  corresponding 
circular  sections  will  be  in  the  constant  ratio  of  AB*  to  ZT* : 
if  therefore  we  conceive  the  two  solids  to  be  composed  of  an  in- 
finite number  of  indefinitely  thin  elemenury  circular  parallel 
planes^  (Geom.  131)  the  sum  of  those  in  the  hemisphere  AGB 
will  be  to  the  sum  of  tliose  in  the  hemispheroid  ZGT^  as  AB* 
to  ZT% 

that  is,  AB'  :  ZT»  : :  solid  AGB  :  solid  ZGT : 
But  if  AH,  ZQ  are  the  cylinders  circumscribing  the  two  solids^ 
then  AB* :  ZT» ::  cylind.  AH  :  cylind.ZQ,{Gtotn.l3l.  corol.3) 

therefore  by  equality,  solid  AGB  :  solid  ZGT  ::  cylind, 
AH  :  cylind.  ZQ  : 

But  (Geom.  134)  the  solid  or  hemisphere  AGB  =  i  of  the 
cylinder  AH,  consequently  (by  the  proportion)  the  solid  or  hemi- 
spheroid ZGT  =  I  of  the  cylinder  ZQ. 
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And  if  the  ellipge,  and  the  semicircle  de- 
scribed about  I  with  the  radius  IZ,  revolve 
about  the  semiconjugate  axis  IZ,  then,  in 
the  same  manner,  it  is  proved  that  half  the 
spheroid  (or  the  solid  CZG)  is  equal  to  f  of  the  circumscribing 
cylinder  CQ.  This  is  called  an  oblate  spheroid,  or  dlipsoid* 
But  when  the  transverse  diameter  of  the  ellipse  is  the  fixed  axis, 
the  solid  is  a  prolate  spheroid. 


Carol.     AB«  :  ZT«  (or  DC«  .  SO*) 
DGC  :  spheroidal  segment  SGO. 


spherical  segment 


Op  the  hyperbola. 

$82.  The  equation  of  the  curve,  or  fundamental  property,  Is 
already  derived  from  the  cone  (269J  j  but  in  considering  the 
section  in  plano^  the  following  definitions  will  be  necessary. 

1.  If  PGR,  pCr  be  the  oppo- 
site  hyperbolas,   GC   the  trans- 

.  verse  axis,  I  ils  center,  F,/,  the 
foci,  WI W  at  right  angles  to  CG, 
and  GZ,  GT,  CZ,  CT,  each  equal 
to  IF  or  I/,  then  ZT  is  the  con- 
jugate  axis. 

2.  When  the  conjugate  axis  is 
equal   to  the  transverse,    or  ZT 
=:CG  the  curve  is  called  an  equi-       ^ 
lateral  hyperbola,  or  right  angled  hyperbola. 

3.  The  line  PFR  at  right  angles  to  the  axis  CF,  is  called  thf 
parameter  J  or  latus  rectum. 
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4.  Two  indefinite  right  lines  LM,  XY,  drawn  through  the 
center  I  parallel  to  GT,  GZ,  are  called  the  asymptotes  of  the 
hyperbola^  or  of  the  opposite  hyperbolas. 

5.  If  ZT,  CG,  are  made  the  transverse,  and  conjugate  to 
two  other  hyperbolas,  whose  vertices  are  Z  and  T,  those  arc 
called  conjugate  hyperbolas^  with  respect  to  the  former, 

6.  Any  right  line  PK  drawn  through 
tile  center  I,  and  terminated  at  the  oppo- 
site sections,  is  called  a  dunnetevy  and  the 
extremities  P,  K,  its  vertices:  and  HV 
parallel  to  TT  the  tangent  at  P^  is  c«illcd  its 
conjugate  diameter. 

7.  If  any   diameter   KP   be  continued 

within  the  c^rvc,  the  inner  part  PN  is  called  the  abscissa ;  and 
SW  parallel  to  the  tangent  TT  is  a  double  ordinate  to  the 
diameter  KP. 

283.  The  square  of  the  distance  cj  the  focus  from  the  center 
is  equal  to  the  sum  of  the  squares  of  the  semiaxes :  vie.  1/^ 
=:IG*-i-IZ*.  (sec  the  folio  wing  Jf^.) 

Let  IZ  be  the  sennconjugate,y?  the  semiparameter  or  thirJ 
proportional  to  the  semitransverse  IG  and  semiconjugate  IZ  : 

Then  the  equation  of  the  curve  (269^  gives 
IG*  :  IZ*  ::  (I/-+-IG)  .  (I/'-IG)  or  I/*-IG*  :/P«  : 

But  IG  :  IZ   ::  IZ  :/P  (tlie  semiparam.) 
and  IG*:IZ*::  IZ^:/P», 
therefore  by  equality  IZ»  =  I/*—  IG*.  or  IZ*+IG»  :=:  If*; 
instead  of  IG'  — IZ*  =  I/*  as  in  the  ellipse,  (270  corol.  l). 

CoroL  Hence  the  distance  from  Z  to  G  set  on  the  axis  from 
ihc  center  I  both  ways,  give  the  foci  fp  F, 


HYPERBOLA. 


275 


284.  If  two  lines  are  drawn  Jrom  the  foci  to  meet  at  any 
point  in  the  curve^  their  dfj/vrence  will  he  equal  to  the  trans'^ 
verse  axis:  that  is  FS— /S  zz  CG. 

Make  GN  perpendicular  to  IG,  and 
r:  IZ  the  semiconjugate,  and  join  IN; 
also  let  RS  be  an  ordinate  at  right  an- 
gles to  IG. 

Then  RS  being  produced  to  D,  the 
triangles  IRD,  IGN,  will  be  similar, 
and  we  shall  have 

1G»':  GNMIZ*)::IR»:  RD% 
whence  IG*  :  IZ» ; :  IR»—  IG*  :  RD*  — IZ«    (by  alternaiiou 
and  division). 

And  IG*  :  IZ» : :  (IR  +  IG) .  (IR^IG)  or  IR*— IG»  :  RS% 
(269) 

whence  by  equality  RS^  -  RD'  —  IZ' : 

Now  FR  =  FI-hIR,  and  FR»  =z  FV  +  2FI  X  IR+IR% 
but  FS=  =  FR*-+.RS\ 
whence  FS^-FP+sFl  xIR+IR*4-RD'— IZ*  (by  addition), 
or  FS*  =:  FP  —  IZ*  +  2FI  x  IR  +  IR^  +  RD* : 


But  IG*ziFP- 
whence  FS*  zz  IG* 


•IZ*,   (283) 

-2FI  X  IR  +  IR*- 


RD*. 


Let  10  be  a  fourth  proportional  to  CG,  F/i  and  IR, 
that  is  2IG  :  2FI  : :  IR  :  lO ;  then  2FI  x  IR  =:  2lG  x  10, 
this  substituted  for  2FI  x  IR  in  the  last  equation,  and  we  have 
FS*  =  IG*  +  2lG  X  10  4-  IR*  +  RD* : 

Again,  since  2lG  :  2FI  : :  IR  :  lO,  or  IG  :  IR  : :  FI  :  ID, 
we  get  IG*  :  IR*  : :  FP  (or  IG*  H-  IZ*)  :  lO*. 

But  from  the  similar  triangles  IRD,  IGN, 
IG*  :  GN*  (=  IZ*)  : :  IR*  ;  RD* ; 
Whence  IG* ;  IR* : ;  IG*+IZ* :  IR*+RD*  (by  composition)  ; 


im  Si 
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Also  IG»  :  IR»  : :  IG*-hIZ* :  lO*  (from  the  4th;  propor- 
tional)^ 

whence,  by  equality,  IR*  +  RD*  =  10*  this  substituted  for 
IR'  +  RD*  in  the  latter  of  the  preceding  values  of  FS% 
and  the  result  is  FS*  =  IG»  +  2lG  x  lO  +  10*; 
and  the  square  roots  give  FS  =  IG  +  10. 

And  proceeding  in  the  same  manner  with  /R'  =  (/I  — IRj* 
instead  of  FR»  =  (FI  +  IR)%  we  shall  get /S  =  10  -  IG ; 

Therefore  FS-/S  or  IG  +  IO— (lO^IG)  =  2lG  =  CG 
the  difference  of  the  two  lines  drawn  from  the  foci  to  meet  in  the 
curve.     In  the  ellipse  their  sum  is.=  the  transverse  CG.  (27 1 ) 

Corol.  Hence  is  derived  a  me- 
thod of  describing  the  curve  by 
continued  motion  when  the  trans- 
verse and  foci  are  given ;  thus, 

Let  two  threads  FS,yS,  whose 
difference  in  length  is  =  the  trans- 
verse CG,  be  fastened  at  the  foci 
F,  J ;  then  if  the  other  ends  are  tied  together  (suppose  at  S) 
and  passed  through  a  small  bead  or  pin  S,  and  the  bead  or  pin 
be  made  to  move  along  the  threads  while  they  are  constantly 
kept  tight,  ihe  said  bead  or  pin  will,  by  its  motion,  describe  th« 
curve. 

Or  the  curve  may  be  traced  mechanically,  thus.  Take  any 
point  O  in  the  axis/N,  then  with  GO  and  CO  as  radii,  about 
the  foci  fy  F,  describe  arcs  of  circles  intersecting  each  other  in 
, R,  R,  which  will  be  two  points  in  the  curve:  and  the  like 
number  may  be  found  by  assuming  another  point  in  the  axis 
(/N),  and  so  on.  The  curve  is  then  to  be  drawn  through  the 
points  of  intersection. 

285.  To  draw  a  tangent  to  the  hyperbola  at  a  given  point 
S  in  the  curve. 
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Let  SF,  Sf  be  drawn  to  the 
foci  F,/;  ihen  a  line  SB  which 
bisects  the  angle  F^^*  is  the  tan- 
gent required. 

Suppose  TA  is  drawn  through  f" 
S  to  make  the  angles  FST,/SA, 
equal;  then  if  F, /,  were  the 
foci  of  an  ellipse,  and  the  length  of  the  threads  SF-f-S/*  re- 
mained constant,  an  elliptical  arc  might  be  described  with  that 
constant  length  which  would  touch  TA  in  the  point  S,  and  SB 
would  bisect  the  angle  ¥Sf,  or  stand  at  right  angles  to  TA 
(27s) ;  but  in  describing  the  hyperbola,  the  threads  SF,  S/*,  are 
constantly  diminished  equally  in  length,  and  consequently  the 
motion  of  the  point  S  must/  for  that  reason,  be  at  right  angles 
to  the  direction  of  the  curve  of  the  ellipse  at  that  point,  that  is, 
an  indefinitely  small  part  of  the  hyperbolic  curve  (SO)  will 
coincide  with  SB,  which  therefore  must  be  a  tangent  to  the 
curve. 

Corol.  Hence  if  TA  were  a  reflecting  surface  perpendicular 
to  the  curve,  a  ray  of  light  FS  proceeding  from  one  focus, 
would  be  reflected  in  the  direction  Sf  to  the  other. 

Scholium.  In  comparing  Articles  271  and  280,  the  reader 
will  perceive  that  th«  latter  may  be  considered  as  a  repetition  of 
the  former ;  the  difference  consisting  merely  in  the  signs  +  and 
— ,  which  vary  in  a  few  steps  of  the  process.  This  similarity 
extends  to  most  of  the  properties  of  the  Ellipse  and  HypcAola. 
We  therefore  shall  only  enunciate  the  theorems  in  the  three 
following  articles,  and  leave  their  investigations  as  exercises  for 
the  student,  who  will  find  little  difficulty  in  framing  the  de, 
monstrations  when  he  comprehends  what  is  laid  dowA  respecting 
the  ellipse. 


*78 


CONIC   SECTIONS. 


286.  Let  TP  be  a  tengent  to 
the  hyperbola,  F,  J\  the  foci, 
I  the  center,  and  PR  an  ordinate 
to  the  axis  CG. 

Then  IC*  :  1F»  : :  IR  :  IB, 
(PB  being  perpendicular  to  the 
tangent,  as  in  the  ellipse,  art.  273). 

And  IC  is  a  geometrical  mean  between  IR  and  IT;   that  is, 
IR:IC::  IC  :  IT. 

Hence  also,  if  two  or  more  hyperbolas 
have  the  same  common  axis  CG,  the  tan- 
gents at  the  extremities  of  the  ordinates  RP, 
RD,  &c.  will  all  meet  in  the  same  point  T 
in  the  axis,  as  in  the  ellipse,  (374  coroL  1.) 

And  the  ordinates  RP,  RD  have  the  same 
ratio  as  the  conjugate  axes  of  the  hyperbolas. 
Whence  it  follows  tliat  the  hyperbolic  spaces  PCp,  and  DCrf, 
*re  also  proportional  to  those  axes ;  for  each  is  composed  of  the 
like  indefinite  number  of  parallel  ordinates  whose  spms  are  re- 
spectively as  RP  to  RD. 

287.  Every  parallelogram  inscribed  be- 
tween the  four  conjugate  hyperbolas  is 
equal  to  the  rectangle  of  the  two  axes : 

That  is,  the  parallelograna  SN  zz  CG 
xZB. 

And  the  opposite  sides  are  bisected  at 
the  points  of  conUct  H,  K,  V,  P,  as  in  the  ellipse  [art.  278). 

288.  The  difference  of  the  squares  of  any  two  ponjugatc 
diameters,  is  equal  to  the  differcace  of  the  squares  of  the  two 
axes: 

That  is,  HV*  — PK»  =  CG»  — ZB».     Jn  the  ellipse  thcil^ 
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289.  If^he  the  renter  of  the  hyperbola,  CG  the  transverse 
axis,  RR  (=:ZT)  the  conjugate,  ID,  Id  the  asymptotes,  Pp 
an  ordinate  produced  to  D  and  d :  Then  Pd  x  PD  =  GR*. 
(RR  being  the  tangent  at  G). 

By  similar  triangles,  IB* :  BD» ::  IG' 
:GR»(orIZ»): 

And  (269)  IG»  :  GR» : :  (CG  ^  GB)     \ 
xGBor;IB  +  IG)(IB-IG),         J\_ 
or  IB*-IG*  :  BP»  ;  / 

That  is  IB» :  BD* ::  IB'  —  IG»  :  BP*  ^ 

(by  equality) ; 
or  alternately 

1B»:IB»  — IG«  ::BD*:BP*5 
and  IB»  :  IB*  —  (IB»— IG»J  : :  BD»  :  BD»  —  BP»  (by  dU 
vision) ; 

That  is  IB» :  IG»  : :  BD» :  BD*— BP», 
or  alternately  IB*  :  BD»  : :  IG*  :  BD*  — BP; 
whence  IG» :  GR» : :  IG»  :  BD*  —  BP»  (by  equality) ; 

Therefore  GR»  =  BD»— BP»  =  (BD  +  BP)  (BD  — BP) 
mtVd  X  PD. 


Corol.     Hence  if  Q9  be  any  other  parallel  ordinate  produced, 
then  Ng  X  NQ  =  P</  X  PD :  for  each  is  =  GR«. 

•••• 

590.  If  two  parallel  lines  Aa,  Bi  are  drawn  through  the 
hyperbola  to  meet  the  asymptotes t  then  pAxpazinB  X  nb. 

Through  p  and  n  draw  ordinates  to  the  axis:   Then  the 
triangles  pDA,  nQB ;  pda,  nqi,  will  be  respectively  sinilar:) 
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whence 

^D  :  pA  : :  nQ  :  nB, 
and  pd  :  pa  ::  nq  :  nb, 
tfierefore 

pD.pd :  pA.pa::  nQ.nq 
:  nB.nb  (by  compounding) : 

But  (289  corol.) 
pD.pd  =  nq.nq ; 
therefore 

pA.pa  =z  nB.nb. 


S91*  If  any  right  line 
{Bb)  be  drawn  through  the 
hyperbola  to  meet  the  nsymp" 

totes  :  then  the  parts  of  that  line  between  the  curve  and 
totes  will  be  equal :  that  is  OB  =  nb. 


asymp^ 


Let  WOS  be  parallel  to  qQ  or  dD.    Then  the  triangles 
QaB,  SOB^  and  also  bnq,  bOVf  being  respectively  equals 

we  have  nQ  :  OS  : :  nB  :  OB, 
OW  ::  nb  :  Ob, 
OS.OW  ::  iiB.nb  :  OB.Oi  (bycom- 


and  nQ 

whence  nQ.TiQ 
pounding) : 


But  (289  corol. j   nQ.nq  =  OS.OW,    therefore  nB.nb 
zzOB.Ob;  whence  it  follows  that  OB  zi  nb. 


Corol.  I.  If  the  tangent  TT  be  parallel  to  ^B,  then  it  is 
bisected  in  the  point  of  contact  V ;  for  if  B^  be  supposed  to 
move  paraliel  to  it^lf  tpwards  I,  die  points  O,  n,  will  coincide 
at  V.  In  which  caae  the  rectangle  OB  .  O*  becomes  VT .  VT 
or  VT*.  Therefore  if  V  be  the  vertex  of  the  semidiamcter  VI, 
TT  a  tangent  at  that  p^nt,  and  aA  a  line  parailel  to  TT^  thta 
^A-^  =  VT\ 
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Corol.  2.  Hence  also  it  appears,  that  If  the  seniidiameter 
IV  be  produced,  it  will  bisect  all  the  corresponding  double  ordi. 
nates,  On,  &c.  for  since  TT  is  bisected  in  V,  it  follows  from 
•imilar  triangles,  that  its  parallels  aA,  iB,  &c.  are  bisected, 
and  because  nb  ^  OB,  the  double  ordinates  77O,  &c.  are  also 
bisected  by  VE* 

CoroL  3.  Hence  when  the  curve  of  an  hyperbola  is  given^ 
the  axes  may  be  determined  thus, 

Draw  parallel  ordinates 
VL,  \VB,  and  SQ,  DP, 
and  let  them  be  bisected  in 
O,  A,  and  O,  E  by  the  lines 
AI>  £1,  then  their  point  of 
concourse  I  will  be  the  cen- 
ter. Take  any  two  points 
P,  H,  in  the  curve  equally 
distant  from  the  center  I, 
and  bisect  t^  angle  PIH 
with  the  line  ICR;  then 
'flG^IC,  CG  will  be  the  transverse  axe. 

From  any  point  P  in  the  curve,  draw  an  ordinate  PR  to  the 
axis  CG, 

then  (269)  GR  x  CR  :  PR«  ::  CG^  :  {conjug.  axis)\ 
or  v/(GR  X  CR)  :  PR  ::  CG  :  conjug.  axis; 
That  is,  the  conjugate  axis  ZT  is  a  fourth  proportional  to  the 
mean  proportional  between  GR  and  CR,    the  corresponding 
ordinate  PR,  and  the  transverse  axis  CG. 

99^.  If?  be  any  point  in  the  curve,  and  PK,  GS;  PC,  GH, 
parallel  to  the  asymptotes  IQ,  ID,  respectively:  then  the 
parallelograms  PKIO,  GSIH  are  equal. 


VOL.  XI. 


•  0 


2Sd 


CONIC    SECTIONS, 


Through  G  and  P  draw 
QD:  Then  because  PK  and 
KD  are  parallel  to  QH  and 
HG,  und  GQ  =  PD  (291), 
we  shall  have  HGziKD, 
and  HQziKP-IO,  there- 
fon:  OQ:zIH=:HG-GS. 

And  by  shn.  triang. 

HQ:HG::OQ  (or  OS 
.whence  HQ  x  OP  =  HG  x  GS  : 
therefore  KP  x  OP  =  HG  >c  GS. 


:OP; 
butKP=:HQ, 


Now  as  the  rectangles  of  the  sides  of  the  parallelograms  SH, 
KO,  about  the  equal  angles  KPG,  SGH  are  equal,  it  follows 
(from  Art.  258  Mensur.)  that  tlic  parallelograms  themselves 
must  also  be  equal. 

CoroL  1 .  Hence  all  the  inscribed  parallelograms  are  equal 
to  one  another:  for  each  is  equal  to  SGHI. 

CoroL  2.     It  also  appears  that  the  asymptote  continually 

approaches  towards  the  curve,   but  can   never  meet  it :   for 

KP  X  OP  =  HG  X  GS    (a  given  magnitude),  conscqueutly 

HG  5r  GS 

— -^^p —  =  KP,  which  must  always  be  of  some  length  if  OP 

is  assignable.    Thus  suppose  HG,  GS  are  each  an  inch,  and 

OP  =  10000  villus,  then  KP  z:  -    -  — —^- — -^  of  an  inch. 

^  10000  X  1760  X  36 

The  distance  of  the  curve  and  asymptote  therefore  diminishes  as 

the  latter  is  increased;  on  which  account,  the  asymptote  is 

sometimes  considered  as  a  tangent  to  the  curve  at  an  infinite 

distance* 

CoroL  3.  If  lA,  IB,  IL,  IN,  ^c.  are  in  geometrical  pro- 
gression ascending,  then  AC,  BT,  LR,  NV,  &c.  (parallel  to 
the  Qther  asymptote)  will  be  a  descending  progression :  for  the 
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rectangles  lA  x  AC,   IB  x  BT,  &c.  being  eqtfal,  BT,  LR, 
NV,  &c.  are  reciprocally  as  IB,  IL,  IN,  &c.    Thus  if  lA  =  1, 

IB=z  ?  IL  =  ^ }  IN  =  ^,  &c.  then  ACiz  1,  BT=  f,  LR=^ 
2  4  8  3.9 

NV  =  A,  &c. 

f 

293.  Let  TV  be  a  tangent  at  V,  and  DQ  parallel  to  that 
tangent;  then  if  GS,  VB,  PK,  are  parallel  to  the  asymptote 
IQ9  VB  will  be  a  g  omeirical  mean  between  GS  and  PK ; 
that  is  VB*=PKx  GS. 

The  triangles   KPD,   BVT, 
SGD  being  similar,  we  have* 

VB    :VT    ::PK:PD, 
VB    :  VT    ::GS  :  GD, 
whence 

VB»:VT«  ::PKxGS:PD 
X  GD  (by  compounding) ;' 
But 
VT*-PDxPQorPDxGD, 
(291  cor.  1) 

Therefore  by  ctjuality,  VB»  -  PK  x  GS. 

294.  The  mixt4incd  quadrilinear  spaces  GVBS,  VPKB 
ttre  equal. 

Since  V£,  the  diameter  produced,  bisects  all  the  double  or- 
dinates  ,^291  corol.  2)  each  of  the  spaces  EVG,  EVP  is  com- 
posed of  an  infinite  number  oF  equal  ordinates  EG,  £P,  &c. 
therefore  by  the  method  of  indivisibles ,  those  spaces  areequaK 

And  because  the  triangles  PKD,  QHG  are  similar,  and  PD 
=  GQ,  those  triangles  are  also  equal : 

Now  QD  is  bisected  in  E,  consequently  the  triangle  EDI 
=  triang.  EQI:    - 

From  the  triang.  EDI  take  EVP  +  PKD,  and  from  EQI 
subtract  EVG  +  QHG,  and  we  have  the  space  VPKI  =  space 

0^0  2 
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VGHI :  and  if  the  equal  triangles  VBI,  VNI  arc  respectively 
subducted  from  those  equal  spaces,  then  the  space  VPKB 
=:  space  VGHN  : 

But  (292)  the  parallelogram  BVNI  =  SGHI ;  from  each  of 
these  take  the  common  parallelogram  SONI,  and  we  have 
OVBS=:  OGHN,  and  if  to  each  we  add  the  trilinear  OGV, 
there  results  G VBS  =  VGHN  =  VPKB. 

Scholium.  The  a- 
symptotic  space  GVPKS 
is  therefore  bisected  by 
the  ordinate  or  line  VB 
which    is  a    geometrical 

mean  between  the  extremes  GS,  PK.  Hence  it  appears  that 
when  GS,  VB,  PK,  RL,  &c.  are  in  geometrical  progression, 
the  included  spaces  GVBS,  VPKB,  PRLK,  &c.  arc  equal; 
and  the  spaces  GVBS,  GPKS,  GRLS,  &c.  proceed  in  arith- 
metical progression,  while  the  corresponding  distances  IB,  IK, 
IL,  on  the  asymptote,  are  in  geometrical  progression  :  the 
former  arc  therefore  analogous  to  the  logarithms  of  the  latter. 
Thus  suppose  the  hyperbola  is  equilateral  or  the  asymptotes  lA, 
IL  are  at  right  angles,  and  GS  =  IS  =  1,  13  :.:  2,  IK  =4, 
IL  =  8,  &c.  then  the  area  of  the' space  GVBS  n  0. 693 147  the 
log.  of  2  or  IB  ;  the  area  GPKS  =  1 .366294  the  log^  of  4  or 
IK;  the  area  GRLS  =:  2.079441    the  log,  of  8  or  IL,  &c.  I 

These  logarithms  are  called  hijperlolic  logarithms.  1 

The  system  of  logarithms  however,  will  vary  with  the  angle 
made  by  the  asymptotes:  Thus  if  they  form  an  angle  of 
25**  44'  25"i,  and  IS  =  GS=l,  IB=2,  IK:^4,  IL-  8,  &c.  the 
area  of  the  rhombus  GI  will  be  0.4342914819  ;  and  the  asymp- 
totic spaces  GVBS,  GPKS,  GRLS,  &c.  equal  to  0.30103, 
0  .  60206,  0 .  90309,  &c.  respectively,  which  are  Briggs's  loga- 
rithms of  2,  4,  8,  &c.  The  area  of  the  rhombus,  or  which  is 
the  same  thing,  that  of  any  inscribed  parallelogram,  is  called 
th^  modulus  of  the  system. 

i 
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Of  the  parabola. 

^95.  Let  G  be  the  vertex^  F  the  focus ^  GS  the  axis;  then 
the  ordinate  PA  at  right  angles  to  G8,  is  the  parameter*  And 
FG  the  distance  of  the  focus  from  the  vertex  is  =  ^PA. 

_G 

Draw  IT  parallel  to  FA :  Then 
from  the  equation  of  the  curve,        ^ 
(268) 

GI :  IT-  ;  GF  :  ?I^  =  FA%  qv  lUl^^E  =  PAs 


GI 


GI 


But  GI :  IT  : :  IT  :  -gj-  is  the  parameter  rr  FA,  by  hypo- 
thesis, f268) 

IT*       4 IT*   OF        IT* 
Therefore  ^  =        qi      *  ^^  (jj  -  ^^^>  **^  *^  PA=4GF, 


296.  Let  a  line  be  drawn  from  the  focus  to  any  point  (B)  in 
the  airve^  and  an  ordinate  (E A)  from  that  point  to  the  axisi 
also  let  GD  [in  th^  axis  produced)  he  taken  =  GF5  then 
FB  z=  DA, 

Because  FA  =GA  —  GF, 
therefore   FA*zzGA»— sGA 
>:  GF  +  GF* : 


But  (268)  BA»  z:p.GA=^4GF 
X  GA  (/)  bemg  the  para- 
meter), 

whence  FA»  +  BA^^  =  GA»  +  2GF.GA  +  GF%  by  addition ; 

and  since  FA'+BA»  =:  FB',  we  have  FB»=GA*  +  2GF.GA 
+  GF»5 

and  by  extracting  the  roots,  FB=GA+  GF=GA+ GD=DA. 

If  the  point  (i)  in  the  curve  is  above  the  fbcus^  then  F4 
iz  GF  —  Ga,  and  F*  =  Da. 


f86 


CONIC    SECTIONS. 


CoroL  This  Theorem  affords  a  ready  method  of  describing 
the  parabola  by  points,  thus :  Since  the  distance  of  the  curve 
at  the  extremity  of  any  ordinate  from  the  focus  is  equal  to  the 
distance  of  that  ordinate  from  the  point  D,  if  a  number  of  linet 
at,  FP,  AB,  &c.  are  drawn  parallel  to  DI  (at  right  angles  to 
DA)  and  the  distances  Da,  DF,  DA,  &c.  set  off  from  the  focun 
F  to  meet  those  lines  respectively,  the  points  of  concourse  will 
be  those  through  which  the  curve  must  be  drawn. 

The  line  IDR  is  called  the  directrix  of  the  parabola. 

$97.  To  draw  a  tangent  tQ  the  parabola  at  a:  given  point  B 
in  the  curve* 


From  B  draw  BF  to  the 
focus,  and  BC  parallel  to 
the  axis ;  let  BO  bisect  the 
angle  CBF;  then  if  the 
angle  OBT  ht  made  a  right 
one,  BT  will  be  the  taQ« 
gent  required. 


This  construction  results 
from  considering  the  parabola  as  an  ellipse  whose  transverse  axe 
is  infinite  in  length  (368).  For  a  tangent  to  the  ellipse  at  any 
point  is  perpendicular  to  the  line  which  bisects  the  angle  formed  by 
the  two  lines  drawn  from  the  foci  to  meet  the  curve  at  that  point 
(27?) :  if  therefore  the  axis  is  infinite,  one  of  the  foci  will  be 
at  an  infinite  distance,  and  the  line  drawn  from  that  focus  must, 
in  that  case^  be  parallel  to  the  axis. 


CoroL  I.  Hence,  because  BO  is  perpendicular  tojhe  curve 
at  B,  and  Uie  angle  FBO  -  OBC,  if  the  concavity  of  the 
parabola  were  a  polished  surface^  all  rays  of  light  (as  CB,  fee) 
falling  on  that  surface  parallel  to  the  axis,  would  be  reflected  f 
the  focus  F»  (853.) 
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CoroL  2.  From  this  construction  and  the  preceding  theorenii 
it  appears  that  the  subtangent  TA  is  bisected  at  the  vertex  G, 
that  is,  GA  =  GT,  (BA  being  an  ordinate  to  the  axis).  For 
the  angles  NBQ,  TBO  being  right  ones,  and  the  angle  CBO 
=  FBO,  therefore  the  angle  NBC  -  TBF,  but  the  angle  NBC 
=:  BTF,  therefore  the  angles  FBT,  FTB  are  equal,  and  conse- 
quently rr  -  FB.  But  FB  =  DA  (IDR  being  the  directrix), 
irom  this  take  GD,  and  from  FT  take  its  equal  GF,  and  there 
remains  GT  z:  GA. 

Corol.  3.     Hence  also,  the  distance  AO  is  always  =  FP  or 

lialf  the  parameter.     For  since  FT  n  FB,  and  the  angle  TBO 

a  right  one,  F  will  be  the  center  of  a  circle  passing  through 

T,  B,  O,  and  therefore  FO  rz  FT  =  FB  :  but  FB  =:  AF  +  sFft 

'  (or  FD)  =  AF-t- AO,  and  consequently  AG  =  2FG  =  FP. 

CoroL  4.  And  the  tangent  GS  is  a  mean  proportional  be* 
tween  GF  and  GA  :  for  BT  is  bisected  by  GS,  and  the  angles 
FST,  SGT  being  right  ones,  SG  is  a  mean  proportional  between 
GF  and  GT  (Geom.  164)  or  between  GF  and  GA.  And  FS 
\s  a  mean  proportional  between  FG  and  FT. 

298.  IfBliiea  tangent  at  B,  and  the  lines  HD,  LK,  QN, 
&c.  are  parallel  to  the  axis  GA,  those  lines  will  be  divided 
in  I,  G,  P,  &c.  in  the  same  proportion  as  the  double  ordinate 
BQ  is  divided  in  H,  A,  L,  &c. 


That  w>  ID  ;  IH 
PK:PL 


HB  :  HQ,  &c. 
LB  :  LQ,  &c. 


Draw  the  ordinate  10,  and  let  the 
parameter  be  denoted  by  p : 
Then  because  pxAG=:  B  A%  (268) 
it  will  be  p  :  2BA(orBQ) ::  BA 
:  SAG  or  AT : 

^     But  by  aim.  triangles,  BH  :  HD  : :  BA  :  AT, 
whence  by  equality  p  :  BH  : :  BQ  :  HD : 
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Moreover,  p  >c  GO  =  lO*  or  HA',  (268) 
and    ^>cGA=BA% 
whence  p  (GA-GO)  =BA*— HA%  by  subtraction, 
or  pxIH      =:BA*-HA*; 

therefore,  p  :  BA+HA  ::  BA  — HA  :  IH, 
that  is,  p  :  HQ  : :  BH  :  IH  j 
or  alternately,  p  :  BH  : :  HQ  :  IH ; 
whence  by  equality,    BQ  :  HD  : :  HQ  :  IH, 
or  alternately,    BQ  :  HQ  : :  HD  :  IH ; 
and  by  division,  BQ—HQ  :  HQ  ::  HD-IH  :  IH; 
That  is,    BH       :HQ::ID:IH. 

Carol.  Hence  the  external  lines  ID,  GT,  PK,  &c.  will  have 
the  same  ratio  as  the  squares  of  the  corresponding  tangents 
BD,  BT,  BK,  &c. 

That  is  ID  :  PK  ::  BD* :  BK*,  &c. 

For  ID:IH::BH:HQ, 
and  ID  :  IH  : :  BH*  :  BH .  HQ,  by  equality, 
or  ID  :  BH* ::  IH  :  BH.HQ,  by  alternation : 

But  l!yi2  =  IH,  therefore  ID  :  BH* ::  5M.-^  :  BH .  HQ. 
P  P 

In  like  manner  PK  :  LB' ::  ^^'^^  :  LB .  LQ ; 

P  ^ 

And  therefore  ID  :  PK  ::  BH* :  LB*  ::  BD* :  BK*,  by  sim. 

triangles. 

299.  y  BK  be  a  tangent  to  the  parabola  at  B.,  then  BS 
parallel  to  the  axis  GA,  is  a  diameter^  and  OI,  RG,  SP,  &c, 
parallel  to  the  tangent  BK,  are  ordinates  to  that  diameter* 

And  the  abscissas  BO,  BR,  BS,  &c.  have  the  same  ratio  as 
the  squares  of  their  corresponding  ordinates  01,  RG.  SP>  &c. 
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Let  ID,  GT,  PK,  &c.  be 
parallel  to  the  axis  GA  or  to 
the  diameter  BS.  ThenBOID, 
BRGT,  &c.  being  parallelo- 
grams, the  opposite  sides  will 
be  respectively  equal : 

And  (298  corol.) 
ID:PK::BD»:BK*,  &c. 

that  is 
BO:BS::Or  :  SPS  &c. 


300.  Any  diameter  (BS)  bisects  all  its  doiille  ordinates 
(IC,  &c.)  or  lines  parallel  to  the  tangent  (BT)  at  the  vertex 
(B)  of  that  diameter^ 


Let  IR,  BA,  CK  be  or* 
dinates  to  the  axis,  and 
draw  IE  perpendicular  and 
OD  parallel  to  CN:  also 
suppose  p  zz  the  parame* 
ter. 


Then  (298)  p  x  EI  =  CE«  —  EN*  ^  EK  x  EC, 
that  is    p  :  EK  : :  EC  :  EI : 
And  by  sim.  triangles  BA  :  AT  or  «G A  : :  EC  :  EI, 
whence  by  equality   p  :  EK  : :  BA  :  sGA, 
or  alternately    p  :  B A  : :  EK  :  sG A : 
But  (268)  p  :  BA  ::  2BA  :  sGA, 

therefore  by  equality   EK  :  fiBA  ::  sGA  :  «GA ; 

consequently  EK  or  IR-f-CNz:2BA.  That  is,  the 
ordinate  BA  is  an  arithmetical  mean  between  the  ordinates  IR 
and  CN :  but  OD=BA,  whence  it  follows  that  RN  and  IC  are 
both  bisected  by  OD. 
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CoroL  Hence  when 
the  curve  of  a  parabola 
is  given^  the  axis  and 
focus  are  determined 
by  the  following  con- 
struction : 


Draw  any  two  parallel  lines  or  ordinates  IC,  DZ  terminated 
by  the  curve,  and  bisect  them  in  O^  R  with  the  diameter  BS; 
then,  at  right  angles  to  BS  draw  ZK  which  bisect  in  N  with 
the  perpendicular  NG,  which  will  be  the  axis. 

To  find  the  focus,  let  AQ  be  parallel  to  NK  and  zz  2AG, 
draw  QG,  and  the  point  P  where  it  intersects  the  curve,  will 
be  the  extremity  of  the  parameter  of  the  axis :  for  by  sim. 
triangles  FP  zz  S^FG,  therefore  F  is  the/ocus. 

301.  Lei  GA  be  the  axis,  and  F  the  focus;  then  (295)  tlie 
parameter  {p)  of  the  axis,  is  equal  to  4FG  or  four  times  the 
distance  of  the  focus  from  the  vertex  G.  In  like  manner^  if 
B  le  the  vertex  of  any  other  diameter,  its  parameter  (P)  will 
le  4  times  the  line  drawn  from  the  focus  to  that  vertex. 
That  is,  P  zz  4FB. 


Draw  GR  parallel  to  the  tan- 
gent BT  meeting  the  diameter  BR 
in  R,  also  let  B  A  be  an  ordinate  to 
the  axis,  and  make  FS  perpendicu- 
lar to  BT. 


Th^n  (297.  corol.  2)  GAizGT 

=  BR,  therefore  the  abscissas  GA, 

BR  to  the  ordinates  BA,  GR  are 
equal:  q, 


And  (268)  GA  =  ^;  also  BR  (orGA)  =  ^  (by  the 
definition); 
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whence  p  :  P::  AB*  :  GR*  or  BT* : 

But  FS»  :  FT*  : :  AB"  :  BT*  (by  sim.  triangles), 
therefore  p  :  P  ::  FS»  :-FT« :  but  FS»  =  FG.FT  (297- 
corol.  4), 

consequently  p:  P  ::  FG.FT  :  FT*, 
whence  /^  :  P  : :  FG  :  FT  or  FB  ; 

but  p  =  4FG,  and  therefore  P  =:  4FB. 

CoroL  Let  PFQ  be  parallel  to  GR.  Then  because  FB 
=:  FT  =  BQ,  we  have  P  —  4BQ  the  parameter  of  the  diameter 
BR;  therefore  (by  the  definition)  the  parameter  is  the  double 
ordinate  drawn  through  Q,  and  consequently  sBQ  =  QP  the 
semiparameter.  Whence  also  it  appears,  that  the  parameters  of 
all  the  diameters  of  a  parabola  pass  through  the  focus. 

And  it  may  be  observed  in  general,  that  the  properties  which 
have  been  demonstrated  respecting  the  axis,  its  abscissas,  and 
ordinates,  extend  to  any  other  diameter,  its  abscissas  and  ordi- 
nates. 

302.  Let  BR  be  any  right  line  terminated  hj  the  ciirve, 
and  BT  a  tangent  at  B ;  then  ifKD  he  a  line  parallel  to  the 
axis  GA,  it  will  be  divided  by  the  curve  at  P  in  the  same 
ratio  as  BR  is  divided  iw  D : 

That  is,  PD  :  KP  ::  DR  :  BD. 

Draw  RT  parallel  to  DK  : 
Then  (299)  KP   :  TR   ::  BK*  :  BT». 
And    BD«  :  BR^  : :  BK»  :  B T*. 
(by  sim.  iriang.) 

therefore  by  equality  "^ 

KP  :  TR  ::  BD» :  BR%  whence  KP.BR'=TR.BD^• 

Again,  by  sim.  triang.  KD  :  TR  : :  BD  :  BR,  ^ 

and  KD  :  TR  :;  BD*  :  BD.BR,  or  KD  (BD.BR)  =  TR.BD% 
therefore  KP.BR^  zz  KD  (BD.BR),  or  KP.BR  =  KD.BD; 
that  is  KD  :  KP::  BR  :  BD, 
And  PD  :  KP  : :  DR  :  BD,  by  division. 
P  P  2 
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CoroL  If  BC  be  drawn  through  the  point  of  intersection  P, 
then  DC  is  parallel  to  the  tangent  BT.  For  the  triangles  BDP, 
BRC  being  similar, 

we  have  BP  :  PC  ::  BD 
but  KP:  PD::  BD 
whence,  by  equality,  BP  :  KP  ::  PC  : 
94,  corol.  1)  the  tria;?^les  BKP,  DCP  are  equiangular,  and  DC 
-parallel  to  BK. 


:  DR, 

:  DR, 
PD,    therefore  (Geom. 


303.  If  BS  be  any  diameter^  BT  a  tangent  at  B,  arid  ZT 
&  parallelogram  described  about  the  parabola ;  then  if  KL  be 
a  line  parallel  to  BS,  and  BD  joined^  KO  will  be  a  mean 
proportional  between  KP  and  KL ;    ^. 

T^^w,  KP:KO::KO:KL. 

Draw  RPW  and  QO  paraK 
IcI  to  BT  or  SD : 

Thcn(299)BR:BS::RP» 
or  QO'  :  SD*  (by  sim.  triang.) 
::BQ»:BS». 

And  BR.BS  :  BS*::  BQ'  :  BS*,  therefore  BR.BS~BQ\ 
or  BR:  BQ  ::  BQ  :  BS, 
That  is,  KP  :  KO  ::  KO  :  KO. 


CoroL  Since  BR  :  BQ  : :  BQ  :  BS,  therefore  BQ  is  a  mean 
proportional  between  BR  and  BS  :  but  by  sim.  triaiiglts,  RC, 
QO  (or  RP)  and  SD  (or  RW)  are  in  the  same  proportion  as 
BR,  BQ,  and  BS,  and  consequently  RW  is  diviaed  in  C  and 
P  so  that  RC,  RP,  and  RW  are  also  in  continued  proportion, 
or  RC:RP::RP:RW. 


304.    The  area  of  a  parabola  is  -|  of  its  circumscribing 
parallelogram : 

That  is,  the  space  AGPC=|AGNC. 
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Conceive  the  surface  GPDCN 
to  be  composed^  or  ma^  up  of 
an  indefinite  number  of  indefi- 
nitely small  threads  or  lines  KP^ 
TD,  &c.  parallel  to  NC  or  the 
axis  GA^  the  longest  being,  NC^  and  the  shortest  at  G  =  o : 

Then  (268)  GA  :  AC*  : :  GR  :  RP«  or  GK% 

therefore  GR  or  KP  =  —^  X  GK«: 

GA 

In  like  manner  TD  =  j-^  x  GT  : 

&c,  &c. 

Hence  (-rr^  being  a  constant  quantity j  the  sum  of  all  the 

lines KP,TD,&c.  will  be  ^  x  (o«+GK«+GT«+.*.GN»J: 

Now  if  GN  is  supposed  to  be  divided  into  an  indefinite  num* 
ber  of  indefinitely  small  and  equal  parts^  these  parts  wiU  form 
an  arithmetical  progression  whose  least  term  is  o,  and  greatest 
GN ;  and  if  n  i«  put  to  denote  the  number  of  terms^  the  sum 
of  their  squares^  or  the  sum  of  the  infinite  progression  will  be 

—  (179 ) ;  the  first  term  being  0%  and  last  »•.  ♦ 


*  Should  the  student  have  any  doubts  respecting  this  result  from  art.  179^ 
the  following  process  will  show  the  truth  of  the  conclusion.  Let  n  or  GN 
l)e  the  perpendicular  height  of  a  pyramid  having  a  square  base  whose  tide 
is  also  =  GN,  and  conceive  the  pyramid  to  be  composed  of  an  infinite 
number  of  indefinitely  thin  square  laminae  laid  one  upon  another,  the 
greatest  or  the  base  being  GN*,  and  the  least  at  the  vertex  =r  0* ;  then  it 
is  evident  the  content  of  the  pyramid  will  be  the  sum  of  all  the  laminx  or 
series  of  squares  from  c^  to  GN^ ;  but  the  content  of  the  pyramid  is  s:  GN* 
X  }GN  =  |GN^  the  sum  of  the  series,  as  abov«,  according  to  theAriih* 
fneUc  of  Infinites. 

The  summation  of  such  series  however,  is  properly  the  business  of  Fluxioiii^ 
which  affords  a  general  method :  but  the  expressions  in  the  article  refend 
to,  will  answer  the  purpose  in  some  of  the  most  simple  cases* 
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But  GN  is  supposed  to  be  divided  into  n  equal  parts,  cofl- 

f^  A 

icquently  n  =  GN;    and  -J^n'  =  -J-GN';   and   therefore  ^-^ 

p  A 

pC  ro*+GK*+G'P  + GN»)  becomes  ^^-  X  iGW 

=:  ^GA  X  GN  (because  AC  =  GN)  the  content  of  the  space 
GPCN ;  therefore  AGPC  =  i  GA  x  GN,  or  |  of  the  paral- 
lelogram AN. 

305.  The  content  of  a  paraboloid  or  solid  generattd  ly  the 
revolution  of  a  parabola  (BGC)  about  its  axis  (GA),  is  half 
its  circumscribing  cylinder* 


Q  .1: 


0^: I ^^.T> 


B 


Suppose  the  axis  of  the  para- 
bola divided  into  an  infinite^  or 
indciiuite  number  of  equal  parts, 
and  conceive  the  paraboloid  to 
be  composed  of  the  like  or  cor^ 
responding  number  of  circular  sections  whose  diameters  are  BC, 
OP,  QR,  &c.  the  diameter  of  the  greatest  section  being  BC, 
and  that  of  the  least  section  (at  GJ  =  0  : 

Then  the  number  of  sections^  or  parts  inc  which  G  A  is  sup- 
posed  to  be  divided,  form  an  arithmetical  progression  ^hosc 
first  term  =  o,  last  term  z=  GA,  and  number  of  terms  also 
z:  GA;  and  the  sum  of  such  a  series  =  (o-^CA)  x  i  GA,  or 
iGA% 

By  Art.  268,  we  have  GA  :  BC* : :  GD  :  g^-  x  GD  =  OP*, 
And  GA  :  BC*  : :  GS  :  ^r-  X  GS  =QR'5 


GA 

&c,  &c.  3cc, 


Let  c=.7854 


cBC* 
Then  cBC'  or    v^.     x  GA  =  the  circular  section  whose  diam. 

is  BC; 

«OP*  or  -Qjr-  X  GD  =  section  wtose  diam.  is  OP; 
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cQR»  or  -^^  X  GS  =  that  having  the  diam.  QR : 

cBC" 
consequently  -gr"-  X  (GA  +  GD  +  GS  + 0)  will  be  the 

sum  of  all  the  circular  sections^  or  content  of  the  paraboloid : 
but  the  sum  (GA  +  GD  +  GS  +  &c 0)  =  ^GA",  hence 

cBC" 
the  expression  becomes  -y^rr"  ^  iGA*  or  cBC*  X  i^A,  which 

is  half  the  content  of  the  circumscribing  cylinder  BEFC. 


Of  the  Construction  of 
CUBIC  AND  BIQUADRATIC  EQUATIONS, 

306.  We  have  given  the  construction  of  quadratic  equations 
by  means  of  right  lines  and  the  circle  (233) :  but  either  of  the 
con^;  sections  might  be  substituted  for  the  latter^  because  their 
equations  are  also  of  two  dimensions:  the  circle  however,  is 
prefered  on  account  of  the  simplicity  of  its  description.  A  right 
line  can  intersect  a  conic  section  in  two  points  only,  which  de- 
termine the  two  roots  of  a  quadratic.  But  one  conic  section 
may  cut  another  in  as  many  points  as  a  cubic,  or  a  biquadratic 
equation  has  roots ;  hence  it  appears  that  such  equations  can  be 
constructed  by  means  of  ^he  conic  sections,  or  their  roots  deter- 
mined  by  the  intersections  of  loci  of  two  dimensions. 

« 

307.  To  construct  a  simple  cubic  equation  x^zza^l^  or  to 
find  two  mean  proportionals  between  two  right  tines  denoted 

by  a  and  b. 

We  shall  take  the  example  Art.  254,  where  it  is  required  to  fin^l 
Iwomean  proportionals  between  the  lines  RC  and  BC  or  RA. 


fifts 


CONSTRUCTION    OF   CUBIC 


Let  the  angle  ARC  be  a  right  one: 
produce  CR  and  AR,  and  on  the  axis 
RD  describe  a  semiparabola  RPD  having 
its  parameter  nRC,  and  on  the  axis  RO 
another  RPO  whose  parameter  n  RA : 
then  the  ordinates  PD,  PO  drawn  from 
the  intersection  P  to  the  axes,  will  be 
the  mean  proportionals  required. 

For  (268)  RD  x param.  RC  =  PD*,  and  RO  X  param.  RA 
=:  PO*,  therefore  PD  is  a  mean  proportional  between  RC  and 
RD  or  PO  ;  and  PO  is  a. mean  proportional  between  RO  or 
PD  and  RA. 

This  problem  is  usually  constructed  by  means  of  the  circle 
and  one  of  the  conic  sections :  the  preceding  method  however, 
is  more  simple  of  explication. 

308.  To  construct  a  Biquadratic.  Let  the  circle  whose 
center  is  C  intersect  the  parabola  PVP  in  the  points  P,  P,  P,  P; 
draw  the  ordinates  PO,  PO,  PO,  PO  to  the  axis  VO;  also 
make  CD  parallel  and  CR  perpendicular  to  VO,  and  draw  CP. 

Put  VOzi*,  OP=y,  VRzia,  CR 
=  b^  CP  zz  r,  and  the  parameter  of  the 
parabola  =  p.    Then  px~y-^  whence 

;c  =  2-..   AlsoPDzrPO— DO=y-^ 

and   CD  =  VO  — VR-A^— a:    but 
CP*  =  PD-"hCD«,  that  is  (x  —  aY 

=1  r  •,  and  substituting  —  for  .r,  we  get 
y^  —  2p6 

varying  the  values  of  the  coefficients,  may  be  made  to  coincide 
with  any  proposed  biquadratic  equation  that  wantd  ehe  second 
term ;  and  then  the  ordinates  on  the  axis  from  tlie  points  of 
intersection  P,  P,  ?,  P,  will  be  the  roots  of  that  equation* 


J?(y"— 2^'*y+(«"-«-^"-'")p*-^>  ^'hi 


hich  by 
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For  example,  suppose  the  proposed  equation  to  be  y*  — my* 
+  «y — c  zzo. 

Let  a  parabola  PVPTje  described  whose  parameter  =:  1  =p; 

then  —  2/)a  >      ^      ^  ,  »w  + 1 

A'—  1  —  ea  =  f«,  whence  a  = : 

■4-  /^'S  2 

—  Q/«*  =  — 2i=:«,  or  A  =  — ^: 
(a*rt-i'—r»)p«  =«•-+-*'— r«  =  —  c,  whence 

Now  in  the  axis  take  VR  =  d  = ,  and  make  RC  pcr- 

pendicuiar  to  VR  and  =  —  -  =  t>  then  about  the  center  C* 

wih  the  radius  |/(a*  +  t»-+-c)  describe  a  circle,  and  the 
ordinates  to  the  axis  from  the  points  of  intersection  P,  1*,  P,  P, 
will  be  the  four  roots  of  the  equation. 

When  RC  represents  a  negative  quantity,  the  ordinates  on 
that  side  of  the  axis  arc  the  negative  roote,  and  the  contrary. 

CoroL  1.  If  the  circle  cut  the  parabola  in  two  points  only, 
the  equation  has  but  two  real  roots,  the  others  being  imaginary; 
and  if  it  touch  the  parabola,  two  roots  must  be  equal,  because 
two  of  the  ordinates  may  be  said  to  coincide. 

CoroL  2.  Should  the  circle  pass  through  the  vertex  V,  thea 
CP*  =  CR--+- VR*,  that  is,  r*  =  i'  +  a%  and  the  last  term 
of  the  biquadratic  will  vanish,  if  therefore  the  remainder  be  di- 
vided  by  y,  the  result  is 

which  may  be  made  to  coincide  with  any  cubic  equation  want- 
ing the  second  term,  and  the  ordinates  will  be  reduced  to  three 
for  its  roots. 

This  method  of  constructing  biquadratic  and  cubic  equation! 
vhicb  want  the  second  teran  is  that  of  Descartes.    But  the 
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constructions  may  be  made  general  by  refering  the  lines  de- 
noting the  roots  to  a:  diameter  of  the  parabola  that  is  not  the 
axisj  as  may  be  seen  in  Baker's  Geometrical  Key^  rHospital's 
Conies^  ^z,Q\dxin\x%  Algcb.  &c. 

Bnt  the  same  thing  may  be  effected  by  making  use  of  either 
of  the  other  conic  sections,  instead  of  the  parabola,  which  is 
usually  assumed  because  its  equation  consists  of  two  terms  only : 
the  ellipse  however,  is  more  easy  of  description. 

^09*  An  angle  may  he  trisected  by  the  construction  of  a 
cubic  equation.  Thus  if  s  and  c  denote  the  sine  and  cosine  of 
an  arc,  the  radius  being  1:  then  (l?46)  3sc* — s^  is  the  sine 
of  three  times  that  arc;  but  c^  =  J  — s^  which  being  substi- 
tuted far  c"^  and  we  have  the  cubic  equation  3^  —  ^s^  =zA, 
putting  ^  r=  the  sine  of  the  angle  to  be  trisected,  and  conse- 
quently the  value  of  j  will  be  the  sine  of  -J-  of  the  proposed  angle. 

The  following  construction  of  the  problem  is  by  means  of  the 
circle  and  hyperbola. 


Let  EGA  be  the  given  angle. 
About  G  with  the  radius  GB 
describe  a  circle;  make  BA 
perpendicular  to  GA,  and  in 
AG  produced  takeGH=:iGA; 
draw  HI  parallel  and  equal  to 
4- AB,  and  let  IK  be  parallel  to 
HA;  then  betwecii  the  asymp- 
totes IH,  IK  describe  an  hy- 
perbola to  pass  through  the 
point  G,  and  it  will  cut  the 
circle  in  P  so  that  the  angle 
PGA  =  i  of  the  angle  BGA. 


Through  I  draw  the  radius  GC,  and  let  CE  be  perpendicular 
to  CE,  alto  make  GS  and  KPR  parallel  to  IH^  andPN  toKL 
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Then  since  GH  and  HI  are  the  halves  of  GA  and  AB,  the 
triangles  GHI,  GAB  are  similar,  and  because  GO  =  GB,  the 
triangles  GCE,  GBA  are  similar  and  equal. 

And  because  the  parallelograms  NK,  HS  are  equal  (S92)  if 
the  common  parallelogram  NS  be  subtracted  from  each,  and  the 
parallelogram  OR  added,  the  parallelogram  SR  =  parallelogram 
NR,  that  is  PR  X  RH  -  KR  x  RG, 

or  PR  :  RG  : :     KR  :     RH, 
and  ::  2KR  :  SRH,  (by  doubling) 

or  : :     CE  :  SRH,  (because  sKR  =:  CE) ; 

But  because  HE  =  HG,  therefore  SRH  =  ER  +  RG, 
hence  we  have  PR  :  RG  : :  CE  :  ER  +  RG^ 
or  CE  :  PR  ::  ER-+-RG  :  RG* 

But'CE  :  PR  ::  ED  :  RD,  by  sim.  triangles; 
whence  ED  :  RD  : :  ER  +  RG  :  RG,  by  equality, 

or  ED-RD  (ER) :  RD  ::  ER  :  RG,  by  division; 
therefore  RDizRG,  and  consequently  PD  =:  PG : 

Now  GP  =  GC,  and  therefore  the  angle  GCP=  GPC;  but 
the  external  angle  CPG  =  PDG  +  PGD,  or  CPG  =  twice 
PGD  :  in  like  manner,  the  external  angle  CGEz:GCD+GDC, 
or  CGE  -  triple  PGD,  that  is  BGA  (:=CGE)  =  triple  PGD. 

If  the  opposite  hyperbola  be  described,  it  will  trisect  the 
supplemental  angle  BGL,  that  is,  the  arc  QL  is  •§■  of  the  arc 
BCL. 

Since  all  parallelograms  inscribed  between  the  asymptotes 
and  curve  are  equ^l,  the  semitransverse  or  semiconjugate  axis  of 
the  hyperbola,  will  be  tlie  diagonal  of  a  square  whose  side  is 
^(GS.GH). 
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310.  Of  MECHANICS. 

DEFINITIONS. 

1.  Mechanics  is  the  science  which  treats  of  the  motioni, 
velocities,  forces,  and  in  general  of  the  actions  and  effects  of 
moving  bodies  upon  one  another.  It  comprehends  Statics,  on" 
the  weight  and  equilibrium  of  soHd  bodies.  Dynamics^  the 
science  ot  moving  pov\crs.  Hydrostatics^  of  the  gravity,  and 
pressure  of  fluids.  Hydraulics ,  treating  of  the  motion  of  water, 
and  other  fluids,  the  construction  of  water-works,  &c.  &c. 

S.  M  ft  ion  is  a  constant  and  successive  change  of  place.  If 
the  body  moves  equably  or  passes  over  equal  spaces  iu  equal 
tinicM,  it  is  called  uniform  motion.  If  it  increases,  or  decreases, 
it  is  called  accelerated,  or  retarded  motion.  The  motion  is  also 
said  to  be  absolute,  or  relative,  according  as  the  body  moved  is 
compared  with  another  body  at  rest,  or  in  motion. 

3.  Fdocity  or  celerity ^  is  the  quickness  or  slowness  of  mo- 
tion, or  the  rate  at  which  a  body  moves.  Thus  if  a  bcdy 
passes  uniformly  over  A  space  of  two  feet  in  half  a  second  of 
time,  it  is  said  to  have  a  velocity  of  4  feet  per  second,  or  move 
At  the  rate  of  4  feet  in  a  second. 

4.  Quantity  of  motion  or  momentum,  is  the  power  or  force 
of  bodies  in  motion.  This  is  proportional  to  the  weight  or 
quantity  of  matter  moved  drawn  into  its  velocity, 

,  5.  Force  i^  a  power  exerted  on  a  body  to  put  it  in  motion« 
If  it  act  instantaneously,  it  is  called  impulse  or  percussion.  If 
constantly,  it  is  a  permanent  force  like  pressure  or  the  force  of 
gravity. 
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6.  Forces  are  also  distinguished  into  motive^  and  acceUrative 
or  retardive.  The  motive  or  moving  force  relates  to  the  quan- 
tity of  matter  moved  as  well  as  the  velocity  communicated, 
and  is  proportional  to  the  momentum  or  quantity  of  motion 
produced  in  a  given  time. 

7.  An  aqcelerating  or  retarding  force  is  generally  understood 
to  be  that  which  affects  the  celerity  only^  and  therefore  it  ii 
proportional  to  the  velocity  generated  in  a  given  time,  or  to  the 
motive  force  directly,  and  the  mass  or  body  moved  inversely^ 

Thus  if  the  body  or  mass  B  be  ui^ed  by  the  moving  force  F, 

F 
then  5  will  denote  the  accelerating  force ;  for  the  magnitude  or 

F 
value  of  the  fraction  ^  increases  directly  as  F  is  increased,  but 

diminishes  as  B  is  augmented. 

Gravity  or  the  power  of  gravitation  is  an  accelerating  force; 
for  the  velocity  of  a  body  falling  by  its  own  weight,  or  project* 
ed  vertically,  is  continually  augmented  in  the  former  case,  but 
diminished  in  the  latter,  till  all  its  motion  in  that  direction  is 

lost. 

8.  Fis  ivertice,  is  the  innate  force  gf  a  body  by  which  it  re- 
sists any  endeavour  to  change  its  state ;  this  is  always  propor- 
tional to  the  quantity  of  matter  in  the  body.  Thus  if  two 
bodies  of  the  same  kind  are  floating  on  water,  the  less  or  lighter 
body  is  more  easily  moved  than  the  greater*  and  therefore  it« 
vis  inertiae  is  less« 

9.  An  elastic  body  is  that,  the  position  of  whose  parts  being 
changed  by  the  action  of  a  force,  either  recovers,  or  has  a 
tendency  to  recover  its  former  figure.  Thus  the  strings  of  a 
violin  are  elastic.  And  a  tennis  ball  rebounds  by  the  force  of 
its  elasticity  or  the  force  exerted  by  its  parts  in  recovering  their 
position  before  impact.  Bodies  not  having  this  property  are 
called  non^elastic. 
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10.  Gravity  or  Weight,  is  that  force  by  which  a  body  en- 
deavours to  fall  downwards.  Absolute  gravity  is  when  the  body 
is  in  free  space ;  and  relative  gravity  when  it  is  immersed  in  a 
fluid. 

11.  Specific  gravity^  is  the  proportion  of  the  weights  of 
different  bodies  of  equal  magnitudes.  Thus  if  a  globe  of  wood 
or  other  matter  of  4  inches  diameter  will  sink  by  its  own  weight 
just  2  inches  in  water,  its  specific  gravity  to  that  of  the  water  is 
as  1  to  Q. 

12.  Density  is  also  the  proportion  of  the  quantity  of  matter 
in  any  body  to  the  quantity  in  another  body  of  the  same  mag- 
nitude. Thus  if  a  body  of  any  size  weigh  6  pounds,  and  an- 
other of  equal  bulk  weigh  4  pounds^  the  density  of  the  former 
to  that  of  the  latter  is  as  3  to  2« 

13.  Ffiction  is  a  retarding  force  in  machines,  arising  from 
the  parts  rubbing  against  one  another. 

311.  AXIOMS. 

1.  Every  body  perseveres  in  its  state  of  rest,  or  uniform 
motion  in  a  right  line,  unless  it  be  compelled  to  change  that 
state  by  some  external  force* 

2.  The  alteration  or  change  of  motion  is  always  proportional 
to  the  force  applied,  and  is  made  in  the  direction  of  that  right 
line  in  which  it  acts. 

3.  Action  and  reaction  are  equal  and  in  contrary  directions. 


0>  THE  GENERAL  LAWS  or  MOTION,  &c. 

312.  The  quantities  o/  matter  in  all  bodies^  are  in  the 
compound  ratio  of  their  magnitudes  and  densities. 
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The  tjuantity  of  matter  in  a  body  may  be  denoted  by  its 
weight;  therefore 

if  «;  =:  the  body  or  its  weight ; 

m  =  its  magnitude  in  cubic  feet,  or  any  other  known  mea- 
sure ; 

d  rrits  density: 
then  tu  is  as  md^  or  w  is  always  directly  proportional  to  m  X  dm 

Let  w  :  m  X  d  ::  a  :  b  ;' and  suppose  the  density  to  be  dou- 
bled, then  the  weight  must  also  be  double^  the  magnitude  re- 
maining the  same, 

hence  2w  :  m  x  sd  z:  a  :  I : 
Again,  if  the  magnitude  be  tripled,  it  is  manifest  the  weight 
will  also  be  increased  3  times,  and  so  on  : 

consequently  Qw  X  3  :  3m  x  ^d  ::  a  :  b. 
That  is,  the  weight  or  quantity  of  matter  6w  is  directly  pro- 
portional to  the  magnitude  3m  multiplied  by  the  density  2d. 

Corol.  If  the  magnitude  be  given,  the  weight  is  as  the  den- 
sity. And  when  the  density  is  given,  the  weight  will  be  as  the 
magnitude* 

313.  The  momentum  or  quaniily  of  motion  generated  hy  an 
impulse  or  momentary  force,  is  as  the  force  that  generates  it. 

For  a  double  force  will  manifestly  generate  a  double  quantity 
of  motion  or  momentum ;  a  triple  force  a  triple  momentum, 
and  so  on.  That  is,  the  motion  impressed  is  directly  as  the 
percussive  or  motive  force  which  produces  it. 

314.  The  spaces  described  in  uniform  motions ,  are  in  the 
compound  ratio  of  the  velocities  and  the  times  oj  their  der 
scrip  tion. 

Thus  if  the  velocity  be  v  feet  per  second,  ^nd  the  time  =  t 
seconds,  then  the  spaoe  described  in  the  time  t  will  be  t;  x  / 
feet :  that  is,  the  space  is  directly  as  vt.  And  if  j  rr  the  space 
in  feet,  then  s  =  vt. 
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CoToL  1.  Hence  if  the  time  be  the  same,  the  space  de- 
scribed will  be  as  the  velocity:  but  whea  the  velocity  is  the 
same^  it  will  vary  as  the  time. 

*•  CoroL  3.     Since  1=  -.  and  t;  =  -:  therefore  in  uniform  mo- 

V  t 

tions,  the  time  is  as  the  space  directly,  and  velocity  reciprocally. 

And  the  velocity  is  as  the  space  directly  and  time  reciprocally. 

315.  Let  m  denote  the  momentum  or  quantity  of  motion  in 
a  moviitg  bodj/y  w  its  weight  or  quantity  of  matter ^  and  v  its 
velocity  ;  then  if  they  are  supposed  to  be  variable ^  m  will 
vary  as  w  X  v.  That  is,  the  moUentum  will  be  in  the  com^ 
pound  ratio  of  the  mass  arid  velocity  • 

If  a  body  be  put  in  motion  with  any  initial  velocity  by  a 
momentary  force,  it  is  manifest  that  double  that  force  will  be 
necessary  to  communicate  a  double  velocity,  and  a  triple  velocity 
will  require  a  triple  force,  and  so  on  :  now  the  momentum  being 
as  the  generating  force  (313)  it  follows,  that  in  the  same  body^ 
the  momentum  is  as  its  velocity ;  but  the  momentum  also  in* 
creases  as  the  quantity  of  matter  increases,  consequently  in  all 
bodies  it  must  be  as  the  mass  and  velocity  jointly  :  or  m  is 
directly  proportional  to  wv^ 

CoroL  1.  Hence  the  ratio  of  the  momenta  of  two  bodies  in 
motion^  is  compounded  of  the  ratios  of  their  masses  and  velo* 
cities.  For  let  the  momentum,  weight  or  mass,  and  velocity 
of  a  body  be  denoted  by  M ,  fV,  and  F^  respectively, 

then  m  :  wx^  ''  M  :  IV x  V 

r^       .     m         w  V 

That  .8  ^  =  ;^  X   p. 

^,  c,.         m        w        V  .         V        m        IF 

Corol.  2.      Smce  j|  =  ^  X  j^,  we  have  y-M^lj^ 

that  is,  the  ratio  of  the  velocities  is  compounded  of  the  direct 
ratio  of  the  momenta,  and  the  reciprocal  ratio  of  the  weights  or 
quantities  of  matter. 
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BcRoLiuM.  To  exemplify  this  proposition  in  nuni1>ew,  suppose  tw> 
tannon  shot,  one  Dib.  the  other  3(>».  to  strike  an  obstacle  with  the  re- 
spective velocities  of  J  000  and  800  feet  per  second ;  then  their  momenta  or 
the  forces  with  which  they  meet  the  obstacle  will  be  as  9  x  1000  and  36 
X  SOO,  or  as  5  to  16.  In  this  manner  the  forces  of  impact  or  percussion 
are  compared  one  with  another.  But  it  may  be  observed  that  such  forces 
tcannot  be  compared  with  the  force  of  pressure  or  weight,  or  bodies  at  rest, 
no  more  than  a  rectangle  can  be  ccAnpared  with  the  line  by  which  it  is 
generated. 

316.  If  a  quiescent  body  be  urged  hy  an  uniformly  accele^ 
fating  force  duri?ig  a  given  time,  the  velocity  generated  at  the 
end  of  that  time  will  be  in  the  compound  ratio  of  the  force  and 
iime  of  acting. 

Let  t  denote  the  time,  and  /  the  constant  force ;  and  con- 
teive  the  time  to» be  divided  into  innumerable  equal  particles; 
then  the  firjt  impulse  will  manifestly  generate  in  the  body  a 
velocity  proportional  to  the  acting  force /,  which  velocity  may 
be  considered  uniform  during  the  first  particle  of  time,  we  can 
therefore  denote  this  velocity  by  f  because  it  is  proportional  to 
that  force  ;  now  while  the  body  is  moving  with  the  velocity^ 
it  receives  another  impulse  equal  to  the  former,  which  must 
generate  an  equal  velocity,  the  body  therefore  in  the  second  par- 
ticle of  time  will  move  with  a  celerity  proportional  io  f+f  or 
S  X  /;  in  like  manner  3  x  /  will  denote  the  velocity  during  the 
3  rf.  particle  of  time,  and  so  on ;  consequently  the  last  velocity 
or  that  during  the  i  th.  or  ultimate  particle  of  time  will  be  re- 
presented by  t  xf. 

And  in  uniformly  retarded  motions,  the  diminished  velocity 
will  also  be  in  the  compound  ratio  of  the  retarding  force  and 
time. 

CoroL  1.  Therefore  in  uniformly  accelerated,  or  retarded 
motions,  the  increments,  or  decrements  of  velocity,  arc  equal 
in  equal  times,  because^  2/,  ^,  &c.  form  an  arithmetical 
progression.    And  hence  we  can  detemiine  the  relation  between 
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Ifae  time  and  space  described ;  for  it  is  evident  that  the  spate 
described  in  the  tkne  t  with  the  successive  velocities  /,  5/i  3/» 
&c,  would  also  be  described  in  the  sanie  time  with  an  unifonn 
vdodty  which  is  a  mean  between  all  the  velocities  or  terms  of 
that  series:  now  the  greatest  velocity  or  greatest  term  of  the 
progression  Is  (/ ;  and  as  the  particles  of  time  are  supposed  to 
be  indefiniteljr  small^  the  least  term  may  be  taken  =  o ;  and  the 

nnmber  of  terms  being  =:  /,  we  have  o  +/  +  2/+  3/+ tf 

=  («  +  C/)  >c  it,  or  ity  the  sum  of  all  the  terms  or  celerities. 
^htch  being  divided  by  t  their  number,  gives  -^tf  the  mean 
velocity,  equal  lo  half  the  greatest  {tf) ;  hence  it  appears,  that 
if  the  body  moved  uniformly  with  half  its  greatest  celerity^  it 
would  describe  the  same  space  in  the  same  time.  Now  the 
space  bdng  in  the  compound  ratio  of  the  velocity  and  time 
(314)  it  will  therefore  be  as  J(/  X  /  or  \t%  that  is,  as  /*  the 
square  of  the  time,  the  force  ^  and  body  remaining  the  same. 
And  because  the  velocities  generated,  or  destroyed,  are  as  the 
times  of  description,  the  space  will  also  be  as  the  square  of  the 
iFclocity,  If  the  body  varies,  the  velocity  (witli  the  same  force) 
is  inversely  as  the  mass  or  weight,  in  which  case  the  space  de- 
scribed will  be  directly  as  the  force  and  square  of  the  time,  and 
reciprocally  as  the  niass^ 

Corol,  d.  Since  in  the  same  body,  the  momentum  is  as  its 
velocity,  therefore  the  momentum  generated  or  destroyed  by  an 
uniformly  accelerating  or  retarding  force  acting  for  any  time,  it 
also  in  the  compound  ratio  of  the  force  and  time  of  acting. 

Scholium. 

Let  w  =:  the  weight  or  mass  or  quantity  of  matter  in  a  body, 
y  =  the  force  constantly  acting  on  it, 

^  =  the  time  of  its  acting,  ' 
p  =:  the  velocity  generated  in  that  time» 

szztht  space  described, 
SI  ==  the  momemum  at  the  end  of  the  time  / 1 
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Then  oc  being  the  symbol  denoting  general  proportioD,  we 
kave,  from  the  two  last  articles,  the  following  relations  in  luu* 
formiy  accelerated  motions, 
m  Qi  wv  q:  tf^ 
V  o:  if. 

s  oc  -^« 
.  w/ 

,  ^  when  the  force  and  mass  are  proportional* 

And  from  these  proportions  or  relations^  other  comparisons. 
are  readily  derived..  Thus^  since  equin)ultip]es  or  submultiples 
of  quantities  have  the  same  ratio  as  the  quantities  themselves^  if 

(for  example)  we  divide  wv  cc  t/h^w  the  result  is  v  oc  ^  that 

is,  the  velocity  generated  or  destroyed  in  any  given  time^  is  di* 
rectly  as  the  forc^  and  time,  and  inversely  aa  its  weight  or  mass 
when  the  latter  is  not  given. 

Since  j  «  /•  X  ~  is  the  same  as  5  oc  -^,  if  the  force  (f)  and 
mass  or  weight  (w)  are  proportional,  then  omitting  ^  we  have 

s  cct* :  for.  by  the  nature  of  fractions^  when  ^  is  as  I*  >t  -^^ 

and /as  «/,  $  will  be  as  /*,  or  j  oc  /*>  as  above.  This  takes 
place  in  bodies  acted  on  by  gravity,  where  the  force  is  pro* 
portional  to  the  weight  or  quantity  of  matter.    But  (310  def.  7) 

if  i-  (the  accelerating  force)  =  F,  then  s  a  /*F,  whence  loc  |/i. 
And  because  s  oc  v/,  we  have  /  oc  -,  therefore  by  substitution 


V* 

and  *  a  pf.  whence  v  a  < 

Heoce  we  shall  have 

V  a  ^sP  oc  Ft. 

#  «  rP  a  ^. 

%^P 
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And  given  quantities  are  also  to  be  left  out.  Thus  s  varies 
as  vty  or  s  a.  vt;  now  if  v  the  velocity  is  given,  then  i  a  /> 
or  the  space  will  vary  as  the  time. 

317-  To  compare  the  \^locities,  &c.  of  two  bodies,  let  IF 
denote  any  other  weight  or  mass,  and  F,  T,  Fj  5,  M,  the  acting 
force,  time,  &c.  as  above ; 


Then 


w  "  ^  '  W 


whence 


t 
T 

X 

F 

X 

t 
T  - 

V 

F 

X 

F 

f 

X 

w 

s 

s  = 

V 

F 

X 

t 

T 

s 
S  ~ 

T* 

X 

f 
F 

X 

s  :  vt  ::  S  :  FT 

W  iV 

&c.  ^  &c. 

But  numeral  results  are  dbtained  from  quantities  denoted  by 
numbers.  We  shall  subjoin  an  example  or  two.  Let^  =  the 
force  of  gravity,  which  may  be  considered  as  uniform  nuar  the 
earth's  surface.  Then  since  it  has  been  found  by  experiments 
that  a  body  descends  from  rest  in  a  perpendicular  direction  the 
space  of  l^T^feet  in  the  first  second  of  time,  and  because  an 
equal  space  would  be  described  by  the  body  in  the  same  time  if 
it  moved  uniformly  with  half  its  acquired  velocity,  {316,  corol.  l) 
its  velocity  therefore  at  the  end  of  the  first  second  of  time  will 
be  16^  X  2,  or  3^\feet  per  second;  and  the  celerity  generated 
or  destroyed  bei.ig  as  the  times  of  description,  we  have  1  seu 
:  3«-5-  : :  2  sec,  :  32|  X  2,  or  64y/eet  per  second  the  velocity  at 
the  end  of  2  seconds ;  and  therefore  32^  feet  is  the  velocity  per 
second  which  bodies  acquire  in  descending  perpendicularly  from 
rest,  at  the  end  of  /.  seconds.  Also  since  the  spaces  described 
are  as  the  squares  of  the  times,  or  the  squares,  of  the  generatcc) 
celerities,  we  have 

/«  :  T»  ::  5  :  5, 
V*  :  F^  ::  s  :  S, 
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whence    S  =:  --r-  =  — ^. 

'     /  V 

Suppose  it  is  required  to  find  how  far  a  heavy  body  would  descend  by 
the  force  of  gravity  or  its  own  weight  in  6  seconds  of  time,  and  also  its 
velocity  at  the  end  of  that  time.  Then  s  =  16^,  ti=z  1  sec,  Tsz  12  sgg» 
and  »=32^, 

sT* 
and  we  have  S^s—  =  16-^'^  x  36zxS19/e€i,  the  distazice: 

And  F=,  ~  =32^  X  6  =  193/ef/  per  second,  the  celerity. 

Admit  a  shot  to  be  discharged  in  a  perpendicular  direction  with  an  initial 
velocity  of  193/gei  per  second ;  to  what  height  would  it  ascend,  and  what 
time  would  elapse  before  it  fell  to  the  ground  again? 

Here  ^  =  ^  =s  ^^^!:,^/,^^^  =  5T9jbet,  the  height: 


And  r=  —  =  ~^  =  6  seconds  the  time  of  its  ascent,  there- 

u  32^ 

fore  12  seconds  is  the  time  required. 


The  mass  or  weight  of  the  body  is  not  considered  in  these 
computations,  because  all  bodies  would  fall  equally  fast  if  they 
were  not  resisted  by  the  air.  The  law?  of  descent  therefore  sup- 
pose that  bodies  fall  in  a  non-resisting  medium.  If/ and  F 
denote  the  motive  and  accelerative  forces,  respectively,    then 

(310.  def.  7)  f  a  ^:  now  if  a  body  descends  perpendicular  by 

its  own  weight  or  the  force  of  gravity,  the  weight  itself  is  th^ 

motive  force,  and  consequently^  zz  1,  that  is,  the  accelerative 

force  of  gravity  F  is  constant;  this  is  usually  expounded  by  32it 
feet  the  increase  of  velocity  generated  by  that  force  in  every 
second  of  time.  Gravity  however,  strictiy  speaking,  is  a  varia* 
ble  force,  for  a  body  is  somewhat  heavier  near  the  earth's  surface 
than  at  ^y  distance  above  it,  because  it  is  more  strongly  attract- 
ed  by  the  earth  in  the  /ormer  situation  than  in  the  latter. 


{   die   i 


op    THE 

COMPOSITION  AND  RESOLUTION  or  FORCES. 

316.  Wheic  the  effects  of  several  forces  acting  in  diffisrent 
directions  are  reduced  to  that  of  a  single  force  acting  in  one 
direction  only,  it  it  called  composition  of  forces.  And  con- 
versely, the  resolution  of  forces  consists  in  finding  two  or 
more  forces  whose  joint  effect  in  different  directions  shall  be 
equivalent  to  that  of  a  single  force  in  a  given  direction. 

319.  Suppose  a  body  atBto  he  urged  in  the  directions  BD 
and  BN  by  two  forces  that  would  separately  cause  it  to  move 
uniformly  along  the  lk^4  BD  and  BN  in  the  time  t;  then  if 
both  forces  act  together^  the  hody^  by  the  compound  motion^ 
will  describe  BC  the  diagonal  of  the  parallelogram  BNCD  in 
the  same  time  t. 

Conceive  BD  and  BN  to  be  two  in.       a/        ^  y 

flexible  lines  or  wires  in  contact  with  the      p/^NJo  L 

body  placed  between  them  at  the  angular      j        /N.      / 
point  B I  then  if  the  lines  begin  thwr  mo-      /         /  >■/ 

tious  together  and  move  parallel  to  them* 
selves  in  the  same  plane  towards  NC  and 
DC>  the  body  will  be  carried  or  u^ged  along  that  plane  by  the 
two  lines  or  wires,  and  constantly  move  in  the  angle  DBN  or 
dOn  formed  by  their  intersection,  its  track  therefore  must  be 
the  diagonal  BC ;  for  let  bd  and  Pn  be  any  cotemporary  posU 
tions  of  the  moving  lines,  then  because  BD  moves  uniformly 
from  the  position  BD  to  NC  in  the  same  time  that  BN  moves 
miif6rmly  from  BN  to  DC,  thdr  velocities  are  as  the  lines  BD 
and  BN ;  aud  for  the  same  reason,'  BP  and  Rb  will  denote  the 
velocities  when  the  lines  are  in  the  positions  bd  and  Puy  bat 
the  vekxnties  being  uniform,  the  lines  BD,  BN,  and  BP .  B^ 
are  therefore  proportional,  consequently  (by  sim«  triang.)  the. 
intersection  Q  or  place  of  the  body  will  always  be  in  the  diagonal, 
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of  the  parallelogram  BNOD,  and  since  it  is  supposed  to  be 
always  in  contact  with  the  moving  lines  or  wires,  its  situatioa 
at  the  end  of  the  time  /  is  the  angular  point  C. 

And  the  body  will  also  describe  the  diagonal  BC  when  urged 
by  uniformly  accelerating  forces,  provided  they  arc  similar: 
For  let  T  and  t  denote  the  times  of  describing.  BD  or  BN,  and 
BP  or  Bi,  respectively ;  then  the  spaces  being  as  the  squares  of 
die  times  (31.0,  corol.  1.)  we  have 

BD  :  BP  ::  T*   :  /•, 

BN  :  Bi   ::  T*   :  t\ 
whence  by  equality  BD  ;  BP  : :  BN  :  B^ : 
That  is,  the  parallelograms  BPOi,  BDCN  are  similar,  and 
therefore  the  angk  dOn  or  situation  of  the  body  is  always  ia 
the  diagonal  BC  as  before.    The  same  thing  is  also  manifest 
ia  the  case  of  uniformly  retarding  forces  : 

Thus,  fuppose  the  motion  of  BD  to  be  144jyferf  in-the  first  second  of 
time,  1 12^,  in  the  ne^t,  80^,  in  the  third,  &c.  and  that  of  BN  effect  ia 
the  first  second,  49  in  the  next,  35  in  the  third,  &c.  then,  for  example,  if 
W,  P«;  NC,  DC,  are  the  positions  of  the  Jines  at  the  encl  of  the  first,  and 
third  seconds  of  time,  respectively,  we  have  B&55l44|,  BP=63,  BN=337J, 
andBDsH7>!Mr; 

and  BN  :  BD  :;    B5    ?  BP, 
or  337 J  :  147  ::  144 J  :  63. 

Or  suppose  Bi,  BP  are  described  in  2  secojids,  then  B^  =  257},  an4 
BP^  1  \2feet ;  and  337  J :  147  ::  257}  :  1 12.  Therefore  the  parallelograms 
jpPO^,  BDCN,  are  similar,  as  before. 

Cofoh  1.  The  velocities  at  the  points  P,  O,  h,  and  conse* 
quently  the  forces  in  the  directions  BP,  BO,  Bi,  arc  a$  thi^ 
lines  BP,  BO,  B^,  And  the  force  in  the  direction  BO  is  equi- 
Yoleat  to.  or  compounded  of,  the  two  forces  in.  the  directions 
BP  and  B^. 

Corol.  «•  And  since  the  forces  in  the  directions  BP,  BO, 
%hf  may  be  expounded  by  those  lines,  it  follows  that  any  single 
^e  BO,  or  BC«  cm  be  rwlv^i  intg  two  other  forces  acting 
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in  different  directions  by  making  fliat  force  (BO,  or  BC)  the 
diagonal  of  a  parallelogram. 

Corol.  3.  If  the  motion  be  equable 
in  one  direction,  and  uniformly  acce- 
lerated in  the  other,  the  body  will  not 
describe  the  diagonal  of  a  parallelogram, 
but  the  curve  of  a  parabola.  For  let 
the  motion  of  the  line  BN  in  the  direction 
BD  be  unifonnly  accelerated,  like  that  of  a  body  falling  from 
rest  towards  the  earth  j  and  supppse  the  line  BD  to  move  in 
the  direction  BN  so  as  to  describe  each  of  the  equal  spaces  or 
lines  Bb,  M,  An,  &c.  in  the  same  time  /;  then  if  PO,  bO; 
SG,  AG ;  DC,  NC,  &c.  are  the  positions  of  the  moving  lines 
at  the  end  of/,  S/,  3/,  &c.  times,  respectively,  the  intersections 
O,  G,  C,  &c.  will  be  the  corresponding  places  of  the  body; 
and  since  the  lines  Bb,  BA,  BN,  &c.  (or  their  equals  PO,  SG, 
DC,  &c.)  are  directly  as  the  times  of  description,  and  the  dis- 
tances BP,  BS,  BD,  &c.  as  the  squares  of  the  times  (3l6, 
corol.  l)  it  will  be 

BP  :  P0«  ;:  BS  :  SG«  ::  BD  :  DC%  &c. 

hence  the  points  B,  O,  G,  C,  &c.  arc  in  the  curve  of  a  parabola : 
And  BN  is  a  tangent  to  the  curve  at  B.  (299.) 

Corol.  4.     Hence  also  the  forces  of  oblique  and      B K 

direct  impact  may  be  compared :  Thus^  suppose  i 
a  body  to  be  urged  from  B  in  the  direction  BC  by 
a  forte  denoted  by  the  line  BC,  then  if  that  force  i- 
be  resolved  into  two  other  forces  BD  and  DC  (or 
BN)  tlie  former  parallel  and  the  latter  perpendicular  to  an 
obstacle  NC,  the  line  DC  will  represent  the  force  exerted  by 
the  body  against  the  obstacle;  that  is,  as  BC  :  DC  :: force  in 
the  direction  BC  :  force  in  direction  DC:  but  DC  (or  BN) 
is  the  sine  of  the  incident  angle  BCN  to  the  radius  BC ;  there- 
fore we  shall  have;  As  radius  :  sine  of  obliquity  of  the  force 
:;  force  0/ direct  impact  :  force  of  oblique  impact. 
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Ibr  €itample,  suppose  a  48/A<  shot  when  moving  vith  a  relodty  of  lOOO 

Jeet  per  secood  should  strike  an  object  (NC)  in  an  angle  of  50°  (NCB)^ 

then  48  x  1090  will  denote  its  momentum,  and  rad.*\  sine  50^  ::  48  X  1000 

5  3^770;  therefore  its  force  against  the  obstacle  will  be  less  than  it  would  be 

in  a  perpendicular  direction  In  the  proportion  of  36770  to  48000. 

820.  If  three  forces  of  the  same  kiuA  A,  G,  C,  act  together 
in  the  same  plane  against  the  body  B  in  the  directions  AB, 
GB,  CB,  and  thereby  keep  it  in  equilihrio^  those  forces  will 
It  proportional  to  the  sides  of  a  triangle  BDC  (or  BNCj  which 
^Lre  drawn  parallel  to  the  directions  AB,  GB^  and  CB. 

This  is  manifest  from  the  last  proposition 
corol.  1.  for  since  th«  force  (^B)  in  the 
^lirection  BC  is  equivalent  to^  or  compound- 
ed of^  the  two  forces  in  the  directions  AB 
or  BN  and  GB  or  BD,  if  the  former  (BC) 
be  exerted  in  a  -contrarj'  direction  (CB)  th\5 
effects  of  the  other  two  will  be  destroyed^  and  the  body  must 
remain  quiescent ;  the  three  forces  therefore  are  as  BN,  NC  (ot 
BD),  and  GB,  the  sides  of  the  triangle  BNC  or  its  equal  BA^. 

CoroU  1 .  And  because  three  lines  perpendicular  to  the  sides 
of  a  triangle  will  form  another  similar  triangle,  the  three  forces 
will  also  be  proportional  to  the  sides  of  that  similar  triangle. 


CoroU  2,  Hence  if  the  force  in  the  direction 
BC  be  a  weight  C  suspended  by  three  strings  or 
cords  AB,  GB,  BC,  the  tensions  of  the  cords  or 
Ae  forces  by  which  they  are  stretched,  will  be  as 
the  sides  of  the  triangle  BNC.  For  example,  if 
BN  =4,  NC  =  3,  BC  =  5,  the  tensions  of  the  cords  AB^ 
OB^  BC»  will  be  as  4.  3,  and  b,  respectively* 


CcToU  3.    The  forces. in  the  directions  AB^  GB  mty  be  rer 
t^uced  to  a  single  force  (£B)  acting  ia  a  direction  aoatr«ry  tf 
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that  of  CB9  and  the  body  kept  hi  eqiii- 

llbrio  by  two  opposite  and  equal  efforts. 

But  if  the  body  (B)  be  put  in  motion  by 

three  given  forces  PB,  QB,  RB  of  the 

same  kind,  acting  in  the  same  plane,  then 

a  single  force  equivalent  to  all  three  may 

be  found  thus:   Complete  the  parallelogram  QBPO,  and  th* 

diagonal  OB  will  represent  a  force  equal  to  the  two  forces  PB  and 

QB ;  and  if  RS  and  OS  are  respectively  parallel  to  BO  and  BR, 

the  two  forces  OB  and  RB  will  be  reduced  to  the  diagonal  SB 

or  the  single  force  SB,  which  therefore  is  the  force  equivalent 

to  the  three  given  forces ;  that  is^  the  single  force  SB  acting  in 

the  direction  SB  would  have  the  same  effect  on  the  body  B  as 

the  three  given  forces  acting  together  in  the  directions  PB^  QB^ 

and  RB. 

Hence  it  appears  that  any  single  force  may  be  resolved  into 
three  or  more  forces  acting  in  different  directions. 

Scholium.  What  is  advanced  in  this  last  article  will  hold 
true  in  all  kinds  of  forces  whatever,  whether  of  impulse  or  per- 
fcussion^  pushing,  or  drawing,  or  whether  instantaneous^  or 
cpntinual^  prodded  they  are  similar. 


On  THi  COLLISION  of  BODIES. 


3^1.  If  a  perfectly  elastic  spherical  body  B  impinge  on  an 
immovable  plane  AG»  it  will  rebound  or  be  reflected  from  the 
surface  in  an  angle  equal  to  the  angle  of  incidence  ;  that  w, 
(/  C  be  the  point  of  impact,  the  angle  DCG  =  BOA. 

Let  BC  denote  the  force  of  the  body  in  that 

'direction,  which  suppose  to  be  resolved  into 

two  other  forces  B?  and  BA,  the  former  paral- 

kl  and  the  latter  perpendicular  to  the  plane 

AG ;  then  if  we  conceive  the  body  to  be  urged  or  carried  alon^ 
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the  diagonal  BC  by  those  forces  or  lines  moving  paralleT  to 
themselves^  it  must  meet  the  plane  in  the  point  C  with  a  force 
equal  to  PC ;  and  since  there  is  no  resistance  in  the  direction 
of  the  surface  AG,  the  force  (BA  or  PC)  in  that  direction  will 
not  be  retarded  by  the  stroke,  the  body  therefore,  after  impact^ 
is  urged  by  two  forces  respectively  equal  to  the  two  former, 
namely,  one  in  the  direction  of  the  surface  CG  as  before,  the 
other  in  that  of  CP,  this  Jatter  is  the  re-acting  or  restoring 
force  (def.  9)  which,  if  tfic  body  be  perfectly  elastic,  is  equal 
and  contrary  to  the  compressing  force  PC  (ax.  2  and  3) ;  hence^ 
by  composition,  CD  the  track  of  the  body  after  impact,  must 
be  inclined  to  the  reflecting  surface  in  the  same  angle  as  before. 

CoroL  I.  The  velocity  with  which  the  body  quits  the  re- 
flecting surface  is  equal  tothat  at  the  time  of  impact,  because 
the  generating  forces  are  equal  aad  in  similar  directions. 

CoroL  3.  Since  the  times  of  compression  and  restitution  are 
not  instantaneous,  the  body  is  moved  in  the  direction  CG 
during  those  times  by  the  force  AC,  and  consequently  the  point 
of  incidence  and  that  of  reflection  cannot  accurately  be  the  same 
if  the  body  is  elastic. 

CoroL  3.  When  the  surface  AG  is  not 
smooth,  the  body  will  be  reflected  with  a 
whirling  motion :  For  let  O  be  its  center, 
and  C  the  point  of  impact;  then  while  the 
body  is  retarded  in  the  direction  AG  by 
the  friction  at  C,  the  force  in  the  direction  BO  must  produce  a 
motion  by  which  it  endeavours  to  roll.  This  is  confirmed  hy 
experience,  for  spherical  bodies  are  seen  to  acquire  a  rotatory 
motion  when  reflected  obliquely.  This  motion  may  affect  the 
direction  of  the  body  when  it  quits  the  plane :  And  if  the  body 
is  not  perfectly  elastic,  the  restoring  force  will  be  less  than  the 
compressing  one:  on  these  accounts,  it  is  probable  that  the  aa« 
l^es  of  incidence  and  reflection  are  always  different* 

0  S  9 
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CoroU  4.  If  the  body^  be  non-elastic,  it  will  not  acquire  of 
generate  a  restoring  force  by  impulse,  {def.  q)  it  must  therefom 
after  the  impact,  be  carried  along  the  surface  CG  by  the  force 
acting  in  that  direction. 

Remark.  If  AG  be  a  polished  surface,  arid  BC  a  ray  of 
light  proceeding  from  the  lucid  point  B,  the  ray  will  be  reflected 
in  the  direction  CD,  that  is,  the  angles  of  incidence  and  re* 
flection  are  equal  in  that  case.  This  is  a  fundamental  law  of 
Optics,  founded  in  nature  according  to  some  writers,  because 
'tis  said  nature  always  acts  ly  the  west  expeditious  methods;^ 
for  the  sum  of  the  lines  BC  and  DC  are  less  than  the  sum  qf 
any  other  two  lines  that  can  be  drawn  from  the  points  B  andD 
to  meet  in  the  surface  AG  {Theorem^  art.  272).  Sir  I.  Newton 
however,  has  shewn  that  the  reflection  of  light  is  not  effected 
by  its  particles  striking  against  bodies,  but  by  some  repelling 
power  that  extends  beyond  their  surfaces^  But  if  a  particle  of 
light  moving  along  BC  be  struck  in  a  direction  (CP)  perpen- 
dicular to  the  surface  AG,  either  at  C,  or  before  it  reaches  that 
point,  so  that  its  velocity  is  not  changed  by  the  impulse,  it  wiB 
be  reflected  in  an  angle  equal  to  that  of  incidence  [cotoL  1.) 

322.  Suppose  B  and  C  are  two  equal  non-elastic  hodus,  ani 
let  the  body  B  strike  the  quiescent  lody  C  in  the  direction  of 
their  centers  with  a  velocity  of  Vfeet  per  second j  then  after 
the  impact  they  will  proceed  together  as  one  body  in  the  di^ 
rection  CD  with  a  velocity  equal  to  half  V. 

For  both  bodies  being  non-elastic,  they       .  ^ 
cannot  generate  any  force  that  will  cause       ^.   ..   q  ,> 
them  to  recede  from  one  another ;  and  since 
a  double  quantity  of  matter  is  moved  by  the  same  force,  (that  of 
B  at  the  impact)  the  velocity  must  be  diminished  in  the  same 
proportion  (315),  that  is,  the  velocity  is  reciprocally  as  the  aug^ 
mented  weight  or  mass ; 

B:r;:B  +  C  (inversely)  :  ^^.  oriTwhenC^B. 
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CoroL    Th«  momentum  of  both  bodies  moving  together,  will 

be  the  same  as  that  of  B  before  the  stroke ;  for  let  B  and  C 

denote  the  weights  or  quantities  of  matter  in  the  bodies  B  and 

C,  whether  equal  or  unequal:  then  VxH  will  represent  the 

V^  B 
momentum  of  B,  and  g-^;^  X  (B+Cjor  Tx  B  that  of  both 

after  the  impact. 

Suppose  B=  i-lb.  c  =  4lb.  and  F=:20jket,  then  —^  =  ?£ilJ? 
Ss  IB/cei  the  velocity  per  second  of  both  together  after  their  congress. 

323.  Lei  the  lody  B  moving  with  a  velocity  =  V  wertak^ 
and  strike  the  body  C  whose  velocity  in  the  same  direction  is 
^v;  then  if  the  bodies  are  non-elastic,  they  will  proceed  t^^ 

gether  a$  one  mass  with  a  velocity  =  ^  '  >h 

For  the  force  lost  in  B  by.  the  stroke  is  communicated  to  C» 

Wcause  action  and  re-action  are  equal ;  and  therefore  the  force 

or  momentum  of  both  moving  tc^ther  is  equal  to  the  sum 

€)f  the  separate  mementa^  that  is  ^xB  +  t;xC|  and  this 

Vx B  +  w  V  C 
divided  by  the  mass  B+C  gives ^  .   ^  ■■    the  velocitjr. 

Let  B=  16lb.  C=4lb.  V:=i\0,  and  r=s5; 

rr..       rxB+«^v(:         10X16-H5X4       ^   - ^    ^, 

Tfa^"'  B^-C = xQZfT^^^fi^'  ^^  velocity  pet 

second, 

CoroL  I.    if  C  be  quiescent,  v  n  o ;  and  ^ — g  is  the  vdo. 

city  with  which  they  proceed  together  after  impact, 

CoroU  2.    If  C  moves  in  a  contrary  direction^  or  towards  Bt 

i^  V  B  —  v  5c  C     . 
then  ^      p  ^^^  denote  the  velocity  after  the  stroke* 

And  when  TxB — vxCno,  all  motion  is  destroyed  by  the 
poncourse.  But  if  TxB— t;xC  be  negative^  both  bodiei 
>riU  xnoye  together  towards  Bt 
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Suppose  B=4»  C  =  16,  r=5,  and  ©=10; 
Then  ^:2<|^J^=  i4~l^  =  -7  the  velocity.  ..hick 
therefore  is  towards  B  after  impact. 

wroZ.  3.  The  velocity  lost  by  B  is  V '^\n    =  "bTC"* 

that  is,  B  +  C  :  C  ::  V—v  :  velocity  lost  by  B. 
In  like  manner,  B  +  C  ;  B  : :  V  —  i; :  velocity  gained  by  C, 

If  the  bodies  move  in  contrary  directions,  that  body  must 
prevail  whose  momentum  is  greatest,  but  its  velocity  will  be 

diminished,  consequently  V p      >,  ,  or  ■  p^,  p     is  ^hc 

Telocity  lost. 

That  is,  B  +  C  :  C  : :  F+ V  :  velosity  lost  by  B,  supposing  it 
the  most  powerful  of  the  two. 

324.  IJ  a  non-elastic  body  B  impinge  directly  on  a  fixed 
but  perfectly  elastic  body  C  with  a  given  velocity^  it  will  re* 
bound  with  the  same  velocity:  and  the  whole  force  exerted  by 
C  against  the  striking  body  B,  is  double  the  force  of  impact 
when  both  bodies  art  non-elastic. 

For  if  both  were  non-elastic,  the  motion       ^5 
or  force  of  B  would  only  be  destroyed  by     'Q        C) 
the  impact,  or  the  bodies  would  adhere ;  but 
when  C  is  perfectly  elastic,  it  not  only  destroys  all  that  motion 
or  force  but  exerts  another  force  equal  and  contrary  to  it  in  the 
action  of  recovering  its  figure  before  the  stroke;  consequently B 
will  recede  with  its  former  velocity :  and  as  the  elastic  body  C 
first  destroys  and  then  restores  the  same  force,  its  effect  is  double 
that  of  a  non-elastic  body.    And  if  both  bodies  are  perfectly 
elastic,  the  effect  is  the  same,  for  the  whole  force  of  restitutipil 
must  be  equal  to  that  of  compression. 

Corol.  I.  If  C  be  moveable,  the  velocity  lost  by  B^  aiui 
•ommunicated  to  C  by  the  stroke  will  be  doubte  what  tbej 
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would  be  were  the  bodies  non-elastic ;  for  the  restoring  force 
acts  just  as  much  in  the  direction  of  B's  motion  as  against  it, 
consequently  while  the  bodies  recede,  B  is  retarded  and  C  urged 
by  additional  forces  equal  to  that  of  impact ;  that  is,  the  veloci* 
ties  lost,  or  communicated  by  collision,  are  twice  as  great  in 
elastic  as  in  non*elastic  bodies. 

CoroL  3.  Since  the  force  lost  in  one  body  is  gained  by  the 
other,  if  B  and  C  are  equal,  and  both  perfectly  elastic,  C  being 
moveable,  the  striking  body  B  will  rest  after  collision,  and  the 
otfier  C  move  with  a  velocity  equal  to  that  of  B  before  the  im- 
pact* 

CoroL  3*  Hence  it  appears  that  the  velocities  are  relatively 
the  same  before  and  after  the  impulse,  that  is,  the  bodies  will 
be  equally  distant  from  one  another  at  equal  times  before  and 
after  the  impact* 

325.  If  the  body  C  moving  towards  D  tviih  a  celmty  =  v 
le  struck  by  the  body  B  whose  celerity  in  the  same  direction  is 
=  Vi  tojind  their  velocities  after  the  impulse^  supposing  both 
are  perfectly  elastic. 

It  follows  from  art.  323   corol.  3,  and       ^        g) "  ^ 
art.  324  corol.  1,  that  the  celerity  lost  by  B 

after  the  impact,  is    ^      ^'  X  2,  and  therefore  F p      ^ 

X  2,  or*— !^ — "T  .^^a"  is  its  velocity  in  the  direction  BD  or 
DB,  according  as  the  expression  is  positive  or  negative* 

And  (by  the  same  corollaries)  v  +   — p      q      X'  2   or 
^,tC  — B)+grB  .^  ^^  ^^j^^j^  of  C  in  the  direction  CD- 

But  if  C  be  moving  in  a  contrary  direction,  or  towards  B» 
^^.n  by  making  v  negative^  the  same  ezpresdions  become 


3to  cotLtsioir  or  bodies. 

^i'^--^)-*''^  the  velocity  of  B ; 

u  +  c 

Li^I^I+iflS  the  velocity  of  C. 

towards  D  when  the  expressions  are  positive,  but  in  the  opposite 
direction  if  they  are  negative. 

Let  B=  12».  r:=z5/ee(  per  second;  C=:8lb.  and  p  =  60  feet  per 
eecond ;  and  suppose  the  bodies  move  in  contrary  directions, 

Tlierefore  after  collision,  the  bodies  will  move  again  in  contrary  directioQir 
loith  velocities  of  47,  and  IS  feet  per  second,  respectively. 

Corol.  If  C  be  at  rest^  then  by  making  v  zz  o,  we  shall  get 
the  velocities  in  that  case. 

The  preceding  method  of  investigation  will  answer  when  one 
ef  the  bodies  is  non-elastic;  or  when  both  are  imperfectly 
•lasticj  provided  the  forces  of  elasticity  anx  known. 

326.  Jf  the  non-elastic  ladies  B  and  C  move  in  the  same 
flane^  and  strike  one  another  obliquely  at  the  point  0  with 
given  velocities  ;  to  determine  their  directions  and  velocities 
mftet  ebllision* 

Let  BO  and  CO  be  taken  in  the  x  fr ]^ 

ratio  of  the  respective  velocities;  and  ;  \.   j 

suppose  Hd  is  drawn  to  touch  the  -j — -j^ — ^^^w^       ;■* 

bodies  at  their  point  of  contact  O;  \        X  L.--^^^r:^ 

Complete  the  rectangles    BAOP,  '.X        \ 

CDOG;  then  the  celerity  BO  is     ci:!...- i« 

resolved  into  two  others  AO  and 

PO,  and  the  celerity  CO  into  DO  and  GO  (319,  corol.  9): 
now  as  the  efforts  of  the  bodies  agamst  each  other  are  made  in 

the  line  joining  their  centers^  those  forces  are  aot  effected  bjf 
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the  volocities  (AO,  DO)  in  the  direction  Dd;  condequently 

the  velocities,  in  the  line  (PG)  iii  which  they  act  against  one 

another,  are  denoted  by  PO  and  GO :  and     ^    &Z-C^ 
is  the  celerity  with  which  they  would  proceed  together  after 
direct  impact  with  the  velocities  PO  and  GO  (323,  coroU  1) : 
If  B  be  the  most  powerful,   let  OQ   (in  OG)  be  made  =: 

p"     >j ,   and  take  Oa  =  OA,  and  Od  =  ©D,  and 

tomplete  the  rectangles  OQRa,  OQld;  then  the  diagonals  OR 
and  01  will  be  the  directions  and  velocities  of  B  and  C,  re- 
•pettively* 

If  the  bodies  are  elastic,  they  will  be  reflected  after  impact ; 
but  the  construction  is  no  ways  different :  for  having  found  the 
velocities  in  the  line  PG  by  art.  325,  the  result  will  point  out 
whether  they  'must  be  set  off  on  the  same,  or  on  contrary  sides 
of  0. 

N.  B.  The  bodies  are  supposed  to  move  along  OR  and  01 
after  impact;  strictly  speaking  however,  their  centers  do  net 
describe  those  diagonals,  but  lines  parallel  to  them. 

Scholium. 

The  preceding  conclusions  respecting  the  collision  of  bodies 
are  confirmed  by  experiment,  abstracting  from  the  imperfection 
of  materials ;  for  it  is  probable  there  is  no  surface  perfectly 
smooth,  nor  any  hard  bodies  cither  perfectly  elastic  or  non- 
elastic.  Some  experiments  however,  made  with  a  view  to  ascer- 
tain the  force  of  bodies  in  motion,  seem  to  have  misled  several 
eminent  mathematicians  of  the  last  century.  Thus  because  it 
is  found  that  a  hard  body  impinging  on  soft  and  yielding  sub- 
stances  of  uniform  consistence  will  penetrate  to  depths  proper* 
tional  to  the  squares  of  the  velocities  of  impact,  it  has  been  in- 
fered  that  the  momentum  or  force  of  bodies  in  motion,  instead 
of  being  compounded  of  its  velocity  and  mass  (def.  4)  is  as  the 
square  of  thf  velocity  into  the  mass :  this  erroneous  condutioa 

VOL.  xz^  XX 
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results  from  aeoribing  a  whole  efiect  to  p^rt  -of  its  cause :  fcflr 
tile  whole  effect  (or  depth  to  whieh  the  body  penetrates)  is  not 
produced  by  the  motion  or  force  of  the  body  at  the  momei;it  of 
impact,  but  by  its  successive  efforts  during  the  time  of  penetra- 
tion, each  effort  being  as  .the  body  drawn  into  the  velocity  with 
which  it  is' moving.  So  bodies  when  projected  vertically  rise 
to  heights  propcnrtional  to  the  squares  of  the  initial  velocities 
(316,  coroL  i)  and  during  the  time  of  ascent  act  against  gravity^ 
which,  like  the  soft  and  yukiing  substances,  is  an  uniformly 
retarding  force;  but  to  inLi  t.xjm  this,  that  the  force  of  the 
ascending  body  at  any  point  oi'  lime  is  as  the  square  of  its  velo- 
city into  the  mass,  viould  be  contrary  to  theory  and  experi- 
ment. 

B^lls  discliarged  from  g\ins  would  penetrate  wood,  bants  of 
eajth,  &c,  to  depths  proportipnal  to  the  squares  of  the  veloci- 
ties of  impact,  provided  the  resistances  were  uniform.  And 
Mr.  Robins  found  that  musket  bullets  of  equal  size  when  shot 
against  a  block  of  elm  with  velocities  jof  17Q0,  730,  and  400 
fe%t  per  second,  penetrated  te  t)ie  depths  t,  i^  and  7  inches, 
'  respectively  :  these  numt^ers  are  not  exactly  as  the  squares  of 
the  velocities ;  but  *^  a  greater  coincidence  cannot  be  expected 
when  the  unequal  texture  of  the  same  piece  of  wood,  and  the 
chapgc  of  the  form  of  the  bullet  by  the  stroke  are  considered." 
(Gppneryi  Chap,  2.  Prop.  8).  These  ftxperimenis  however, 
have  bfipu  objected  to  as  inconclu.-iye  *. 

In  estimating  the  force  of  a  pile  engine,  the  velocity  of  the 
weight  or  ram  is  easily  determined  :  but  1^  the  pile  be  heavy,  its 
momentum  should  be  taken  into  consideration,  because  the 
ram  and  pile  proceed  as  one  body  after  the  impact :  and  if  th« 
ground  resist  uniformly,  the  pile  will  sink  to  depths  proportional 
to  the  squares  of  the  velocities  with  which  it  begins  to  move. . 

Bodies  impinging  with  equal  ^iiomentums  may  have  different 
ejects.    Thus  a  48Zi.  shot  with  a  velocity  of  loop  feet  per 

.  ■■■  ■     p      I  — ii— ^1   II..         I    I.  i_       — — ^iy 

•  Hutton's  Math,  and  Phllos,  Dictionary,  art.  Guknirt. 
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seeoncf^  aiiJ  a  balterlng  raYi^  whOKe  \veight  is  l^OOOlh  aioving 
with  a  velocity  of  4^!?^/  per  stcoitd  woufd  have  equal  inomet»- 
tums,  for  48  X  1600  =  !900G  x  4  :  bat  the  fonner  when  di«. 
charged  against  a  wall  (for  example)  might  pass  through  it 
withom  any  other  elflfect  thAa  that  of  driving  o«t  a  few  bricks  or 
stones ;  whereas  an  impulse  of  the  ram  would  probably  cause  a 
large  breach  :  for  that  part  of  the  wall  upon  which  the  ball  im- 
pinges  is  separated  and  driven  out  before  it  can  comtounicatc 
much  motion  to  the  adjacent  parts  5  but  the  shake  is  extended 
to  a  considerable  distance  by  the  slow  movement  of  the  batter- 
ing ram,  because  the  parts  struck  adhere  together  for  a  longer 
time. 
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SS7-  Let  the  equal  lines  BD  and  CN  be  perpendicular  to 
the  plane  of  the  horizon  represented  hy  BC  /  and  suppose  a 
shell  is  discharged  from  the  mortar  B  in  the  dueciion  BN 
with  a  velocity  thai  would  carry  it  uniformly  from  B  to  N  ffi 
the  same  time  that  a  heavy  body  would' descend  by  its  gre^vifj^ 
from  B  toD;  then  if  the  motion  of  the  shell  is  not  affected 
by  the  resistance  of  the  air,  it  will  describe  the  purnlrglic 
-curue  BTC.  (Art.  319>  corol.  3). 

BC  is  the  horizontal  range  or  amplitude. 

CBN  is  the  angle  of  elevation. 

The  velocity  with  which  the  shell  quits 
the  mortar^  is  the  initial  or  projectile 
iKlocity. 

And  if  the  perpendicular  -BR  be  made 
equal  to  the  height  to  which  the  body 
would  ascend  if  projected  vertically,  it  will 
i^present  the  impetus. 

TA  is  the  altitude  of  the  projection,  T 
bcbg  the  highest  point  In  the  curve. 

T  T   « 
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Thas  suppose  the  angle  of  elevation  CBN  r=  49^^  the  time 
of  flight  or  that  m  which  the  shell  describes  the  curve  =  1« 
seconds  =  t,  and  d  zz  Id-^/^et;  then  d/'  =z  Qdiefeet  =  BD 
or  CN  (317)  =  EC  the  range  in  this  case ;  and  dt*x^Q  =  the 
tangent  BN,  which  divided  by  /  (the  number  of  seconds)  gives 
dt^Q/eet  the  projectile  velocity  per  second,  hence  (317)  the  ver- 
tical height  to  which  it  would  ascend  in  /  seconds  is ^    ■,     ^ 

=  {dt*  the  impetus  BR ;  which  therefore  is  =:  half  the  raiigo 
at  an  elevation  of  45**. 

CoroL  !•  Let  PA  be  perpendicular  to  the  horizontal  line 
BC9  and  TS  parallel  to  FB  3  then  the  velocity  of  the  projectile 
in  the  direction  of  gravitation  at  any  point  T,  is  to  the  projectile 
velocity  in  the  direction  BN,  as  sBS  or  2PT  to  PB,  For  BP 
and  BS  are  described  in  the  same  time ;  but  a  body  descending 
from  rest  through  BS  would  acquire  a  velocity  that  would  carry 
it  uniformly  through  sBS  in  the  same  time  (317) ;  and  as  the 
spaces  described  with  uniform  motions  are  as  the  velocitiesi 
therefore  2BS  or  SPT  is  to  BP;  as  the  perpendicular  velocity  at 
T,  to  the  projectile  velocity  in  the  direction  BP. 

CoroL  2.  The  horizontal  celerity  of  the  projectile  is  uniform; 
for  the  celerity  along  BN  is  uniform,  and  BA  is  directly  as  BP, 
by  similar  triangles.  Hence  also,  because  the  velocity  in  the 
direction  BC  is  constant,  the  celerity  in  the  direction  of  the 
cu^e  at  any  point  (B)  is  as  the  secant  of  the  angle  of  elevation ; 
for  BP  is  the  secant  to  the  radius  BA.  Therefore  if  T  be  the 
vertex  of  the  parabola,  the  motion  in  direction  of  the  curve  will 
be  slowest  at  that  point ;  and  the  projectile  will  move  with  equal 
celerities  at  equal  distances  from  it» 

CoroL  3.  Let  SO,  parallel  to  the  tangent  BN^  bisect  BD ; 
then,  as  the  velocity  acquired  in  descending  through  BD  is 
SBD  or  twice  the  velocity  of  the  projectile  at  B,  therefore  sBS 
the  velocity  acquired  at  S,  which  is  half  that  at  D,  will  be  equal  to 
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the  projectile  vdocUy ;  and  by  the  first  corol* 
as  velocity  in  direction  of  gravity  :  velocity 
in  direction  BQ  : :  SBS  or  2QO  :  BQ ; 
therefore  siBS  or  2QO  =  BQ,  because  the 
velocities  or  two  first  terms  of  the  propor- 
tion are  equal.  Whence  (901)  SO  is  the 
semi-parameter  to  the  diameter  BS:  and 
when  the  elevation  is  45®»  A  will  Be  the 
focus  of  the  parabola ;  s^d  tfa§  height  ATz=| 
of  the  ran^  BC. 


Corol.  4.  Because,  when  S  :is  the  point  where  the  celerity 
acquired  by  a  body  falling  freely  by  the  force  of  gravity  from  B, 
would  be  equal  to  the  projectile  celerity  at  B^  the  impetus  B& 
is  =  BS,  consequently  2BS  =  2BR  =  2QO  =  BQ  =  SO,  and 
BQ«  =  4BR«  =  4Q0«  =  BR  X  4Q0.  But  (299)  PT.  QO. 
NC,  &c,  arc  as  BP»,  BQ»,  BN«,  &c,  or  Ft  :  QO  ::  BP* 
^BQ% 

whence  BQ«  =  ^^*^J^9  =  BR  x  400,  or  J^  =  BR, 


PT 


♦FT 


that  is,  BR  :  BP 

Also,  BR  :  BQ 

BR  :  BN 


BP 

BQ 

BN 


4PT, 
4QO, 
4NC,  &c. 


828.  Having  the  impetus^  and  elevation^  to  determine  the 
random  or  horizontal  range,  and  the  greatest  height  to  whieh 
the  projectile  will  rise. 


If  BH  be  the  horizontal  line,  BR 
the  impetus,  and  NBC  the  angle  of 
elevation;  then  by  the  last  of  the 
preceding  corollaries,  we  have  to 
construct  the  right  angled  triangle 
BCN  so,  that  BN  is  a  mean  prop(»« 
iional  betweea  BR  and  4NC* 
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On  BR  describe  a  semicircle,  and  take  BN  =  4BF ;  let  fiH 
the  perpendicular  NC  ;  and  BC  is  the  horizontal  range. 

Draw  RF ;  then  the  triangles  BCN,  BFR  being  similar,  wc 
have 

BR  :  BF  (oti-BN)  ::  BN  :  NC, 
and  BR  :  ^BN  ::  4BN  :  4NC, 

that  is,  BR  x  4NC  =  BN\     . 

Therefore  BN  is  a  mean  proportional  between  JSR  and  4NG. 

If  BC  be  bisected  by  the  perpendicular  AP,  and  GFT  drawn 
parallel  to  BC  or  perpendicular  to  BR,  T  will  be  the  vertex  of 
the  parabola  j  and  BG  or  AT  its  height  above  the  horizon  fiC. 
for  PB  =  FN,  and  FP  rz  FB,  and  the  triangles  FBG,  FPT 
being  similar,  BG  is  =  PT  =  AT,  therefore  T  is  the  vertex, 
(997,  corol.  2) 

And  because  BN  =  4BF,  the  range  BC  =  4GF. 

•  389*  Having  the  projectile  velocity^  and  the  distance  BC 
of  an  olject  C  on  the  horizontal  plane  /  to  find  the  angU  of 
elevation  of  the  mortar  or  cannon  dt  By  so  as  to  hit  that 
elject. 

dxv* 
If  V  zz  the  projectile  velocity,  and  d  —  16tV^^i  then  jrj-i 

or  23  is  the  impetus  BR.  (327) 

On  BR  describe  a  semicircle; 
takeBO^iBC,  and  erect  O/ per. 
pendicular  to  BC ;  then  through 
F  and  y draw  BN,  B^,  and  either 
of  the  angles  CBN,  CBp,  is  the 
elevation  required. 

For  let  the  perpendicular  A/  bisect  BC,  and  draw  g/tspioM 
to  BA;  then  it  is  proved  that  t  is  the  vertex  of  the  parabola 
B/C,  in  the  same  manner  as  T  is  fouqd  to  be  that  of  the  para* 
bola  BTC- 
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Cqrd^^  1«  Hence  there  are  two  elevations  ^hich  giv^  the 
saofc  rangp  wit^  the  same  velocity ;  one  b^ing  as  much  above 
45**  ^s  the  other  is  below  it. 

•Corol.  2.  When  BO  or  ^  of  the  range  BC,  is  =  the  radius 
of  the  <urcle  or  f  th&  impetus  BR^  then  CywiU  touch  the  circle 
and  the  points  F,/,  coincide^  in  which  case  the  elevation  be^ 
comes  45**.  The  range  therefore  at  45**  elevation  is  the  greatest 
beeause  its  foyrth  BO  will  be  a  maximum. 

330.  Let  s  and  c  denote  the  sine  and  cosine  of  the  angle  of 
elevation. 

r  the  horizontal  range  or  amplitude  BC. 

A  &e  greatest  height  AT  or  A^, 

m  the  impetus  BR. 

V  the  projectile  velocity  or  the  number  of  fset  per 

second  the  projected  body  would  describe  with 

its  first  or  greatest  velocity. 
t  the  time  of  flight. 
d  zz  i^irfeet. 

Then  from  the  similar  triangles  BFR,  BCN,  we  have 
rad.  :  BR  : :  sin.  angle  BRF  :  BF, 
That  is,  I  \m:i  s  \  smzz  BF,  and  45w  =  BN. 

And  in  the  triangle  BCN 

tad*  :  45m  (BN)  ii  c  \  4fsm  zzr  =z  BC  the  range : 

But  2c5  is  the  sine  of  double  the  angle  whose  sine  is  j  (246), 
therefore  4cs  is  twice  the  sine  of  double  the  elevation ;  conse- 
quently if  a  =  the  sine  of  twice  the  elevation,  Qam  is  the  hori. 
zontal  range,  or  2am  =  u  Hence  the  ranges  with  the  same 
impetus,  are  a$  the  sines  of  double  the  elevations :  for  let  A 
denote  the  «ine  of  twice  any  elevation,  and  R  the  corresponding 

range,  then  9 Am  =  JR,  and  m  =  — j;  also  Qamzzr,  whence  m 
=  --  =  r^,  or  -  s=  -^  that  w  air::A:Rp 
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33 1 .  If  the  elevation  be  the  same,  but  the  velocities  (Uffcrcftt, 
the  horizontal  ranges  are  as  the  squares  of  the  velocities.  Foi' 
let  M  be  the  impetus,  R  the  corresponding  horizontal  range, 
and  a  the  sine  of  double  the  angle  of  elevation,  as  above  ;  then 

SaM  =  ft,  whence  a=  :^i  ^^  saw  =  r,  and  fl  =   —  = 

4^^  that  IS.  m:M::riR;  but  if  F  be  the  velocity  corre- 

sponding  to  the  impetus  3f,  then  m  being  =  ^,  and  M  —  jj 
(587)  we  have  v^  :  F^  iiriR. 

332.  If  both  elevations,  and  also  the  velocities,  are  different^ 
the  ranges  arc  in  the  compound  ratio  of  ^he  squares  of  the  velc 
cities  and  the  sines  of  double  the  angles  of  elevation.  Thus, 
let  ^  denote  the  sine  of  double  any  angle  of  elevation^  Jkf,  K 
and  R  the  corresponding  impetus,  velocity,  and  range;  then 

since  ^AM:=:R^  and  2a«  =  r,  we  have  — ; —  =  --f  that  isi 

AM  :am:iR:r;  but  Af  =:  --^,  and  m  =:  ^    whence   by 
.  substitution  AV^  :  av*  ::  R  :  r. 

333.  To  determine  the  height^  AT  for  exatnple,  we  have 
BF  =  5;»  (330),  whence 

rad.  :  sm  ::  s  :  s^m  =  OF  =  AT  =  A  the  height;  s  being 
the  sine  of  the  elevation  OBF  to  rad.  I.  But  if  the  time  / 
be  given,  then  {dt^  z:  m,  and  the  height  h  —  {dt*s*. 

334.  From  the  preceding  articles,  we  collect  the  following 

expressions^  namely 

|.» 
m  =  —J,  r  =  4csm  rr  2am,  hzz^mzz  li/V ; 

r  h  r 

whence  v  =  \^4md,  m=z  —  —  -p  zz  \dt^,  ^  =  5^> 

r  ,  h    ^         yQh  -Sm 

4CW      ^  m  ^  d^      r    d 
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And  by  jubstitutio^y  a  variety  of  tbeoruns  may  be  found  for 
the  ditferent  cases  on  horizoDtaJ  planes, 

S3*5»  Having  efie  velocity ^  or  impttusy  and  the  angle  rf  dJ* 
rection^  iojind  ihe  range  on  a  plane  inclined  to  the  horizon. 

Let  BH  represent  the 
faorbontal  )u>ej  BR 
(perpendicular  to  BH) 
the  impetvis;  BiC  the 
oblique  plane ;  ^od  BN 
Xbe  dlpQction  -oS^e  pro- 
leclile. 

On  the  impetus  BR 
describe  the  segment  of 
a  circle  to  contain  an 
angle  BFR  equal  to  the 
supplement  of  RBC; 
take  BN  -  4BF.  and 
drawNC  perpendicular 
toBH;  thenB.C  is  the 
range  on  the  plane  BC. 

Join  RF,  and  draw  FO  parallel  to  NC.  Then  since  the  angled 
BFR,  BOF  are  equal,  and  the  angle  RBF  equal  to  BFO,  the 
angles  FfiO,  FRB  are  therefore  equal,  and  consequently  the 
triangles  BFR,  BOF  are  similar:  whence  BR  :  BF  (^BN) 
: :  BN  :  N€,  and  we  have  BR'x  4NC  -  BN*  as  in  Art.  328  j 
therefore  BN  being  a  tangent  to  the  parabola  at  B,  the  curve 
will  pass  through  the  point  C.    And  by  sim.  triang.  BC  =  4BO^ 

CoroL  1.  If  the  impetus  BR  and  r^ge  BC  are  given,  th^ 
direction  of  the  projectile  is  found  thus  :  Let  the  circle  be  de- 
scribed as  aboye ;  take  BO  =  ^BC,  and  draw  0,1/ perpendicular 
to  BH,  then  through  f ,/,  draw  BN,  *Bp,  and  either  of  ,thoi^ 
directions  is  that  required,  as  in  hori?;ontal  rangefi, 
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CoroL  2/  But  if  Cy  touch  the  circle,  the  points  F,/,  will 
coincide,  and  the  direction  bisects  the  angle  RBC  between  the 
plane  and  impetus.  And  because'  in  that  case,  BO  is  a  max- 
imum, therefore  when  the  direction  of  the  projectile  is  equally 
distant  from  the  vertical  BR  and  plane  BC,  the  range  BC  will 
be  the  greatest  possible,  as  in  horizontal  ranges. 

336.  Let  S  zz  the  sine  of  FRB  or  FBO  the  angle  of  elevation 
above  the  plane. 

<:=  the  sine  of  BFR  or  BOF  the  cosine  of  the 
plane's  inclination  to  the  horizon,     t 

c  =  the  sine  of  RBF  or  BFO  the  cosine  of  the  eleva- 
tion above  the  horizon. 

tn  zz  the  impetus. 

r  z=  the  range. 

i  z:  time  of  flight. 

i;  =  the  velocity, 

h  z=.  AT  the  greatest  vertical  height  above  the  plane. 

ThenC:BR:;5:  ^-^^  =BF, 

C:BF(^)::c:^:.BO,aiidl^ 
the  range  BC,  or  ■  ^^     ==  r. 

337*  Let  AP,  parallel  to  CN,  bisect  BC ;  then  since  TA  is 
parallel  to  the  axis  of  the  parabola  (which  is  perpendicular  to 
BH),  BC  is  a  double  ordinate  to  the  diameter  TA,  therefore 
(298)  AP  is  bisected  in  T,  and  FT  (parallel  to  OA)  a  Ungent 
to  the  curve  at  T,  and  consequently  the  triangles  BFO,  FPT 
are  similar  and  equal ; 

hence,  Jin.  BOF :  2-i^  (bF)  ::  sin.  FBO  :  FO; 

That  18  C  :  ^  ::  S  :  ^  =  FO  =  AT  =  A  t^e  greatest 
vertical  height. 
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338.  The  time  df  describing  the  curve  BTC  is  equal  to  the 
time  that  a  body  would  be  falling  freely  through  NC  or  4FO  or 

-"Y^y  (319  coroL  3) ;  but  if  P  be  any  space  descended,  then 

p 
(317  schoK)  v^  T^T  ^^  ^^  time;  therefore,  putting  d=l6-rr 

feety  the  time  of  flight  will  be  V~jr^y  ^^^  ^  J  ^  ^  seconds. 

N.  B.  If  S  be  taken  for  the  siiie  of  /BO  the  highest  eleva* 
tion,  the  computations  refer  to  the  upper  parabolas;  thesQ 
however,  are  opitted  in  both  figures, 

— ,,  ._    4Scm  .25      .tn 

339.  The  expressidns  -t^t'  =  ^>  ^""  7^   ^  ^  ~ 

.     gtve«i  =  ^^=  -^j^  =  (byarL.33i)j3; 

And  by  substitution  we  get  the  following  theorems  for  the 
yange,  elevation,  time,  and  velocity,  on  oblique  planes : 

_  Scv*   _  ^Scm  _  dcT^  _  cTv^ 
^  ^   dC^    ^    C'     ^    S     '^   4Sm  • 

^     dtc     a    .d 

^        V  2    ^  m 

_  2S    /^  _  tj5  _    vrC   ^    ySr 
*  -T  ^  d^  dC  4dim  ""  ^  dc' 

yi         j^    y  ^^       dtC       Adtcm 


340.  The  preceding  deductions  from  the  properties  of  the 
parabola  however,  are  of  little  use  in  the  practice  of  Artillery, 
on  account  of  the  very  great  resistance  of  the  air,  which  in  swift 
motions,  is  sometimes  more  than  20  times  the  weight  of  th/e 
projected  body.  And  in  consequence,  the  horizontal  ranges  are 
pften  less  than  \  of  what  they  would  be  were  the  projection^ 

u  u  2 
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made  in  vacuo.     Tot  example,  if  a  cannon  shot  bediscbarged 
Mrith  an  initial  velocity  of  iQOOfeet  per  second  at  45°  devation, 

then      ^^^^      =  39793  feei  the  impetus,   and    2  X  39793 

=:  J95S6feel,  or  upwards  of  15  miles  would  be  the  horizontal 
range  according  to  the  parabolic  theory  5  whereas  in  actual  prac- 
tice, it  is  found  to  be  less  than  3  miles.  And  the  curve  described 
is  not  at  all  similar  to  a  parabola ;  its  vertex  or  highest  point,  instead 
of  being  vertical  to  the  middle  of  the  rftnge,  is  nearer  the  farther 
extremity,  where  the  curve  meets  the  horizon  in  a  greater  angle 
than  that  in  which  the  body  was  project- 
ed. See  the  adjacent  figure,  where  BC 
represents  the  horizontal  line,  and  B  VC  .'-'''  \ 

ihe  track  described  in  the  flight  from  B         ^  ^ 

toC. 

Many  attempts  have  been  made  to  investigate  the  nature  of 
this  curve,  but  from  hypothetical  data ;  and  hence  no  theory 
has  yet  been  found  to  agree  with  practice ;  but  this  will  not  be 
considered  as  extraordinary,  since  it  is  known  by  experiment 
that  the  same  weight  of  shot,  length  of  barrel,  and  quantity  of 
powder  frequently  give  different  ranges. 

Another  great  irregularity  in  the  firing  of  shot  is  the  deflec- 
tion of  the  ball  to  the  right  or  left  of  the  mark.  A  deviation  of 
this  kind  is  likely  to  take  place  when  there  is  considerable 
u'indage ;  for  if  the  ball  in  its  passage  along  the  bore  should 
touch  one  side,  it  will  be  reflected  to  the  other,  and  again 
rebound  to  the  opposite  side,  and  so  On,  and  thus  acquire  a 
kind  of  zig-zag  motion:  in  which  case  the  ball  must  quit  the 
piece  in  a  directioa  inclined  to  ^he  axis  of  the  bore.  And  the 
friction- 00  that  side  of  the  mouth  of  the  cannon  touched  by  the 
shot  when  it  quits  it,  will  give  the  b^ll  a  whirling  motion  |  the 
side  of  the  ball  therefore  which  moves  foremost  will  be  un- 
*  equally  resisted  by  the  air  in  consequence  of  this  rotatory  motion; 
^hich  is  another  causp  of  def}ection  to  the  right  or  kft^  except 
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the  axis  of  rotation  be  at  right  angles  to  tde  vertical  pbne  in. 
"which  the  projection  is  made.  Bullets  discharged  from  a  rifled 
barrel  have  the  axis  of  rotation  in  the  direction  of  the  piece, 
and  consequently  that  side  of  the  bullet  which  moves  foremost 
is  equally  resisted  by  the  air  in  all  its  parts. 

341.  But  the  parabolic  theory  may  sometimes  be  useful  ii^ 
slow  motions  if  we  employ  data  derived  from  good  experiments, 
and  proceed  by  comparison  in  circumstances  not  very  dissimilar* 
Dr.  Hulton  found  by  experiments  made  at  Woolwich  that 
^'  shot  which  are  of  different  weights  and  impelled  by  the  firing 
of  different  quantities  of  powder  acquire  velocities  which  are 
directly  as  the  square  roots  of  the  quantities  of  powder^  and 
inversely  as  the  square  roots  of  the  weights  of  the  shot^  nearly :" 

That  is,  if  ;&  =  the  lbs.  of  powder, 

tv  =  the  weight  of  the  shot  in  lbs. 
V  =  its  initial  velocity  : 

then  if  P,  W^  and  V  denote  any  other  weight  of  powder,  shot, 
and  velocity,  we  have 

^^  :  V  \:  ^ijr'  ^  or  -  :  v*  ::  75>  :  F%  which,  when 
-V/w  \/lV         ■      w  IV 

the  balls  are  equal,  or  W:=z w,  becomes  p  :  v^  ::  P  :  V'y  that 

is,  the  squares  of  the  velocities  arc  as  the  quantities  of  powder, 

nearly.     Which  conclusion  agrees  with  the  experiments  of  Mr. 

Robins.     Very  small   charges  however,  and  such   as  exceed 

those  that  give  the  greatest  velocity,  are  excepted. 

349*  Here  follow  some  Examples  in  numbers. 

1.  If  a  ball  of  lib.  acquire  a  velocity  of  \600  feet  per  second 
when  fired  with  8  ounces  of  powder,  what  will  be  the  velocity 
of  a  13  inch  shell  weighing  IQdlB.  when  fired  with  9lt*  of 
powder  ?  v 

Here/  =  J,  »=  1,  r=1600,  P=9,  ^=196; 

J   p        ^       P      rrv*P       2304000       .,,        .  ,, 
and  ^''  ^    '•  IP  '   T^  =  *~c)g  -  ^y\  and  the  square  rpot  =  4SJ!i 

feet',  I  be  vtlociij/  required. 
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2.  If  the  horizontaT  range  of  a  shell  be  a  miJc  when  dis- 
charged at  45**  elevation,  how  far  will  it  range  when  the  eleva* 
tion  is  32*.  20',  the  charge  of  powder  being  the  same  ? 

Here  az=zsin.  of  twice  45**,  r=  1760  yards,  ji=zsin.  of  twice  32^.20*; 
and  —  =  the  raDge^  (ait.  330)  ; 

r  =  1760 hg.  3.3455 

Azssin.  64^^40' log.  9.9561 

The  range =  1591  yards        log,  3.^016 

liemark.  Here  it  iaf  supposed  that  the  greatest  range  is  at  45^  elevation^ 
but  this  will  not  be  the  case,  except  in  very  slow  moiioos  with  great  weight 
of  shell  or  ball,  for  small  shot  discharged  with  considerable  velocities  are 
i)und  to  range  the  farthest  when  projected  at  about  30^  elevation. 

3.  The  horizontal  range  being  1760  yards  at  45*^  elevation, 
then  what  must  be  the  elevation  with  the  same  charge  of 
powder  to  strike  an  object  at  the  distance  of  1591  yards? 

In  this  example  r=l760,  i?=  1591,  a  zzz  sine  of  twice  45^^,  or  theiim 

rA'  aR 

of  90'';  and  since  —  = /?  (in  the  preceding  examp.)  we  ha\*e^=:  — 

llie  sine  of  double  the  require^  elevation : 

^  =«>i.  90^ log.  10.0000 

^=1591 log.  3.5017 

r  rr  1760...! 6.7545  ar.  comp. 

sin.  60^40'  or  \\b^  20' log.  9  . 9562 

and  the  halves  of  64^  40'  and  1 15°  20^  are  32^  20'  and  57'  40'  the  requirea 
tkvathQHs.  (329  coroL  \) 

4.  With  what  impetus,  velocity,  and  charge  of  powder  must 
t  13  inch  shell  be  fired  at  an  elevation  of  32^.12'  to  strike  an 
object  at  the  horizontal  distance  of  3250  feet  ? 

If  r  =  3250,  fl  =  ««.  of  twice  32"  12',  mssthe  impetus,  f  =  the  velo- 
city, and  d=zie^  fecit 

Then  (334)  m  =  --,  and  v^^4md. 

r  =3250 log.  3.5119 

a  =  sin.  64*^  24' log.  0. 0449  ar.  comp. 

2 , 9.6990  ar.  comp. 

Impetus  1802  log.  3.2558 
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4 log.  0*6021 

impetus log,  3.2558 

dzs  IGjIj log.  U2064 

2)  b  , 0643 

Felocity  341  fo^.  2.5321 

The  charge  is  determined  by  comparing  the  velocity  341  with  that  of 
the  shell  when  fired  with  a  different  quantity  of  powder :  thus  in  examp.  1. 
the  velocity  with  9lb,  is  485  feet. 

Hence  485*  :  341*  ::  Olb,  :  4.44/6.  nearly,  the  cAjt^^  required. 

5.  The  horizontal  range  of  a  shell  at  22^  of  elevation  being 
1400  yards,  then  how  far  will  it  range  at  an  devation  of  29  i^ 
wito  the  same  charge  of  powder  7 

Here  «  =  sin.  of  twice  22°,  r  c=  1400,  and  A  =  sim  of  twice  29  i« ;  and 

rA 

— •  =  the  range,  (art.  330) ; 

r  rs.1400... log.  3. 1461 

Az:zsin.  59^ log.  9.5331 

a  z:^  sin.  44*^ 0.1582  ar.  comp. 

Range    =  1723  yards  log.  3  .  i37 1- 

6.  If  the  horizontal  range  of  a  shell  be  1300  yards  with  ^lh^ 
of  powder,  what  charge  will  throw  it  1000  yards,  the  elevation 
being  45°  In  both  cases  ? 

The  squares  of  the  velocities  being  nearly  as  the  quantities  of  powder, 
we  have  (art.  331), 

1300  :  lib.  :;  1000  :  S^jlb,  the  answer, 

7.  If  the  range  of  a  shell  when  fired  with  Slb.  of  powder  at 
an  elevation  of  25°  be  I600  yards  on  an  horizontal  plane>  then 
how  far  will  it  range  at  an  elevation  of  50*'  when  the  charge  ia 
4li. 

Since  the  velocities  are  nearly  as  the  scjuare  roots  of  the  quantities  of 
powder,  the  squares  of  the  velocities  may  be  represented  by  5  and  4 : 

Let  r  =  1600,  azssine  of  twice  25"^,  ©"  =  5,  A  =  sine  of  twice  50^,  F* 
=  4,  and  R  =5  the  required  range : 
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rAF* 
Then  (335>)  /ro»  :  -^r*  ::  r  :  ^,  or  -^^,-  =^-  ^ 

r  =  1600 log.  3.2041 

A  z=,sin,  100* iog.  9.9933 

^«=:4 ^ir-  0.6021 

a  =5i>i.  50° 0.1157  ar.  comp. 

ir«5s  5 9.3010  ar.  comp. 

RaJige  ss.  1645  yard*       ^^.  3.2162 

8.  If  the  liorleocital  range  of  a  shell  at  34°  elevation  be  1100 
yards^  what  is  the  time  of  flight  ? 

Let  m=s  the  impetus,  «=:^iA.6B*  (twioe  the  elevO»  rs;33OO/fi0r  (lit 
range,  </=  16  ^^^  feet,  and  /  =  the  time  of  flight : 

Then  (334)  m  =  — ,  ^ndiss^-r*;  aud  subsUUiting  ^^  for4Fi»weget 

r  =  3300 iog.  3.5185 

aszsin,  68^ 0.0328  er.  comp. 

</=:  16j^7 8.7936  an  comp. 

2)     2.3449 
Time  nearly  =  14.9  seconds  log.  1 .  1724 

When  the  elevations  is  45^,  then  ass  sin,  twioe  45^c=  1,  an^  ttieesppes- 

f  r 

sion  V  -^  becomes  i/  -,  and  if  i/  be  taken  =&  16  (neglecting  the  ftacUoa 

»'j)  we  sliall  have  J  ^r  for  the  /ww«  qffighU  nearly,  in  that  case. 

*  .9'  What  will  be  the  range  of  a  shot  en  a  plane  which  ascends 
1P°  20',  and  on  another  which  descends  10**  20',  the  impetus 
being  2500  feet^  and  the  elevation  of  the  piece  34^  above  the 
borizon  ? 

340^100  20'=  23^  40^   >     ,      ,.         ^        ,,       , 
«,^  .  .^«  «^#      ..«  «^/   C  elevations  above  the  planes. 
34^+  10^  20'=  440  20'   >  .  ^ 

If  Sz=.situ  23^40',  C=Wf.  10^20',  c  =  aw.  34^  «i  =  2500,  and  r=: 
tlie  range  *. 


»1tOJE€tlLK   MOTION^  SSf 

* log.  0.6021  C tog^  9.99S9 

*  ....i log.  9.6036  ^^ 2 

«  /cgr.  9.9186  C" tog.  9.9858 

m l(^.  3.3979  

C*. )0.0142  ar.  comp. 

log.  3 .  5364  ....  3439  feet,  range  on  the  ascending  plane. 

And  when  Sszsin.  44®.  SO*,  the  same  expression  gives  r  =  5987  feet,  the 
^ange  on  the  descending  plane. 

10.  What  quantity  of  powder  will  throw*  a  13  inch  shell 
3439  feet  on  a  plane  which  ascends  l(f  20',  the  mortar  being 
elevated  S4?  abore  the  horiaoii  ? 

Here  r=s34S9,  d=  161^;  and  Szzisin.  23^  40*,  C^cot.  10«  SO*,  esscos^ 
34®  as  in  the  last  example : 

And  {3:iB)  C^^=:v  the  velocity,  or  ~  =  ir*: 

d  log.  1.2064 

r fcg-.  3.5364 

C» fog".  9.9858 

S 0.3964  ar.  comp. 

c  0.0814  ar.  comp. 

S)    5.2064 

r«foci(y  =  401  feet,  log.  2.6032 

Tben,  as  In  examp.  4« 

485*  :  401*  ::  9lb.  :  6. 15/d.  ncariy,  the  required  chaige. 

11.  In  «4iat  time  will  a  shell  strike  a  plane  wlrich  descends 
7^,  the  impetus  being  2000  feet,  and  the  mortar  elevated  45® 
above  the  horizon  ? 

IM  Seisin.  45*>  +  7«,  Cszeos.  T^  waEs2000,  d=:\6fjfiet: 

Tlien  (339)  ^  t/  T  ='  the  time, 

m log.  3.3010 

d  \ log.  1.2064 

2)    2.0946 
1 .  04-73 

2   log.  0.3010 

JJ      .  S^sin,S9P     /(y.  9.8965 

C 0.0^33  ar.  comp^ 

UmA^WA  wsmi^log%  1.3411 

VOL.  XI*  ^X  X 
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19.  The  time  of  flight  of  a  shell  was  observed  to  he  14.4 
seconds  on  a  plane  which  ascends  Sf" ;  what  was  the  el'evfttiom 
of  the  mortar^  the  impetus  being  3304  feet  ? 


Here  f»  =  2304,  C=ic9s.  8*>30',  ixHA,  drzl6^ 
1(339)  I 
above  the  plane. 


And  (339)  ^  I/'  ^  =  J  or  ^  1/  —  =  J,  the  sine 'of  the  clcvatiai 


I iog.  1.1584 

2 

^* ic^.  2.3J^8 

d lo£^.  K20$4 

« 6.6375  ar.comp. 

2)    0,1607 

0.0803 

C   iog.  9.9952 

S «...  9 « 6996  ar.  compi 

Mkoaiion  above  plane  36**  30'  log.  sine     9 .  7745 

8.30  

JEfen.  above  horizon     45     0 

13.  What  must  be  the  elevation  of  a  mortar  to  throw  a  shell 
6745  feet  on  a  plane  which  descends  8®  15',  the  impetus  being 
8000  feet? 

Letnf  SC3O0O,  r  =  6745,  CssiM.  S!^  15'  or  sin.  8P45\  Ti±tang.  S*  15'. 
Theni*  :  C  ::  ^rC^^mT  .-  cosine  oi^in  angle,  half  of  which  added  to, 
and  subtracted  from  half  the  supplement  of  81°  45',  give  two  directions 
tiiat  will  answer  the  question. 

Jr=:3372i log.  3^5280  m log,  3.4771 

C  ; log.  9.9955  T  hg.  9.l6l3 

irCsSi        3337          lag.  3.5235       *            nlTsz 435,     log.  2.6384 
«ir=r  435  

diff.    2902 

ni  6.5229  ar.  comp. 

C   log.  9.9955 

2902  log.  3.4627 

cosine  160  46^ log,  9.9811 

half    8   23  ♦ 

4^9     8  half  Uie  supplement  of  81*  45' 

sum  57  41   \     .  .  .        ..       , 

diif.  40  45   t  •       ^^^  required  elewOions  above  the  plane,  or 

€9^  2S^,  an4  32<>  30^  above  the  hocizQo« 
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Fbr  the  construction  of  this  case^  see  art.  335,  coroL  1.  But  the  pre* 
portion  is  Investigated  as  follows : 

Draw  FD  parallel  to  LB  or  perpendicular  to  BR  (see  tht  fig.  art.  335); 
then  since  BOss^BC  =  }r,  and  C^sin,  angle  BOL  or  BFR»  therefore 
BL  or  FD  =  ^rC.  Hence  in  the  triangle  BFR  we  have  given  BR  (the  im- 
petus), the  opposite  angle  BFR,  and  the  perpendicular  FD^  to  dcternuiie 
the  angles  FRB,  FBR. 

Let  the  segment  J?/FB  contain  the  given  angle  BFR, 
and  suppose  Q  the  center,  and  draw  F/  parallel  to  BR, 
and  WI  parallel  to  DF :  then  since  (he  angle  WBG  is 
the  dKTerence  between  the  angle  DFR  and  a  right  one,  it 
is  equal  to  the  inclination  of  the  plane  ftid  horizon,  and 
C  is  the  sine  of  the  angle  BGW,  and  T  the  tangent  of 
WBG ;  therefore  ^m  being  =WB,  we  have  imT;=:  G W ; 
but  DF  =  WI»  consequently  GI  =  ^rC — imT;  and  by  trigonometry, 

VVB  :  sin.  \VG9  ::  BG  :  radius, 
GI    :  sin.   CYl   :;  Gf  :  r^us,  bqtBGscGF,  thercfofe 
by  equality  W'B  :  sin.  WGB  : :  GI  :  sin.  QFf, 
that  u  im    :  C  m  JrC— iwiF; 

or   m    :  C  ::  ^rC—inr  :  cofiw  IGF,  which  angle  be^ 

inp  at  the  center,  is  ;?=  /BF  the  difference  of  the  required  angles  FRB,  FBR 
whose  sum  is  the  supplement  of  BFR« 

When  the  plane  is  ascending,  the  center  G  will  fall  on  the  other  side  of 
BR,  and  GI  the  third  tern)  of  the  proportion  will  be  irC-^imf. 

We  have-  made  use  of  logarithms  becptuse  the  computations  are  much 
shorter  than  by  natural  sines, 


Of  the  force  and  DESCENT  of  BODIES  on 
INCLINED  PLANES. Motion  of  Pendulums. 

343.  Let  CO  be  perpendicular  to  the  horizon  HO,  and  CH 
an  oblique  plc^ne  :  and  suppose  the  body  B  is  sustained  on  the 
plane  by  the  string  BC  {parallel  to  CH)  fastened  at  C ;  then 
if  BD  be  pertendicular  to  CH,  the  triangles  C8Dj  COH, 
fire  similar^ 

XX? 


d40  MOTION    OK 

amd  ihe  vmght  of  the  lody  B> 

the  tension  of  the  string  CB  or  thefon$ 
of  the  body  in  the  direction  CB, 

the  pressure  against  the  plane  HC, 
are  respectively  as  CD,  CB,  BD ;  or  CHj, 
CO,  HO  the  sides  of  the  triangle  COH. 

Let  BA  be  parallel  and  equal  to  DC  5  then  the  force  of 
gravity  or  the  whole  weight  of  the  body  acts  in  the  direction  AB 
or  CD,  the  sustaining  power  in  the  direction  HB  or  BC^  and 
the  opposing  force  of  the  plane  in  the  direction  DB ;  and  since 
these  three  V  forces  keep  the  body  in  e<iuilibno^  they  ar^  |ls  the 
sides  of  the  triangle  CBD  (3^}  or  COH* 

Or  because  the  sides  of  the  triangle  COH  are  as  the  sines  of 
the  opposite  angles,  the  weight,  the  power  in  the  direction  BC, 
and  the  pressure  on  the  plane,  are  as  the  radius^  sine^  and  cor 
sine  of  the  plane's  elevation  above  the  horizon. 

Suppose  HC  ==5,  €0  =  4,  HOz=:3,  and  the  weight  B=15tt.  then  the 
sustaining  force  or  power  in  the  dirtx:tiofi  BC=:  \Qlb.  ^nd  the  pressure 
against  the  plane  =  Olb, 

.Coral.  1.  Hence  if  the  weight  Bit  13/i.  be  connepted  with 
another  weight  W  =  laZi.  by  a  flexible  line  BCW  (considered 
as  having  no  weight)  that  moves  freely  over  a  pin  or  pulley  at 
C,  the  weight  W  acting  in  a  perpendicular  direction,  will  just 
prevent  the  other  from  descending  along  the  plane,  or  the  two 
weights  will  be  in  equilibrio. 

CoroL  9.  Hence  also,  if  the  two  planes 
HC,  OC  are  of  an  equal  height  above  the 
horizon  HO,  and  the  weights  B  and  W, 
connected  by  the  line  BCW  moveable 
over  the  pulley  C,  are  in  the  same  pro- 
portion as  the  lengths  HC  and  OC,  the 
weights  will  mutually  sustain  each  other  on  the  planes. 
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Let  HC=3  5,  OC5S7,  thevFeight  BsslSib.  then  5  1 15  ::  Y  :  Qitb.ihB 
weight  W.  And  if  the  height  CR=4,  then  HR=:3,  and  ORssi/33, 
and  the  pressure  of  B  against  the  plane  HC  s9/6»  and  that  of  W  against 
the  plane  OC  =  y  t/33  =  17.23/&.  nearly. 

CoroL  3.  If  a  circle  be  described 
through  B,  C^  and  W,  the  pulley^  in^ 
stead  of  being  at  C,  may  be  at  any 
point  R  in  the  arc  BCW;  and  the 
weights  B  and  W  will  remain  in  cquili- 
brio  when  the  connecting  line  is  brought 
into  the  position  BRW  and  its  length  r:  BR+  RW, 

For  the  sustaining  forces  in  the  directions  CB^  CW  being 
equal,  and  the  angle  CBR  equal  to  CWR,  it  follows  from  the 
resolution  of  forces,  that  the  weights  are  equally  sustained  ii| 
the  directions  BR  and  WR, 

The  angle  CBR  or  CWR  is  called  the  angle  of  traction. 
And  because  BR  is  below  the  plane  BC,  the  pressure  of  B 
against  that  plane  is  augmentedj  ^nd  that  of  W  against  CO 
diminished. 

344.  Suppose  the  tody  or  weight  B  is  sustained  on  the  plane 
HC  by  a  string  V?  fastened  at  Pj  then  if  BD  be  perpendi^ 
culoT  to  BP,  the  weight  B,  sustaining  Jorce^  and  the  pressure 
on  the  plane,  will  be  respectively  as  HD,  BD,  and  HB. 

Let  BA  be  perpendicular  to  the 
horizon  HO,  and  AS  to  the  plane 
HC  ;  then  (320)  the  three  forces 
acting  on  B,  namely,  that  of  gravity 
in  the  direction  AB,  the  sustaining 
force  in  tlie  direction  BP,  and  the 
oppposing  force  of  the  plane  in  the 
direction  SA,  will  be  as  the  sides 

of  the  triangle  BAS.    But  because  Afr  and  AS  are  perpen» 
dicular  to  HO  and  HC,  and  AB  and  BS  to  HO  and  BD,  re. 
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•pcctively,  the  angle  BAS  =  BHD,  and  ABS  =  BDH,  ^ose. 
quently  the  triangles  HBD,  ASB  are  similar^  and  the  like  sides 
propertionai ;  that  is^  the  forces  are  as  the  lii^es  HD»  DB»  HB^ 
drawn  perpendicular  to  the  directions  of  those  forces. 

Suppose  HD=5,  HB=r4,  BD=:2,  and  the  weight  Bss20/3. 
Then  S  t  QO  i;  4  i  I6lb.  the  pressure  on  the  plane, 

5  :  ^  ;.:  2  .*    Sib.  the  sustamiiig  force  in  the  direction  BP. 

CoroL  I.  The  sustaining  power  (BP)  is  least  when  it  is 
parallel  to  the  plane  BC ;  but  gre^ttest  in  the  direction  BA>  for 
in  that  case  it  is  equal  to  the  weight  B. 

Carol.  9.  But  when  thp  sustaining  power  (BR)  Acts  parallel 
to  the  horizon^  the  weight  of  the  body  B,  the  sustaining  power, 
{|nd  the  pressure  on  tl)e  plane^  ^re  respectively  ^»  the  base  HOj 
perpendicular  OC^  and  length  of  the  plane  HC» 

For  ^he  sides  of  the  triangle  BCR  or  HCO  are  perpcAdicuIar 
tp  the  direiptions  of  the  thrpe  forces  in  equ^lihrio. 

Let  HO=:4,  HC=5,  0C  =  3,  and  the  weight  fi=s20/^ 
Then  4  :  20  ::  3  :  15^.  the  sustaining  pow  T. 

4  :  20  : :  5  :  2M.  the  foroe  against  the  plane. 

345.  Lei  the  body  B  upon  an  inclined  plane  HC  le  in  equi^ 
l}brio  with  another  W  hanging  freely  ;  then  if  they  are  put  in 
motion,  their  perpendiqilar  velocities  will  be  reciprocally  as 
their  weights^  or  the  weights  vnultiplied  by  the  respective 
velocities  are  equal. 

Let  the  weight  B  be  made  to  descend 
a  small  distance  on  the  plane  from  B 
to  H.  Draw  OD,  BA  perpendicular 
to  PH,  and  GR,  BS  perpendicular  to 
the  horizon  HO ;  then  BS  will  be  the 
perpendicular  descent  of  B;  and  be- 
cause BH  is  supposed  to  be  a  very  small  space^  AH  may  be 
considered  as  the  difference  of  the  lengths  HP  and  BP  (the  two 


tNCLXNS»  PLANES.  343 

positions  of  the  connecting  line),  which  difference  is  the  perpea* 
dicuiar  ascent  of  the  weight  W.  And  since  the  triangles  GRO» 
HBO  are  simihr,  and  also  the  quadrilaterals  HABS,  HDGR> 
we  have 

GR  :  DH  : :  BS    :  AH 

GR  :  DH  ::  GO  :  HO  ::  weight  W  :  weight  B  (344) 
whence  by  equality 

BS  :  AH  ::  weight  W  :  weight  B^  that  is,  the  perpen^ 
dicuiar  velocities  into  the  weights  are  equal* 

Corel.  Hence  if  two  weights  are  in  equilibrio  on  two  in- 
clined planes,  their  perpendicular  velocities  will  be  reciprocally 
as  the  masses  when  they  are  put  m  motion. 

346.  If  a  Of  Under  R  is  sustained  on  the  inclined  plane  HC 
iy  a  power  at  P  drawing  one  end  of  the  rope  CRP  parallel  ta 
the  plane,  the  other, end  being  fixed  at  C  ;  this  power  is  to  the 
weight  of  the  cylinder,  as  half  the  height  CO,  is  to  the  length 
of  the  plane  HC. 

For  (343)  CH  :  CO  ::  weight  of  cylinder 
:  sustaining  power  in  the  direction  of  the 
plane  ;.  but  the  sustaining  power  is  equally 
divided  between  the  parts  of  the  rope  RC 
and  RP ;  therefore  CH  :  ^CO  : :  weight  of 
cylinder  :  sustaining  power  at  P. 

Scholium.  Hence  it  appears,  that  when  the  inclined  plane 
is  of  sufficient  length,  a  great  weight  may  be  raised  to  a  given 
height  by  a  small  (comparative]  force. 

347.  Let  HO  he  an  horizontal  line,  H  and  O  two  pins  or 
pullieSf  B  Qnd  W  two  equal  weights  connected  by  a  small 
flexible  line  BHPOW  that  moves  freely  over  H  and  O,  and 
P  another  weight  at  the  middle  of  HPO ;  to  find  the  length  of 
ih^  perpendicular  RP  when  the  three  weights  rest  in  equilibrio. 
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Sincie  the  forlj^  of  P  sustaint  both  the 
equal  weights  B  and  W,the  force  exerted 
by  ^P  in  the  direction  HP  must  be 
equal  to  the  weight  B ;  hence,  by  the 
resolution  of  forces,  HP  :  RP  : :  force 
of  i?  in  the  direction  HP  :  its  force  in  the  direction  RP,  there- 
fore  HP  and  PR  have  the  same  ratio  as  the  weight  B  and  ^P  j 
whence  the  following  contraction  is  obvious. 

From  any  point  C  in  the  perpendicular  RP  dtaw  CA  so  that 
iP  :  B  : :  CR  :  CA ;  make  HP  parallel  to  AC»  and  P  is  the 
place  of  the  weight. 

Since  AR  =  -/( AC* --  RC*),  wc  have,  by  nm.  triangfes* 

i/(AC«-RC«)  :  RC  ::  HR  (  =  ^H0)  :  ^^j^c^^Iq.^ 
c  RP,  where  AC  and  RC  may  be  any  quantities  in  the  pro- 
partic^n  of  B  and  i?;  therefore  subsatuliiig  B  and  iP  for  AC 

and  RC,  we  get  ^^^J_p,^  x  iHO  =  RP. 

Suppose  each  of  the  equal  weights  =  3».  P=;6/^.  and  H0=±16ycrf» 
t]ien£Ps=:6/e)e/. 

Carol.  If  the  wdghl  P  be  equal  to,  or  greater  than  both 
the  other  weights  together,  it  will  constantly  descend,  and  con- 
sequeatly  there  can  be  no  equilibrium. 

348.  1/  a  lody  descend  from  rest  along  the  inclined  plane 
CH,  the  space  it  describes^  is  l^  the  space  it  would  descrile 
tn  tk€  same  time  when  falling  perpendicularly,  as  the  height 
^  the  plane  OC,  to  its  length  CH. 

The  force  with  which  the  body  endeavours  to 
descend  along  the  plane  CH,  is  to  the  force  by 
which  it  is  urged  in  a  perpendicular  direction,  as 
OC  to  CH  (343) :  and  since  those  forces  are  uni- 
formly accelerating,  the  velocities  acquired  will 
be  as  the  forces  because  the  times  are  equal 


(3t6),  that  is  the  velocities  generated  in  the  same  time  are  at 
OC  to  CH;  but  (316  coroL  l)  double  the  whole  spaces  de^ 
scribed  are  as  the  velocities,  and  therefore  the  spaces  are  also  aa 
the  velocities,  or  as  OC  to  CH. 

CoroL  1.  Hence  if  CR  =  CO,  and  CB  =  CH,  the  trian* 
gles  COH^  CRB,  are  similar  and  eqpal^  and  therefore  a  body 
would  descend  {fom  C  to  R  in  the  same  time'  tha(t  it  would  fkll 
from  C  to  B.  Let  OD  be  parallel  to  BR  or  perpendicular  to* 
HC,  then  by  similar  triangles,  the  times  of  descent  through  CD 
and  CO  are  also  equdl. 

CoroL  «.  And  if  CP  be  another  plane^ 
and  OS  perpendicular  to  CP,  then  the 
time  of  descending  from  C  to  S  is  the 
same  as  that  through  the  perpendicular 
CO;  consequently  the  times  along  CD 
and  CS  are  equal :  but  the  locus  of  the  right  angles  CDO, 
CSO,  &c«  is  a  semicircle  described  upon  CO  (Geom.  78) ; 
therefore  the  times  of  descent  through  all  chords  (CD^  CS,  DO, 
&c.)  draws  from  the  extremities  of  the  vertical  diameter  of  a 
circle  are  equals  and  equal  to  the  time  of  the  perpendicular 
descent  through  that  diameter. 

CoroL  3.  The  velocity  acquired  upon  an  inclined  plane 
(CH)  is  to  the  velocity  acquired  in  the  same  time  by  falling  per- 
pendicularly,  as  the  height  of  the  plane  (CO)  to  its  length  (CH)  s 
Or  as  the  sine  of  the  plane's  elevation  to  the  radius* 

340L  The  time  of  descent  along  the  plane  CH,  is  to  the  time 
of  falling  through  the  perpendicular  CO,  as  the  length  oj  th§ 
plane  CH,  to  its  height  CO.  (see  the  last^^.) 

Let  Ti=  the  time  of  descent  along  CH^  and  /  =  the  time  in' 
descending  from  C  to  D  or  from  C  to  O.    Then  sino^  the  body 
is  urged  down  the  plane  by  an  unifonnly  aeciekrating  force^  w^' 
luve  (316  coroU  l) 


M^ 

UOtlOtt    OK 

T*  : 

<• 

::  CH  : 

CD, 

md  CH  : 

CO 

::  CO  : 

C0» 

=  CD, 

by  siiOi 

triangles; 

whence 

T*   : 

t* 

::  CH  : 

CO* 

"CH* 

or 

T*  .: 

t' 

::  CH*: 

co». 

That  is 

T    : 

t 

::  CH 

:  CO. 

■ 

Carol. 

Hence  the  times  of  descent 

along 

different  planes  of 

the  same  height^  are  as  their  lengths* 

350t  A  lody  acquires  the  same  velocity  in  descending  down 
an  inclined  plane  CH,  as  hy  falling  perpendicularly  through 
GO  the  height  of  that  plane. 

Let  CD  and  DL  be  perpendicuhir  to  CH 
and  CO,  respectively.  Then  since  CD  is  a 
mean  proportional  between  CO  and  CL,  it 
will  be  CO  :  CL  : :  CD'  :  CL*  (Geoai.216) 
or  /CO  :  /CL  : :  CD  :  CL. 

•  Now  CL  being  the  height  of  the  plane  CD,  we  have  (348, 
corol.  3} 

veloc.  at  D  :  veloc.  at  O  : :  CL  :  CD, 

u             I         ^  T%       CL  X  veloc.  at  O 
whence  veloc.  atj)  zz 7~  cf\ — * 

Also  because  the  velocities  acquired  at  O  and  L  are  as  the 
square  roots  of  the  heights  CO  and  CL  (316,  coroL  1) 

veloc.  at  O  :  wfoe.  at  L  : :  /CO  :  /CL  : :  CD  :  CL, 
therefore  «;e/(jc-  at  L  =  21lJL^^^£l5lL?;  that  is,  the 

irclocity  acquired  at  L  in  the  perpendicular  descent,  is  equal  to 
the  velocity  acquired  at  D  on  the  plane ;  and  consequently  the 
acquired  velocities  at  H  and  O  are  also  equal. 

CcToL  L  Hence  the  velociues  acquired  by  bpdies  descending 
from  the  same  height,  down  any  plaues,  to  the  same  horizontal 
right  line,  are  equal  to  one  another. 
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CoroL  e«  i^nd  the  velocities  acquired  by  descending  down 
any  planes^  are  as  the  square  roots  of  the  hdghts. 

351.  In  Emerson's  Mechanics,  Prop.  31,  we  find  the  follow* 
ing  Scholium,  **  If  it  be  required  to  find  the  position  of  the 
plane  AC,  whose  height  BC  is  given  ;  so  that  the  given  weight 
W  may  be  raised  through  the  length  of  the  plane  AC,  in  the 
least  time  possible,  by  any  given  power  P,  acting  in  direction 

WC.    Make  AC  =  i^  x  BC,  and  you  have  your  desire." 

It  may  be  worth  while  to  show  how  this  construction  is  de^ 
rived* 

Let  the  power  P,  denoted  by  a  weight, 
<lescend  perpendicularly  and  draw  the  weight 
W  In  the  direction  AC  by  means  of  a  string 
passing  over  a  pulley  at  C. 

Put  the  height  BC=zh,  «= AC  the  re-    ^ 
quired  length,  and  /  =  the  time: 

Then  (343)  AC  :  BC  ::  W  :  ^g-^*  or  ^=  the  power  or  rela- 
tive weight  which  urges  the  weight  W  down  the  plane  AC ;  and  since  P  n 
the  power  or  force  hi  the  direction  CP,  the  difference  P ,or — ^ — 

will  be  the  force  which  accelerates  the  bodies  in  motion.    Now  (3 17,  corol.) 

the  square  of  the  time  being  as  the  space  divided  by  the  accelerating  force 

Pa:  "—  AW  ** 

we  have  /»  oc «  -r ,  or  <*  a  pJZTaW  •  ^^^^^^"^  ^^  expression 

.     ,»M  is  to  be  the  least  possible  or  a  minimum ;  consequently j™ 

inust  be  the  least  possible,  because  in  that  case,  any  multiple  or  submul^ 
tiple  must  also  be  the  least  possible. 

Let  -rr-  srjf ;  then must  be  a  minunum. 

Suppose =sm;  then  x*ssmx  —  mg,  and  x^ — mx^Z'^mg,  a 

quadratice  quation,  which  completed  is  *'— mjr  +  ^w »=  Jm*  —       ; 

WTience  x  =  imdz\^  (Im^ — mg)^  where  if  ^7«*  be  less  th;;n  mg,  the 
expiessiop  ^(Im'^^^mg)  becomes  impossible;  therefore  when  the  value 
Qf^\  5  wis  the  least  possible,  im»  must  be  =  ;w|^,  and  i/CJin*— w^) 

y  V  2 
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tao,  wbeace  ^=sg,  and  ^ss:C^>  and  thefefoie  jtsiQg  (or^)db 

•(jw'— »^)=fi;r=fc^;  that  is  «=2^=2^  =  2^  x  bc. 

Here  the  pulley  is  supposed  to  move  without  friction,  aad  tl^  string  of 
'no  sensible  weight* 

Carol,  Heoce  it  appean  tliat  the  momentum  of  the  power  P*  is  double 
that  of  the  weight  W. 

352.  If  C  he  a  point  In  the  vertical  line  CB ;  to  jind  th^ 
direction  of  the  plqn^  CD  along  which  a  body  must  descend 

from  rest,  to  meet  a  plane  or  right  line  AB  given  in  position^ 
in  a  given  time. 

Upon  CO  equal  to  the  perpendicular  distance 
which  the  body  would  descend  in  ihe  given  time^ 
.  let  a  semicircle  be  described ;  draw  CD  and  CP 
to  the  intersections  D  and  P ;  and  either  of  these 
directions  is  that  required,  as  is  manifest  from  art. 
348  corol.  9. 

The  distance  CB  and  angle  ABC  are  supposed  to  bc  given  5 
Jience  if  tlie  perpendicular  RS  be  let  fall  from  the  center  R  upon 
AB,  the  lines  BP,  BQ,  gi^d  angles  PCB,  DCB,  arc  readily 
found  by  trigonometry. 

353.  If  the  circle  should  touch,  instead  of 
intersecting  the  line  AB,  then  CD  drawn  to 
the  point  of  contact  D,  will  be  the  direction 
sought  5  and  the  time  of  descent  from  C  to  AB 
is  the  least  possible,  because  the  radius,  or  the 
diameter  of  the  circle  is  the  least  possible.  Ta 
construct  this  case :  Upon  AB  let  fall  the  per. 
pendicular  CP,  bisect  the  angle  PCB  with  CD.  and  draw  DR 
parallel  to  PC ;  then  R  is  the  center,  and  RD  the  radius  of  the 
circle. 

For  the  ang^e  RDB  is  a  right  one,  and  therefore  BD  is  j^ 
tangent  to  the  circle;    and  because  the  angle  RDC  =  PDC 

;=:DCR,  thetria|i^le^|igi|iisocek%  isqiMieijuently  RC^«> 

the  jradius. 


€an^.  1  •  Hence  when  ibe  time  of  descent  is  the  least  possi^ 
tie,  the  direction  of  the  plane  GD  with  the  vertical  CB,  is 
equal  to  half  the  complement  of  the  angle  ABC  which  the  piano 
or  line  AB  xaakes  with  the  vertical. 

CoroL  2.  And  therefore  if  we  would  con- 
struct the  roof  of  a  house  that  the  rain  may  run 
^ffin  the  least  time,  make  the  angle  of  the  ridge 
BCS  a  right  one,  or  each  of  the  angles  CDS, 
CSD  equal  to  45% 

354.  If  a  body  descend  from  A  to  O  down  any  number  ef 

contiguous  planes  AB,  BD,  DO,   it  will  acquire  the  same 

velocity  at  O  as  n  body  falling  perpendicularly  the  same 

height  CO,  provided  the  velocity  is  not  altered  by  the  dif^ 

ferent  directions  at  B,  D,  &c. 

Draw  CS  paraUel  to  the  horiaon  ^  ?^  A. 
HO,  and  produce  the  planes  DB,  OD^ 
to  meet  CS.  Then  the  velocities  ac* 
quired  in  descending  down  the  planes 
AB,  RB,  will  be  equal,  because  their 
heights  are  equal  (330,  oorol.  1),  ^nd 
therefore  the  velocities  acquired  in  the  descent  from  R  to  D  akmg 
the  continued  plane  RD,  is  the  same  as  that  acquired  in  de- 
scending through  both  planes  AB  and  BD  ;  in  like  manner,  the 
velocities  generated  in  the  descent  along  SO,  and  down  the 
planes  RD  and  DO,  are  also  equal,  and  equal  to  that  acquired 
in  the  perpendicular  descent  from  C  to  O  (350,  coroL  l). 

CosroL  1.  If  the  lines  AB,  BD,  DO,  &c.  are  supposed  to  be 
dimimshed  indefinitely  in  length,  we  may  con^der  them  as 
ultimately  forming  a  culrve  line ;  and  hence  it  is  infcred,  that  a 
body  acquires  the  same  velocity  in  descending  along  any  curve, 
as  in  its  descent  through  the  same  perpendicular  height. 

Copol.  S.  Hence  it  also  appears,  that  bodies  acquire  the 
same  v^ofli^  in  detc^iuling  thiough  any  cnrvea  and  planes  of 


350  '     I^ENDULUMS* 

the  same  perpendicular  height.  And  therefore  when  their  velo- 
cities  are  equal  at  any  particular  height,  they  will  be  equal  at  aH 
other  equal  heights. 

CcroL  3.  The  velocities  acquired  by  descending  through  any 
planes  or  curves,  are  as  the  square  roots  of  the  perpendicular 
heights  (350,  corol.  2). 

ScHOLitJM.  In  the  preceding  articles  it  is  supposed  that 
planes  are  perfectly  smooth^  or  that  bodies  are  not  in  the  least 
retarded  by  friction  in  oblique  descents.  And  since  those  mo- 
tions  are  uniformly  accelerated  by  the  constant  force  of  gravity, 
the  descent  on  inclined  planes  is  subjected  to  the  laws  already 
laid  down  for  accelerated  motion  in  a  perpendicular  direction 
{ari.  316,  317).  Thus,  the  velocities  ac- 
quired in  descending  from  rest  along  CH  are 
as  the  times.  And  the  spaces  described  as 
the  squares  of  the  times,  or  the  squares  of 
the  acquired  velocities.  Also  if  the  body 
were  projected  along  the  plane  from  H  towards  C  with  the  velo- 
city it  acquired  ;n  the  descent  from  C  to  H,  the  velocities  and 
times  of  ascent  would  be  equal  to  those  of  descent  at  equal  <li&« 
tances  from  H. 

Consequently,  if  a  body  descend       p  ^ 

fieely  along  the  curve  CH,  the  velo-      ••\^*     ....•....-•^-^ 

city  or  force  acquired  at  the  lowest  >w  y^ 

point  H,  would  be  sufficient  jbo  make  a 

it  ascend  up  the  curve  HP,  to  the 
same  perpendicular  height,  in  the  same  time. 


Hence  if  P  be  a  body  attached  to  one  end  of 
^  small  non-elastic  string  CP,  the  other  end  being 
fixed  at  C,  and  the  body  left  to  descend  freely,  it      ^ 
will  describe  the  circular  arc  PHB ;  for  the,  force 
acquired  at  the  lowest  point  H  would  make  it  ascend  to  B  in  the 
horizontal  line  PB ;  and  its  motion  being  lost  at  that  point,  it 


A 
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vrtll  descend  back  again,  and  rise  to  the  same  horizontal  line  BP 
iH  the  same  time :  in  this  manner  it  would  continue  to  oscillate 
or  vibrate  through  the  same  arc  BP  by  the  force  of  gravity  only^ 
if  all  causes  of  resistance  were  removed.  But  experience  proves 
that  the  air,  and  the  friction,  &c,  at  the  center  of  motion  or 
suspension  C,  act  as  retarding  forces,  by  which  means  the  vibra- 
tions are  successively  shortened  till  the  body  loses  all  motion  at 
the  lowest  point  H.  A  body  moving  in  this  manner  is  called  a 
PENDULUM.  And  in  .theory,  when  all  the  matter  of  the  pen- 
dulum or  vibrating  body  is  supposed  to  be  in  a  single  point  (P), 
and  the  sustaining  line  CP  without  gravity,  it  is  called  a  simple 
Pendulum.  Pendulums  that  regulate  the  going  of  clocks  con- 
tinue their  motion  by  the  force  of  a  weight,  or  spring,  &c» 
called  the  maintaining  power. 

355.  If  two  pendulums  Cp,  CP,  vilrale  in  similar  arcs 
ph,  PH,  the  times  of  vibration  will  be  as  the  square  roots  of 
their  lengths. 

Draw  pdy  PD,  perpendicular  to  the  vertical 
CH.   Then  (354,  corol.  3)  the  velocities  acquired 
at  the  lowest  points  A,  H,  in  describing  the  arcs 
phy  PH,  are  as  the  square  roots  of  the  vertical 
heights  Ai,  HD;  but  the  sectors  ACp,  HCP, 
are  similar,  therefore  the  radii  AC,  HC,  and  also 
the  arcs  ph,  PH,  have  respectively  the  same  ratio 
as  the  homologous  lines  hd,  HD ;  that  is,  the  velocities  ac- 
quired in  descending  from  rest,  are  constantly  as  the  square 
roots  of  pA,  PH,  the  spaces  described ;  and  therefore  the  times 
of  description  are  as  y^ph  and  v^PH,  or  as  ^Cp  and  v^CP. 

Carol.  Hence  if  T  and  t  denote  the  respective  times  in  which 
the  pendulums  CP,  Cp,  perform  a  vibration]  then  y'CP  :  \/Cp 
:.:  T:  if  or  CP  :  Cp  : :  T*  :  t*,  whence  Cp  x  r*  =  CP  x  t% 
that  isj  the  lengths  are  as  the  squares  of  the  times  of  a  vibra* 
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It  is  found  bj  ntperiment  that  the  length  of  a  tinple  peadoliim  #hich 
vibrates  oflce  in  a  second  of  time  in  the  latitude  of  London »  h  39^  inches, 
nearly ;  henoe  the  length  of  a  pendalam  that  vibrates  once  in  |  a  second  is 
required? 


CP  X  /* 

The  preceding  expression  gives  Cp  =  • — =5 —  : 

=9.8  inches,  nearly. 


:?2i2UiI*ae39ix{ 


If  a,  musket  ball  be  suspended  by  a  very  fine  thread  or  wire,  and  the  dis* 
tauce  from  the  point  of  suspension  to  the  center  of  the  ball  is  50  imktsi 
Bow  many  times  will  it  oscillate  in  a  minute? 

Co  X  T*  -Co  X  T*  50 

Here  <*=  -^^.p-  ,  and  izs^    '  ^^     =  Vrri  seconds tlie tiraeof 

o 

one  vibratloD,  and  t/  "55 ac  53  nearly,  the  number  of  vibrations  or 

oscillations  in  60  seconds. 

356.  But  the  vibrations  in  circular  arcs  of  different  lengths 
are  not  isochronal^  that  is^  they  are  not  performed  in  the  same 
time.  When  however^  the  arcs  are  very  small^  the  diflfeiences 
are  found  to  be  almost  insensible.  And  in  that  case^  the  time 
of  one  vibration^  is  to  the  time  in  which  a  body  would  descend 
perpendicularly  through  half  the  length  of  the  pendulum,  as 
the  circumference  of  a  circle,  to  its  diameter*  (Emerson's 
Mechan.) 

LetCHorCP 
be  the  pendulum 
vibrating  in  the 
arc  LHB,  C  the 
point  of  suspen- 
sion, and  CH 
perpendicular  to 
the  horizon.  On 
AH  describe  a 
a  semicircle  about  the  center  D,  and  let  PS  be  an  indefiiltely 
small  part  of  the  arc  LPH ;  draw  PQ^  SR  parallel  to  the  hori- 
zontal line  LBj  and  make  SO^-  QI  perpendicidar  to  PQ»  fl4 
job  D€U 


Let  /  dettote  the  time  in  which  a  body  would  descend  perpen- 
dicularly through  2CH  or  along  the  chord  LH.  Then  the 
Velocities-  acquired  in  the  descent  through  sCH,  and  by  the 
pendulum  in  falling  through  the  arc  LP,  will  be  as  the  square 
roots  of  the  vertical  heights,  or  as  y'sCH  and  y'AT  ;  and  the 
space  ihat  would  be  described  in  the  time  $  with  the  velocity  ac- 
quired in  falling  through  sCH  is  4CH,  (3l6corol.  1)  which 
therefore  may  represent  the  velocity.  And  since  the  arc  PS  i§ 
indefinitely  small,  we  may  coaceive  it  to  be  described  with  the 
uniform  velocity  denoted  by  y^AT.  But  in  uniform  motions, 
the  times  of  description  are  as  the  spaces  divided  by  the  veloci* 

4.CH  PS  /   PS 

the  time  of  describing  PS. 

If  tho  arcs  PS,  QR,  on  account  of  their  smallncss^  are  con- 
»idcred  as  right  lines,  the  triangles  CPT,  PSO,  and  DQT, 
QRT  will  be  similar,    respectively;  whence  CP  :  PT  ::  PS 

•^^Cr^>  or  ??-J?5  =  OSnQI;  and  DQ  :  TQ  ;:  QR 
TQ^QR  ^TQ.QR  ^  PT/TS  ^  TQ-^jR 

whence  PS  =  — PTT)Vr~*  which  being  substituted  for  PS 

/  PS 
in  the  expression     -,^  gCH  ATV  ^^^  ^^^  ^^^^  °^  describing  PS 

•    ^         ^.TQ.CH.QR  /.TQ.CH.QR 

**  -^  2  1/  l2CH  .  AT)  (Pt .  DH)  ^^  v^(2CH!ATj(t>T.2f)Hj* 

But  by  prop*  of  the  circle,  TQ  =:V(AT.TH}.  And 
PT=  -/[(CH-hCTjTH],  these  values  of  TQ,  and  PT 
beibg  substituted,  and  we  have  the  time  of  describing  PS 

_  /v/(AT.TH).CH..QR ,  •  •       j      j 

-  /(2CH.At)^[(CH-fCT)TH]2DH^  '^^'''^  '^^""'"^ 


,  V2CH  X  QR 


vol..  XU  %  ft 
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But   4DH  =  2AH.     And  v^(CH  +  CT)  =  /  {2CH 
—  TH);  therefore  by  substitution,  the  time  of  describing  PS 

^  V^CH   ■  y  OR 

■"  ^(2CH  — TH)2AH       ^ 

But  if  we  suppose  QR  to  be  the  arithmetical  mean  of  ail 
the  QR's  in  the  semicircle,  the  corresponding  mean  of  the 
TH's  will  be  DH  or  half  AH,  because  the  least  TH  is  =:  o, 
and  the  greatest  =  AH ;   hence  the  time  of  describing  PS 

=  •(8Ch'^SS)  2AH  ^  ««•  ^'«-  .^"  *^  Q^'^  »  *^ 
semicircle  ARH,  and  all  the  PS's  the  arc  LPH ;  therefore  the 

time  of  describing  the  arc  LPH  =:  /  ixCH-^nHViAH  ^  ^^^^' 
And    the    time    of   one   vibration   along    the   arc   LHB  =: 

■  >  .  wri— — kt T^ — Trr  X  sARH,  But  whcn  the  arc  LHB  is 
V^  (SCH  —  DH)  sAH 

indefiaitely  small,  DH  may  be  taken  =  o,  and  the  expa*ssion 
•  //2CH  ^  ^Anu  ^^  X  2ARH      «, 

*^^°"^^^  V-gCH  X  2Ari  ^  «'^«"'  ^^  —AH—  ^"^ 
when  ^  is  the  time  of  perpendicular  descent  through  2CH,  ii  is 
the  time  of  descent  through  |  CH ; 

Therefore,  as  the  diameter  AH, 

•  is  to  the  circumference  2ARH, 

so  is  it  (the  time  of  descent  through  half  the  length  of 

the  pendulum  CH), 

^    it  X  2ARH    .       .         c  -L     •       • 

to       ^      the  time  of  one  vibration  m  a  very 

All 

small  arc. 

CoroL  1.  Hence  the  time  of  descent  through  a  small  arc 
(LPH),  is  to  the  time  of  descent  along  its  chord  (LH),  as  the 
diameter  of  a  circle,  Xo,i  of  its  circumference. 

For  ^  \x, —  is  the  time  of  descent  through  the  arc^  and  t 
the  time  along  the  chord. 

And  AH  ;  iARH  ::  i  i  ''^^f 
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Carol.  2.  If  DH  be  bisected  in  G,  and  r=  ^'^^^  the 
time  of  one  vibration  in  a  very  small  arc;  then  the  lime  of 
vibration  in  any  arc,  will  be  T  +  ^^  >r  T,  nearly. 

For  we  found  thte  time  of  vibration  in  LHB 
^    f.l/2CH.gARH  /,ARH    ,        2CH  -,  .      SCH 

and  the  lines  sCH,  CH  +  CG,  and  CH  +  CD,  are  in  arith- 
metical progression,  the  common  difference  being  GH ;  but  if 
DH  =  (7,  they  become  equal,  and  therefore  since  DH  is  very 
small,  they  are  nearly  in  geometrical  progression  ;  hence 

./     gCH  CH-f-CG 

^  CH  +  CG  -  CiTTcD' 

therefore  the  time  of  vibration 

^y^CHj^G  CH+CD^DG_        CHH.CD         DO  _  ^y 

^  -         DO  _ 

*•  ^  "^^  CH  +  CD  ^  -^ • 

C^»o/.  3.  Hence  aUo,  we  can  determine  the  perpendicular  descent  of  a 
body  near  the  earth's  surface  in  a  second  of  time. 

For  it  has  been  found  by  experiment  that  a  simple  pendulum  39J  or  ra- 
ther 39 .  13  inches  long,  vibrates  once  in  a  second  of  time  in  the  latitude  of 
London.  Therefore,  putting  c  =  3.1416  the  circumference  of  a  circle 
whose  diameter  is  I,  p=:39.  IJ,  /=the  time  of  perpendicular  descent 
through  \p,  and  flf  =  the  distance  required: 

Then,  1  sec.  :  <  ::  c  :  1,  whence  ^  =  —  the  time  of  descent  through  jp. 

And  the  spaces  described  being  as  the  squares  of  the  times  of  description 

(316  corol.  I),  we  liave  ^   :  ^p  :;  <!  sec.f :  d,  or  ipd^zsdsz  ~£ 

X3.1416»=l93.1  ittche^,  nearly,  =  16^^  feet^  for  the  descent  of  gra- 
vity in  1  second  of  time.     Which  agrees  with  experiment. 

Remark.  Pendulums  of  the  same  length  vibrate  quicker  in 
remote  latitudes  than  near  the  equator.  For,  by  reason  of  the 
spheroidal  figure  of  the  earthy  the  distance  from  its  center  increases 
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and  tberttfore  gravity  decreases,  as  we  approach  the  equaton 
But  the  greatest  diminution  arises  from  the  rotation  of  the  earth 
on  its  axis :  for  the  parts  near  the  equator  move  quicker,  and 
thereby  have  a  greater  tendency  to  recede  from  the  axis  of  motion, 
than  bodies  at  the  surface  in  other  latitudes.  Gravity,  there* 
fore^  is  greatest  at  the  poles,  and  least  at  the  equator. 


Of  the  mechanical  POWERS. 

337.  These  are  certain  machines  or  instruments  contrived 
for  moving  great  weights  with  small  force.  They  are  com- 
monly reckoned  six  in  number ;  namely,  the  Lever,  the  Wheel 
and  Axle,  t^je  Pulley,  the  Wedge;j  the  Screw,  and  the  Inclined 
Plane. 

The  Lever. 

358.  A  LEVER  is  a  rod  or  bar  of  wood  or  metal,  as  a  hand- 
spike, a  crow-bar,  the  beam  of-  a  pair  of  scales,  &c.  It  is 
usually  represented  by  an  inflexible  line  without  weight  to  render 
the  demonstrations  more  simple.     There  are  four  kinds  of  levers. 


6^       v%j 


A  lever  of  the  first  kind  has  the  fulcrum 
or  prop  between  the  weight  and  the  power. 
Thus  if  AB  be  a  rod  or  bar,  W  a  weight 
attached  to  the  end  A ;  P  a  power  acting  at     ^  %y^ 

the  other  end  B,  and  C  the  fulcrum  or 
prop  that  supports  AB.     Then  C  is  the  center  of  motion^  and 
AC,  ahd  BC  are  the  arms  of  the  lever  AB.    Of  this  kind  arc 
balances,  scales,  scissars,  pincers,  &c. 

A  lever  of  the  second  kind  has  the  weight 
W  between  tlie  power  P  and  the  fulcrum 
C.  As  oars  and  rudders,  bellows,  cutting 
knives  fixed  at  one  end,  &c. 


/" 


LEVER. 

A  lever  of  the  third  kind  ha^  the  power 
P  between  the  weight  W  and  the  fulcrum 
C/  Such  as  tongs,  sheep-shears,  a  man 
rawing  a  ladder,  the  bones  and  muscles 
of  animals,  (Borelll  de  Motu  Animaliton). 


357 
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A  bended  lever  Is  the  fourth  kind.  As  a  claw-hammer  draw- 
ing a  nail.  This  however,  is  only  a  species  of  the  first  kind,  be- 
cause the  fulcrum  is  between  the  power  and  tbe  body  to  be 
moved* 

359.  L^  ike  weights  W  and  P  be  attached  to  the  ends  of 
the  iT^ftexible  line  or  lever  AB,  and  suppose  C  is  the  fulcrum 
<?r  prop  supporting  the  weights  ;  then  if  they  are  in  equilibrio, 
the  distances  AC  and  CB  will  be  reciprocally  as  the  weights  ; 
thatis,  AC:CB.::P:W,  ^ACxW=CBxP. 

Let  S  be  the  center  of  the  earth. 
Then  because  the  weights  W  and  P 
gravitate  towards  the  center  S,  the 
three  forces  in  equilibrio  act  in  the 
directions  AS,  BS,  and  SC.  Draw 
CR,  CD  perpendicular  to  AS,  BS,  re- 
spectively, and  CH,  CG  parallel  to 
BS,  AS ;  ahd  the  three  forces  will  be 
as  the  sides  of  the  triangle  SCG,  or  CHS  (320) ; 

hence  CH  :  HS  for  CG)  ::  P  :  W. 

But  in  the  parallelogram  CHSG,  the  opposite  angles  at  H 
and  G  are  equal,  consequently  the  angles  CHR,  CGD  are 
also  equal,  and  therefore  the  triangles  CUR,  CGD  are  similar, 

whence  CH  :  CG  :i  CR  :  CD. 
But  CH  :.CG  ::    P    :  W. 
therefore  by  equality,  CR  :  CD  ::    P    :  W; 
or  CA  :  CB   ::    P    :  W, 
For  CA,  and  CB,  and  the  respective  perpendiculars  CR,  and 
CD^  are  nQt  sensibly  different  either  in  length  or  position^ 
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CoroL  !•  Hence  if  the  weights  W,  ta 

P,  or  the  weight  W  and  power  P  in 
equilibrio,  move  on  the  fulcrum  or 
center  of  motion  C,  the  arcs  or  spaces 
Ww^  Vpy  described  in  the  same  time^ 

will  be  as  the  radii  CW,  CP,,  therefore  the  weight  W  X  VJ%u 
=  power  (or  weight)  P  X  Pp;  and  since  the  velocities  will  be 
lis  the  arcs  Ww^  Pp»  the  momenta  of  W  and  P  are  equal. 


CoroL  2.  And  if  WCR  be  a  bend- 
cd  lever,  and  the  power  P  act  perpen- 
dicular to  WCD,  the  weight  W  and 
power  P  will  be  in  equilibrio  when 
WCjDC,  the  perpendicular  distances 

from  the  center  of  (notion  C,  are  reciprocally  as  the  weight  and 
power;  that  is,  WC  :  DC  ::  P  :  W. 
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C&roL  3.  Therefore  when  the  power 
P  acts  obliquely  against  the  end  of  the 
lever  WR,  the  weight  W  and  power  P 
are  reciprocally  as  WC  and  the  per- 
pendicular CD,  the  two  distances  of  the 
directions  of  the  forces  from  the  center  of  motion  C  ;  that  is 
WC  :  DC  ::  P  :  W.  Hence,  if  WCD  be  a  bended  lever, 
and  the  weight  W,  and  the  power  P,  act  perpendicularly  to  the 
arms  C W,  CD,  then  WC  X  W  =  CD  x  P,  as  in  the  straight 
lever. 
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CoroL  4.  When  several  weights  W, 
S,  D,  B,  acting  on  a  straight  lever  WB, 
are  in  equilibrio,  the  sum  of  the  pro- 
ducte  of  the  weights  multiplied  by  their  respective  distance* 
from  the  support  C  on  one  side,  will  be  equal  to  the  sum  cf 
the  products  on  the  other : 

that  is,  SCx&+.WCx^W=DC>f0+BCxB. 


L£V£R»  850 

For  the  eflfort  of  each  weight  to  turn  the  lever,  i§  as  the  weight 
multiplied  by  its  distance  firom  the  fulcrum  C,  and  therefore  the 
sum  of  the  efibrts  on  one  side  must  be  equal  to  those  on  the 
other^  in  the  case  of  an  equilibrium. 

CoroL  5.  Hence  the  place  of  the  fulcrum  is  readily  deter- 
mined  when  the  length  of  the  lever  WP,  and  the  weights  W,  P, 
are  given  {see  fig.  to  corol.  l)-  For  W  :  P  : :  CP  :  CW;  and 
by  composition,  W-^P  :  WP  (the  length)  ::  P  :  CW;  that 
is^  the  length  must  be  divided  into  two  parts  having  the  propor- 
tion of  the  weights. 

360.  A  lever  of  l!he  second,  or  third  kind,  may  be  reduc^  to 
thefirsty  thus. 

Conceive  the  lever  Cp  to  be  equal  z^^, 

to  CD,  then  it  is  manifest,  that  if  %^ 

the  power  P  were  removed  to  ^,        ^  c I 

but  acted  in  a  contrary  direction,  j  ^ 

the  equilibrium  would  still  remain,     ^^^/^ 

and  we  should  have  pC  x/>=CW     ^J 

XW,  thatis.DCxPnCWxW. 

Hence,  in  a  lever  of  either  kind,  if  the  weight,  and  the  power, 

are  multiplied  by  their  respective  distances  from  the  fulcrum,  the 

products  will  be«equal  when  there  is  an  equilibrium. 


A. 
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Scholium.    The  beam  of  a  pair  of 
Scales  is  a  lever  of  the  first  kind.     Its 
arms  CA,  CB  ought  to  be  exactly  of  the 
same  length ;  for  should  there  be  any  dif- 
ference, equal  weights  when  placed  in  the 
scales  S  and  K,  will  not  rest  in  equilibria    The  obvious  method 
of  trial  however,  is  to  weigh  any  body,  very  accurately,  in  one 
scale,  then  if  the  weight  and  body  change  places^  and  either 
end  preponderates,  the  scales  are  imperfect  or  false. 

But  when  %e  know  what  the  body  weighs  in  each  scale,  its 
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tnie  weight  may  be  found  thus — —Let  IV  and  w  denote  the 
weights  of  the  body  b  in  the  scales  S  and  K  respectively, 

then  CA  X  i  z=  CB  X  »^ 
and  CB  X  *  =  CA  X  «;, 
whence  b^  zi  JVw^  or  bzz  ^tVwi  that  is,  its  troe  weight  is  a 
geometrical  mean  between  the  least  and  greatest  weights  Found 
by  the  false  scales. 

361^.  The  steelyard  or  Roman 
balance  is  also  a  lever  of  the  first     WfUtaKl2ZZJ:z=z:==e=ss\ 


^ 
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kind.    But  the  arms  or  brachia        y^  ^  #^ 

CA^  CS  are  very  unequal  in 
length.  The  weight  or  coun- 
terpoise W  is  moveable  backwards  and  forwards  on  the  arm  CS^ 
which  is  divided  and  numbered.  The  distances  of  the  divisions 
J  which  are  notches  in  the  beam)  from  the  fulcrum  C^  are  deter<^ 
mined  by  repeated  trials.  Thus  for  example^  suppose  the  weights 
Band  W  are  in  equilibrio,  then  if  (he  weight  B  is  2Q/d.  a  notch 
is  made  in  the  beam  at  J),  and  that  division  is  numbered  SO. 
And  in  like  manner,  by  suspending  different  weights  at  A,  the 
other  divisions  are  found. 

If  the  arm  CS  be  three  quarters  of  a  yard  long,  and  C  A  one 
inch,  then  (neglecting  the  weight  of  the  beanf)  a  weight  (W) 
of  ilb.  at  S,  would  weigh  the  body  B  of  54/i.  For  27  X  2 
=  54  X  1. 

362.  Let  the  compound  lever  SD  he  composed  of  three  levers 
ofthejirst  kind,  DA,  AB,  BS,  acting  upon  one  another  i  th^ 
fulcrums  being  at  C,  O,  R  j 


ThenP.JV'.i  CA.OB.RS  :  CD.OA»RB»  whenthe 
power  P  and  weight      ^  j^  3    ^  - 

tVare  in  equilibrio.      'j  a  ' '        '   O  1^  ^A  " 
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9<k  ^A  :  CD  : :  P  :  9^^  the  force  at  A  j 

OB  :OA  ::  -^^  :     ^^  pg     tbe force atB| 
DO    on      CD.OA.P     CD.OA.RB.P      j,,  ., 

%he  force  at  S ; 

Thetefore  CD .  OA .  RB  .  P  =  CA .  OB .  RS . »: 

And  a  similar  tronclusion  is  derived  in  the  other  kinds  of 
^evers^  by  making  use  of  tbe  respective  distances  from  the 
props  or  fulcrums. 

The  heavy  lever  will  be  <:^oinsidered  when  we  treat  of  th^ 
Center  of  Gravity* 


Wheel  an»  axle. 


363.  This  instrument  is  a  wheel 
AB  fixed  on  a  roller  or  axle  OD,  the 
axle  being  suppoi*ied  at  its  extremities 
Bo  as  to  turn  round  freely  with  the. 
*wheel.  It  may.be  considered  as  a 
perpetual  lever  t)f  the  first  kind.  For 
when  the  weight  W  attached  to  a  rope 
D  W  that  goes  round  the  axle^  and  the 
power  P  applied  at  the  circumference  of 
the  wheels  are  in  equilibrio,  then,  as  AC  the  radius  of  the  wheel 
:  CD  the  radius  of  the  axle  ::  W  :  P,  or  CDxW=CAxP, 
as  in  the  lever. 


This  will  be  obvious  by  considering  the  radii  AC,  CD  as 
fbrming  one  line  or  lever  AD^  and  C  the  fulcruQi  or  center  of 
SAOtton  upon  which  it  turns. 


tot*  zi. 
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CoroL  1.  While  the  weight  W,  is  drawn  up  by  the  pcwcr 
P,  their  velocities  will  be  as  the  radii  of  the  axle,  and  wheel, 
respeaively. 

CoroL  «.     When  the  direction  {Sp)  of  the  power  applied  to 
he  wheel,  is  not  perpendicular  to  its  diameter,  the  radii  SC, 
CD  form  a  bended  lever  SCD ;  and  if  CI  be  drawn  at  rigfct 
^gles  to  Sp,  we  shall  have  CI :  CD  ::  W  :  power  at  p. 

CoroL  3.  If  a  roller  or  cylinder  SD 
is  turned  on  the  axis  CA  by  means  of 
the  handle  ABP,  and  the  power  at  P 
acting  perpendicularly  to  AB,  and  the 
weight  W,    are   in   equilibrio;    then 

P  :  W  : :  DR  the  radius  of  the  roller  :  AB  the  length  of  the 
handle.  For  when  the  roller  is  turned  round,  the  point  B  de- 
scribes a  circle  whose  radius  is  AB. 

Scholium.  But  the  weight  and  thickness  of  the  rope  to 
which  the  body  (W)  is  appended,  ought  to  be  taken  into  the 
account.  Thus,  every  fold  of  rope  on  the  axle  or  roller,  may 
be  said  to  increase  its  diameter ;  the  radius  therefore  is  always 
tlie  distance  from  the  axis  of  the  roller  to  the  middle  of  the  out- 
side rope  or.  fold ;  fdr  which  reason  it  will  sometimes  be  found 
necessary  to  increase  the  force.  The  weight  however,  will  evi- 
dently diminish  as  the  rope  (which  makes  partbf  the  weight) 
ihortens«  or  is  wound  on  the  axle. 

To  the  wheel  and  axle  may  be  refered  several  kinds  of  ma- 
jrhines  or  instruments,  as  the  crane,  windlass,  capstan,  gimblet, 
auger,  &c.    * 

364.  In  a  comlinalion  of  wheels  with  tceth^  if  the  power  P 
le  to  the  weight  W,  as  the  product  of  the  radii  of  all  the  €ucles 
prpinionsj  to  the  produci  of  the  radii  of  all  the  wheels ^  the 
towerand  weight  will  le  in  equililrio. 

That  is,  P  :  W  ::  CA.OB.RS  :  CD.OA.RBi 
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For  the  radii 
CD,  OA,  RB, 

•f  the  wheels, 

with    the    radii 

CA,  OB,  RS  of 

the  pinions  (or 

smaller    wheeU 

on  the  axes  of 

the  larger)  act  as 

three  levers  DA,  AB,  BS  on  the  centers  or  fialcra  C,  O,  R; 

therefore  the  three  together  may  be  considered  as  a  compound 

lever  SD  (art.  362). 

CoroL  1.  And  when  the  wheels  are  in  motion,  the  velocity 
of  the  power  P  :  velocity  of  the  weight  W  : :  CD.OA.RB 
:  CA.OB.RS.  Or  the  number  of  teeth  in  the  wheels  and 
pinions  may  be  substituted  for  the  respective  radii. 

CoroL  2.  Hence  also,  as  the  number  of  revolutions  of  the 
first  wheel,  is  to  the  number  of  revolutions  of  the  last  wheel  in 
the  same  time,  so  is  the  product  of  the  number  of  teeth  in  the 
pinions^  to  the  product  of  the  number  of  teeth  in  the  wheels. 
For  as  often  as  the  number  of  teeth  iii  any  pinion^  is  contained 
in  the  number  of  teeth  of  the  wheel  that  drives  it,  so  many  re- 
volutions will  the  pinion  make,  for  one  revolution  of  the  wheel. 

Suppose  the  radii  of  the  pinions  are  each  =  4,  CD  =  25,  OA  ==  32, 
RB  =  25,  and  the  power  P=  10/3. 

Then  4  x  4  x  4  :  25  x  32  x  25  ::  10  :  3125/&.  the  weight  W  when 
the  weight  and  power  are  in  equilibrio.  But  were  tlie  wheels  in  motion, 
the  velocities  of  the  ^wer  and  weiglit  would  be  as  3125  to  10. 

By  the  addition  of  another  wheel  and  pinion,  it  is  manifest  a 
much  greater  weight  might  be  raised  by  the  same  power,  but 
the  velocity  of  the  weight  would  be  proportionably  diminished  : 
Hence  the  maxim  in  Mechanics,  what  is  gairud  ly  power  is 
lo$i  in  time. 
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The  FULLET. 

365^  A  Pulley  is  a  small  wheel  SDof 

metal  or  wood,  moveable  round  an  axis  C 

'fixed  in  a  block  ;  a  groove  is  cut  round  the 

edge  of  the  wheel  to  receive  the  rope  WSRDP* 

If  the  pullerj  isjixed^  and  the  weight  W 
and  power  P  are  in  equilibria,  the  power 
and  weight  will  be  equal.  For  SCD  is  a 
lever  of  the  first  kind,  where  the  arms  CS,  CD  are  e<jual. 

When  the  pulley,  and  weight  W,  are  sup- 
ported by  the  rope  RSDP,  the  power  at  P 
will  be  but  half  the  weight  in  case  of  an  equi^ 
librium.  For  the  rope  being  fastened  at  R, 
the  two  parts  RS,  PD  will  be  equally  stretch- 
ed, and  consequently  each  will  bear  half  the 
weight. 


R 


V  / 


yF 


366.  In  a  cambination  of  pullies  drawn 
by  one  rope  going  over  all  the  pullies y  if  the 
power  P,  is  to  the  weight  W,  as  1,  is  to  the  number  of  parts 
of  the  rope  proceeding  from  the  moveable  or  lower  block  ani 
pullies  (B^  J  then  the  power  and  weight  will  be  in  equilibtio^ 

For  the  lower  or  moveable  block  (B)  and 
the  weight  W  together  with  the  power  P,  are 
supported  by  6  ropes,  or  rather  6  parts  of 
the  same  rope,  all  equally  stretched ;  but  the 
part  SP  sustains  the  power  P,  and  therefore 
each  of  the  other  parts  is  stretched  by  \  of  the 
weight,  consequently  (in  the  annexed  figure) 
5  :  1  ;:  W  :  P. 

CoroL  Hence  if  the  weight  W  be  raised 
by  the  power  P,  the  latter  will  descend  5  feet 
(for  example)  while  the  former  is  raised  1  foot. 
For  each  of  the  parts  of  the  rope  proceeding 
from  the  lower  or  moveable  block  to  the  upper 


•r  fixed  one>  is  shortened  hy  i  footj^  aud  oonsequently  th^ 
weight  will  be  raised  that  distance. 

There  are  various  other  combinations  of  blocks  with  pulliei^ 
but  the  equilibrium  is  determined  in  a  similar  manner ;  namely^ 
by  comparing  the  spaces  described  in  the  same  time  by  Om 
power,  and  the  weight  or  body  moved^ 

But  puUies,  and  other  machines  seldom  work  without  coiv» 
siderable  fiiction ;  and  ropes  are  never  perfectly  flexible ;  there^* 
fore  we  must  not  expeQt  that  qomputations  will  always  agree 
vith  experiments 


Of  THR  WEDGE. 

367.  The  form  of  this  instrumait  is  sufficiently  knowa 
(art.  280,  vol.  l).  It  is  commonly  made  of  wood  or  iron| 
and  used  in  splitting  blocks  of  stone,  wood,  &c.  and  sometimes 
in  lifting  or  raising  very  heavy  bodies.  The  force  b  commu- 
nicated to  the  wedge  by  the  blow  of  a  sledge-hammer  or  heavy 
mallet. 

When  the  force  F  acting  perpendicularly  to  the  back  of  tha 
wedge  AB,  is  in  equilibrio  with  the  resistances  R,  r,  which 
act  perpendicular  to  the  sides  AC,  BC, 

Then  AB  ;  F  ::  AC  +  BC  :  R+r. 

For  the  three  forces  in  equilibrio  will  be  as  the        gr| 
sides  of  the  triangle  ABC  which  are  perpendicukr 
to  the  directions  of  those  forces,  (320) : 

That  is  AC  :  BC  ::    R    :  r; 

or  AC  +  BC    :   BC  ::  R  +  r  :  r. 
Also  AB  :    F    ::  BC  ;  rj 
And  by  equality  AB  ;    F    u  AC  +  BC  ;  R+r. 
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368.  If  the  wedge  be  rectangular,  or  the  .tri- 
angular sides  ABC,  OGD  perpendicular  to  the 
back  or  end  ABGO,  those  sides  are  parallel  to 
the  direction  of  the  force  (F)  acting  against  the 
end  AG;  and  therefore  any  resistances  against- 
the  planes  ABC,  OGD  would  have  no  effect  in 
producing  an  equilibrium  except  what  arose  from  friction* 
The  friction  however,  on  the  quadrangular  sides  only  is  so  very 
great  that  it  retains  the  wedge  in  its  situation  after  the  force  (F) 
is  removed,  and  hence  we  must  conclude  that  it  is,  at  least, 
equal  to  the  force  which  drives  the  wedge. 

But  we  cannot  compare  percussive  force  with  weight  or 
pressure.  A  common  iron  wedge  is  sometimes  wholly  forced 
into  a  block  of  tough  wood  without  splitting  it,  by  a  few  blows 
with  a  heavy  mallet ;  now  it  is  impossible  to  discover  by  calcu- 
lation, and  it  would  be  extremely  difficult  to  determine  from 
experiment,  the  enormous  weight  or  pressure  necessary  for  pro- 
ducing a  like  effect. 

The  wedge  is  a  very  simple  mechanic  power ;  and  to  this  may 
be  reduced  most  edge  tools,  and  those  that  have  a  point ;  as  the 
axe»  chissel,  spade,  &c.  and  nails^  bodkins,  i  eedles,  &c. 

Of  the  screw. 

369-  The  screw  is  a  cylinder  CB 
round  which  is  <nit  a  spiral  groove ; 
the  part  that  rises  above  the  groove 
also  forms  a  spiral,  and  is  called  the 
thread  or  threads  of  the  screw;  these 
make  the  same,  or  equal  angles  with 
the  length  BC. 

When  the  screw  is  made  use  of  as  a  press,  &c.  CB  is  called 
the  male  screw ;  the  fi^male,  in  which  the  other  turns,  is  con- 
cave or  hoIIoAT^  and  fixed  in  a  block  or  frame  GH. 


SCREMT. 
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If  the  acrew  be  turned  by  a  power  P  acting  at  the  end  of  a 
lever  AP;  them  (abstracting  from  friction).  As  the  distance  itf- 
tween  any  two  contiguous  threads  measured  in  the  direction 
cj  the  length  CB,  is  to  the  circumference  of  the  circle  which 
the  power  P  describes^  so  is  the  tower  P,  to  the  force  at  3, 
when  there  is  an  equilibrium. 

For  the  screw  moves  the  distance  between  two  threads  in  the 
direction  CB  at  every  revolution  ;  and  in  case  of  an  equilibrium, 
the  forces  (at  P  and  B)  are  reciprocally  as  the  spaces  described 
in  the  same  time :  Which  is  a  general  property  in  all  mecha- 
nical powers. 

Suppose  the  force  at  P = 50/*.  the  distance  of  the  threads = |  of  an  inch, 
and  AV=z9feet.  Then  18  x  '2  X  3 .  1416=  678 . 58  inches  the  circum- 
ference described  by  P ; 


Andf  :  678.58 
the  screw. 


50  :  101787^3.  the  force  exerted  by  the  lowerend  of 


fiiit  the  friction  Is  generally  so  great  that  it  prevents  the  screw  from  re- 
cedi  ng  when  the  power  (P)  ceases  to  act;  and  therefore  it  would  probably 
require  a  force  =  2P  on  the  lever  to  produce  the  computed  effect. 


370.  The  endless  or  perpe- 
tual screw  AB  has  square 
threads  adapted  to  the  spaces 
between  the  teeth  of  a  wheel, 
which  are  cut  oblique  to  fit  the 
spiral  groove  whose  sides  are 
perpendicular  to  the  axis  of  the 
screw.  The  screw  is  turned  by 
means  of  a  handle  BDP. 


JD       I» 


Suppose  the  weight  W  to  be  supported  on  the  pinion  or 
roller  whose  radius  is  CO  5  and  let  n  denote  the  number  of 
teeth  in  the  wheels  C  =  its  circumference,  and  c  r:  the  circum- 
ference of  the  circle  described  by  the  httidic  or  power  P* 


d88  SCR£\V. 

Then  since  the  wheel  is  moved  forward  \>y  oile  lootk  of  ihft 
Wheel  at  every  revolution  of  the  screw  or  handle^  P  will  make  ii 
revolutions  while  the  wheel  makes  1,  or  the  power  P  iiiovcs 
through  the  spaces  nc  while  the  teeth  describes  the  circuin;' 
fcrence  C : 

Hence,  velocity  of  P  :  vet.  of  teeth  ::  nc  :  C ::  nx  ftD  :  CG^ 
(because  the  circumferences  c,  C,  are  as  the  radii  BD,  CG)» 

But  CO  :  CG  : :  vel.  of  W  :  ^^^gQ  "^^^  the  velocity 
of  the  point  G  or  of  the  teiftth  ; 

Iience  by  equality,  veL  of  P  : ^qA  ^ imx BD  :  CG* 

or  VeL  of  P  :  — g^ —  : :  «  X  BD  :  1 ; 
That  is,  veL  of  P  :  vel.  of  W  : :  n  x  BD  :  CO : 

But  in  the  case  of  an  equilibrium^  the  weight  and  power  are 
reciprocally  as  their  velocities, 

fXnxBD 


Therefore  W  :  P  : :  n  x  BD  :  CO,  or  W  == 


CO 


I«t  BD=  12  itich^,  C0s=3  inches,  the  number  of  teeth  in  the  wheel 

q=100,  andP  =  40/*. 

Then  ^Q^  100x12  _  leooo/^.  the  weight  (\y)  that  a  power  of  4(M&. 

tit  the  handle  would  sustain,  supposing  no  friction.    This  however,  is  al- 
ways very  considerable;  but  less  on  square  than  on  sharp  threads. 

From  the  two  preceding  examples  it  is  easy  to  perceive  that 
screws  may  be  made  to  act  with  prodigious  force.  The  Instru« 
ment  called  a  Vice  or  Fis  probably  was  distinguished  by  that 
name  on  account  of  its  great  power. 

Respecting  the  hiclined  Plane,  it  may  be.suflktent  to  itfcf 
to  articles  343,  3A6»  and  3il, 
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Of  the  center  of  GRAVITY, 

SD'l.  The  center  of  gravity  is  that  point  by  which  if  a  body 
be  suspended^  it  shall  hang  or  rest  in  any  position. 

Thus  the  center  of  a  globe^  and  the  middle  of  the  axis  of  e 
cylinder,  are  their  centers  of  gravity,  if  Uie  bodies  arc  uniformly 
dense. 

Also  the  center  of  a  circle,  and  the  intersection  of  the  dia- 
gonals of  a  parallelogram,  are  the  centers  of  gravity.  In  speak*, 
ing  of  the  center  of  gravity  of  a  surface  however,  we  suppose 
that  surface  to  be  an  indefinitely  thin  uniform  lamina  of  matter, 

37«.  Suppose  the  tenfets  of  the  globes  A  and  B  are  con* 

ftected  by  an  inflexible  horizontal  line  or  lever  AB    (iuithout 

weight)^  and  let  C  be  the  fulcrum  or  support;  then  if  C  Ax  A 

m  CB  X  B>  the  bodies  ivill  be  in  equilibrio  (359J ;  and  the 

fulcrum  C  is  tktir  center  of  gravity* 

For  suppose  the  lever  with  the  O 

bodies  to  be  turned  on  the  fulcrum  /  pv 

C   into  any  other  position  GHj      ^^^^  \    \^^^  ^ 

and  let  fall  the  perpendiculars  GP,      %iJ  h        ^V  \    ^3 

HQ.     Then  since  the  bodies  are  >v      j    / 

supported  at  the  centers  A  and  B^  '      \L*** 

they  gravitate   or  act    on    those 

points  or  the  ends  of  the  lever  only,  but  in  the  directions  GP, 
and  QH  when  the  lever  is  in  the  position  "GH,  Now  the  trian- 
gles, CPG,  CQH  being  similar,  it  follows  that  CP  and  CQ  hare 
the  same  ratio  as  CA  and  CB  j  hence  CP  x  A  r:  CQ  x  B, 
therefore  the  equilibrium  still  remains;  and  the  bodies  would 
rest  in  any  position  of  the  lever,  provided  it  was  always  support- 
ed at  the  point  C» 
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CENTER    OF    GRAVITY. 


CoroL  1.  Hence  if  the  fulcrum  or  point  of  suspension  were 
tfaifted  towards  B  (for  example),  it  is  manifest  the  other  body 
A  would  pfeponderate,  and  the  lever  turn  till  it  rested  in  a 
vertical  position,  and  consequently  the  centre  of  gravity  (C)  of 
the  bodies  would^  in  that  case,  be  below  the  point  of  suspension, 
but  in  the  same  vertical  line. 

Coral.  2,  Hence  also,  if  a  body  be  suspended  at  any  point 
about  which  it  can  move  freely  by  its  own  weight,  the  center 
of  gravity  will  rest  in  the  vertical  line  passing  through  the  point 
of  suspension.  This  suggests  a  method  of  finding  mechanically 
the  center  of  gravity  of  a  thin  flat  body,  thus. 

Suspend  the  body  by  a  string  SP  at  any 
point  P  on  the  edge,  and  mark  the  vertical 
■  PO  on  the  surface  by  means  of  a  plumb-line 
SO.  Hang  it  up  again  by  some  other  point 
Q,  and  draw  the  vertical  QR ;  then  because 
the  center  of  gravity  is  in  the  line  PO,  and 
also  in  QR,  it  must  be  at  their  intersection 
G,  or  rather  within  the  sui  f*:cc  opposite  that 
point. 

And  it  follows  that  the  body  would  remain* 
at  rest  on  a  prop  at  R  were  the  string  SQ 
removed  ;  but  a  very  small  weight  or  force 
when  applied  on  either  side  of  the  vertical  line  QR  would  make 
it  fall. 

CoroL  3.  Therefore  when  the  ver- 
tical line  (GP)  passing  through  the  cen- 
ter of  gravity  (G)  df  a  body  (AB)  falls 
without  the  base  (AD),  the  body  will 
not  stand  on  an  horizontal  plane  (AH),  because  there  is  so 
part  of  the  support  or  base  in  that  vertical  line ;  and  conse* 
quently  the  body  must  turn  on  the  base^  and  fall  towards  H. 
^his  is  also  the  reason  why  a  globe  will  not  rest  on  a  plane  ex^ 
«ept  it  be  horizontal* 
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373.  If  three  bodies^  A,  B,  Ty  of  known  weights^  are  con* 

nected  by  weans  of  an  irijlcxille  line  or  lever  AD  poising 

through  their  centers  oj  gravity,  and  the  distances  AB,  BD* 

from  each  other  are  given;   to  find  the  common  center  qf. 

gravity  (Cj  of  the  whole. 

This  !s  the  same  thing  as      ,--.       ^    ^ik  ^^^^  y^ 

determining  the  fulcrum  C       *^* X    X  c         ^^ 

when  they  rest  in  equilibrio. 

Therefore  (359,  eorol.  4)  it  will  be  CB  x  B +CA  X  A=: CD  x  D* 

Let  the  distance  ABrrc,  BDrri,  and  CDzrjc;  then  CB 
=^b—x;  and  we  have  (^—;r)  B-h(*— a;+a) Az:D;c,which 
reduced 

^^^*  ^  ~    A^B-f^lT"  ~  ^^*  *^^  distance  of  the  center 
of  gravity  C  from  the  center  of  the  body  D. 

Let  S  be  a  point  in  the  line  or  lever  AD  produced ;  and  put 
DSzzd; 

Then 

CS  -  Afl  +  AHBZ^      j_Aa+Al+Bb+Ad-hBd+V)d 

A-hB+D^  ■*"  A-hB + D  • 

CS  _  fQ  +  />  +  rf)A  +  (/^4>i)B  +  ^D_AS.A  +  BS.B-fDS,D 
A+B+D  -         A+B+D  • 

That  is,  if  we  consider  S  as  a  fulcrum  or  point  of  suspension, 

the  sum  of  the   forces  or  products    DS.D  +  BS.B-+- &c. 

divided  by  the  «iim  of  the  bodies  D-hBh-&c.  gives  the  dis- 

ance  of  the  common  center  of  gravity  of  all  the  bodies  from 

that  point. 

Corol.  1,  Hence  the  center  of  gravity  of  any  number  of 
bodies  in  the  same  right  line  is  readily  determined : 

^      HS.H+AS.A+BS.B+DS.D  .    %     j. 

jor  pj     ^  ■  g  ,  p IS  the  distance  of  the 

centre  of  gravity  of  the  bodies  H,  A,  B,  D,  from  S;  therefor 
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making  DS  =  (^  wc  have  DS .  D  =  ^,  HS  =  HD  &c.  and  the 

expression  becomes 1^  ^  ^^  ^  ^  ^ 9  W  tnecistanoc 

.rem  the  body  D. 

Carol.  2.    And  if  C  be  the  center  of  ^  ^  L 

gravity  of  the  bodies  B  and  D;  then      B       ^    2>  ^ 

(B  +  D)CS  =  BS.B  +  DS.D: 

^     BD.B      ^^       ,^c      BD.B   ,   ^^. 
^^'  ^B+U  =  CD.  and  C  S  =  ^-^  +  DS  . 

and(B  +  D)(^^+Ds)z:(BD  +  DS3B+DS.D5 

That  is  (B4-D)CS  =  BS^B+DS,D* 

374.  The  centers  of  gravity  of  three  bodies  A,  B,  D,  any 
how  situated,  being  given:  to  find  their  covimon  center  of 
gravity  C. 

Join  the  centers  of  gravity  of  any  two  of  p|p^ 

them,  suppose  A  and  B  :  divide  the  distance  ^V  ^ 

AB  Yeciprocally  as  the  weights^  that  is  tak^  \ 

FB  (for  example)  so  that  A +  B  ;  AB  :;  A      © \^^ 

:  BF;  then  F  is  the  center  of  gravity  of  the  * 
two  bodies,  or  the  place  of  the  fulcmni  upon  which  they  would 
rest  in  equilibrio. 

We  now  may  consider  P  as  the  place  of  loth  bodies  A  and 
B,  because  that  point  sustains,  or  is  pressed  by  their  weight. 
Hence  if  DF  be  divided  into  two  parts  CD  and  CF  having  the 
ratio  of  A  +  B  to  D,  the  point  C  will  be  the  center  of  gravity 
of  the  three  bodies.  And  in  this  manner,  by  taking  two  at  a 
time,  &c.  the  center  of  gravity  of  any  number,  or  system  of 
bodies,  may  be  found. 

375.  But  the  center  of  gravity  of  several  lodies  AjB,D,H, 
not  situated  in  the  same  plane^  may  le  determined  thus. 
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Let  DS,  AO,  BP,  HQ,  drawn  from 

the  centers  of  gravity  of  the  bodies^  be  per-  A^ 

pendicular  to  a  plane  passing  through  SC.     %^  .X 

TheQ  since  all  the  points  of  suspension  h        I   ^^ 

are  in  that  plane,  if  we  proceed  with  the  ©     '  | 

distances  as  in  Art.  373,  we  shall  have  jp        jc 

HQ.H  +  AO.A  +  BRB+DS.D  .,,,.,  .  ,, 

--^ TT    ^    ^     Q for  the  distance  of  the  center 

of  gravity  from  the  plane.  Suppose  a  plane  GK  parallel  to  SC 
to  be  at  that  di^tanc^  from  SC;  and  let  the  distance  of  the 
center  be  found  from  another  plane  CF,  then  the  point  which 
is  the  required  center  will  be  somewhere  in  the  intersection  of 
these  two  planes ;  and  therefore  a  third  plane,  found  in  Uke 
maaner^  if  it  cuts  that  ii^ters^ctionj  will  determine  the  point. 

CoroL  Heqce  if  a  body  be  suspended  at  g    ,  ^         ^  • 

»  point  S  in  the  plane  GH>  and,  after  the  xZIq^Z^^ 

Planner  of  indivisibles,  we  suppose  it  to  be  Vz  "!m  Z^ 

composed  of  innumerable  sections,  AB,  CD,  P     jT/ 
VR,  &c.  parallel  to  the  plan^  GHj  then  if 
SQ  be  perpendicular  to  GH^ 

z'   SO  X  section  AB   -. 

*u  r  1   SP  X  section  CD   /     .  .^  , .      ,    ,    , 

the  sum  of  <   CA^  .•      rrn    >  divided  by  the  bodv 

J   SQ  X  section  VR   L  <  ^. 

^       &c,  &c.     J 

will  be  the  distance  of  the  center  of  gravity  from  the  plane  GH; 
For  if  the  body  be  homogeneous,  the  magnitude  of  the  whole, 
or  any  part,  is  proportional  to  its  weight. 

Therefore  if  i  =  the  distance  SO,  or  SP,  &c«  5  =:  the  seov 
tion  AB,  or  CD,  &c.  ai^d  B  =  the  body, 

all  the  ds 
Then  - — 5 =  the  distance  of  the  center  of  gravity  firom 

the  plane  GH.  And  by  finding  two  other  planes  in  which  t>y 
center  UeS|  its  exact  situation  will  be  determined^ 
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'  Example.  Let  SVR  be  a  right  cone  suspended 
at  the  vertex.  Then  since  the  center  of  gravity  of 
ail  the  sections  parallel  to  the  base  are  in  the  axis 
SQy  the  center  of  gravity  of  the  cone  must  also  be 
'is  that  iioe. 


Put  the  diameter  of  the  base  Vll  =  *,  the  dia- 
meter CD  of  tlu' section  indefinitely  near  the  basessa,  the  diameter  AB 
of  the  next  section  =c,  &c.  hz=,iht  height  or  axis  QS^  and  m=.7S54. 

Then  ft  :  A  '.:  a  :  ^  s=SP, 


&c. 


&c. 


And  mb*xh  or  b^x  ^ 


ina*x^  or  fl'x  -j- 

mc*x  ^  or  c'x  ^ 
&c« 


mh 

b 
mh 

b 
&c. 


are  the  sections  multiplied 
by  the  distances  from  the 
point  of  suspension : 


That  is  (iJ +a5+c'  +  &c.)  X  ^^  =  all  the  is. 

But  since  the  indefinitely  small  distances  Q^,  lO,  &c.  are  supposed  \m 
be  equal,  the  differences  of  VR,  CB,  AB,  &c.  will  also  be  equal ;  and 
therefore  ft'+rt'  -|-c'-|-&c.  constitute  an  infinite  series  of  cubes  whose 
roots  are  in  arithmetical  progression;  the  greatest  cube  being  ft',  and  the 
least,  or  that  at  the  vertex  =  o. 

Now  the  turn  of  such  a  series  is  -r*  where  n  denotes  the  number  of  terms 

4 

(179) ;  and  substituting  b  for  h,  we  have  --  for  the  sum  offt'4rfl'-»-c'4- 

Src  in  infin.    Therefore  T  X  -r-  or  — —  =  all  the  ds  \  this  divided  by 

--r—  (or  B)  the  content  of  the  cone,  gives  |A,  the  distance  of  the  center 
•f  gravity  firom  the  vertex  Si 


Coroi:    Hence  the  center  6f  gravity  of  an  upright  pyramid  is  also  i  of 
Its  axb  distant  firom  the  vertex. 
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To  find  the  center  of  gravity  of  a  Triangle  (ACD)# 

376.  Bisect  any  two  of  its  sides  AD,  CD, 
by  lines  CB,  AO,  drawn  from  the  opposite 
angles ;  and  the  point  of  intersection  G  is  the 
center  of  gravity. 

Conceive  the  triangle  to  be  composed  of  an 
indefinite  number  of  right  lines  AD,  HP,  &c.  parallel  to  the 
aide  AD ;  then  since  CB  bisects  those  lines,  or  passes  through 
their  centers  of  gravity,  the  common  center  of  gravity  of  the 
whole,  or  the  centre  of  gravity  of  the  triangle,  must  also  lie 
in  that  line.  And  in  the  same  manner  it  is  proved  that  it  falls 
in  the  bisecting  line  AO ;  consequently  it  must  be  at  the  inter- 
section G. 

» 

If  DQ  be  parallel  to  BC,  the  triangles  OQD,  OGCare 
equiangular,  and  because  CO=0D,  they  are  also  equal,  there« 
fore  DQ::^CG;  and  since  AB=:BD,  it  follows,  from  similar 
triangles,  that  GBrr^QD^^GC,  therefore  CB  is  trisected  iu 
G,  and  consequently  CGzzfCB.    In  like  maimer  AG^fAO. 

CoroL  If  CAD  be  the  base  of  an  upright  prism,  the  center 
of  gravity  of  the  prism  will  be  in  the  middle  of  the  line  drawn 
perpendicular  to  the  base  at  the  point  G. 

To  find  the  center  of  gravity  of  a  Trapezium  (ABCD). 

377.  Draw  the  diagonals  AC,  DB; 
and  find  Q,  P,  the  centers  of  gravity  of 
the  triangles  ADC,  ABC ;  and  R,  S, 
those  of  the  triangles  DCB,  DAB; 
join  QP,  ^d  RS :  then,  as  the  center 
of  gravity  of  the  trapezium  lies  in  QP, 

and  also  in  RS,  its  situation  must  therefore  be  at  O  the  inteiy 
lection  of  those  lines.      ^ 

Or  the  center  O  may  bd  found  by  dividing  QP  reciprocally  us. 
jdie  areas  of  the  triangles  ACB,  ACD ;  that  is, 
tfiang.  ACB  ;  triang.  ACD  ;:  OQ  $  OP* 


^  *2iif^^*;.;f - 


^•^ 


*-^ 
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Tojlnd  the  center  of  gravity  of  a  PolygM* 

378.  The  cienter  of  gravity  of  any  tegular  polygon  is  eiri- 
dently  that  of  its  inscribed  or  circumscribing  circles.  But  if 
the  pojygon  be  irregular^  divide  it  into  triangles,  and  find  thcif 
centers  of  gravity ;  then  if  we  consider  the  magnitude  of  each 
triangle  to  be  a  weight  placed  at  its  center  of  gravity,  the  com^ 
mon  center  of  gravity  of  the  whole  may  be  found  by  proceeding 
as  in  art.  374. 

379.  If  sides  of  a  regulaf  polygon  fAt,  EB,  BH>  HD,  &c.) 
le  inscriled  in  the  segment  of  a  circle  ;  then^  as  half  the  sum 
of  the  sides  (DH  +  HB),  is  to  (CI)  their  distance  from  thi 
center  of  the  circle y  so  is  (ND)  half  the  chord  of  the  segment ^  to 
(CR)  the  distance  of  the  centet  of  gravity  of  those  polygonal 
sides  from  the  center  of  the  circle*, 


Let  the  sides  be  bisected  in  L,  Q.  P>  I;  theti  if  LQ  and  IP 
are  also  bisected  in  T  and  O,  the  intersection  of  TO  andCB, 
or  the  point  R,  will  evidently  be  the  center  of  gravity  of  the 
chords  or  polygonal  sides  AE,  EBj  BH,  HB. 

The  triangles  DSH,  COI  are  similar, 
Vhence  CO  ^  CI  ::  DS  :  DH, 

::  2DS  (nBD)  :  sDH  (r:DH  +  HB)f 
or  CO  :fiD;:  CI  ;  DH  +  HB^ 
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And  from  th^  similar  triangles  ORC,  BND^ 
^eget  CO  :  BD::  CR  :  ND; 

Therefore  by  equality  DH-fHB  :  CI  ::  ND  :  CR* 

CoroL  I .  If  we  suppose  the  sides  of  the  polygon  to  be  dimi- 
nished indefinitely,  so  as  to  coincide  with  the  arc,  then  half  the 
sum  of  the  sides  is  equal  to  half  the  arc,  and  CI  the  perpendi- 
cular  bccomea  equal  to  the  radius;  'hence 

As  half  any  arc  of  a  circle,  to  half  its  chord,  so  is  the  radia* 
of  the  circle,  to  the  distfuice  of  tbf  center  of  gravity  of  the  arc 
Irom  the  center  of  the  circle. 

Corel.  9.  Conceive  the  sector  FBXC  to  be  divided  into  at| 
infinite  number  of  triangles  CXK,  CKZ,  &.c«  the  bases  XK, 
KZ,  &c.  being  considered  as  Hght  lines;  then  (376)  their  cen« 
ters  0/ gravity  will  be-jCX  distant  from  the  center, C.  Let 
CW  =  f  CX,  and  describe  the  arc  WVY ;  then  the  centers  of 
gravity  of  aU  the  triangular  spaces  will  be  in  that  are;  coDie-^ 
quently  the  center  of  gravity  of  the  arc  will  ^Iso  be  that  of  all 
the  triangles,  or  of  the  sector  FBCX;  therefore  if  G  be  the 
^nter  of  gravity  of  the  arc 'WVY,  or  of  the  sector, 

ate  VW  :  UW  (half  its  chord)  : :  CW  :  CG. 
But  the  sectors  BCX,  VCW  are  similar,  and  CW  =:  ^CX, 

whence,  arc  BX  :  i  chord  FX  ::  |CX  :  CG, 
or,  as  the  arc  FBX  :  chord  FX  ::  |  radius  CX  :  CG* 

Corot.  3.  If  /  and  x  respectively  denote  the  distances  of  th^ 
centers  of  gravity  of  the  triangle  CFX,  and  the  circular  segment 
FBX,  from  G, 

Thca  triang.  x  t=  9egm,  x  x^  whence    ^^  ^'         =  ;r  ^ht 

distanoe  of  the  centrr  of  gravity  o!  the  segment  from  that  9f  th^ 
fCQtor. 

I  .  .  ... 
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To  find  the  center  of  gravity  of  a  Parahola. 
3§0.  It  18  maaiftst  the  center  of  gratity  lies  in  the  axif* 

Let  the  parabola  be  suspended  at  S- 

its  vertex  Si  and  put  a=:,SC  the 

axis,  and  prs  the  parameter*    Also  ^ 

fuppme  the  surface  to  be  composed 

of  an  infinite  number  of  lines  AB,     _ 

GR,  &€•  parallel   to  DE;  and  at    ^ 

equal  diitancei  80^  OQ,  &c«  ftoro  one  another  t 

Then,  from  the  nature  of  the  parabola, 

iVpSOssAB, 
9t/pSQ=:GR, 
ht,        &c. 

And  (375.  coroLj  9  v^pSOx  S04-2t^/iSQx  SQ-hScc.....S|/pSCxSC^ 

or  SV^O'+ay'fSQ'^.&c 2Vi»^ 

That  is  (SO^  +  SQ*  +  &c ...a^jSiZ/ssall thecir. 

Now,  by  Art.  179,  the  sum  of  the  series  SO^  4^  SQ^  4.  &c ^ 

(that  is,  fiom«*  at  S,  to  a*  at  C)  will  be  ^  ^.  =  ^  ;  therefore  fy 
X  2  v^ps  all  the  dt\  which  divided  by  ^  ^pa?  the  area  of  the  parabobi 
(or  B),  ^ves  J^^-s  ss^^^  the  distance  of  the  center  of  gravity  from  the 
vertex  S. 


To  find  the  center  of  gravity  of  the  frustum  of  a  square 
Pyramid. 

381.  tet  /sGH  the  side  of  the  less  end,  ^ = AB  the  side  of  the  base 
^r  greater  end,  and  A  sb  the  height  of  the  frustum. 


If  the  iinistum  be  cut  through  the  4  sida  of  the 
less  end  by  planed  perpendicular  to  the  bas^  It 
wiQ  be  divided  into  4  equal  square  pyramids,  4 
equal  triangular  prisms,  and  •  parallelopiped 
QHDR,allofthcsalnealUtude.    Eadi  pyramid 

having  AR  ot  2>B  or  £~-  fee  tht  side  of  iU 


"    H 
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base;  and  AR  or  Dfi,  and  GH  or  RD  or  tbeir  equab  ^^  aadA  are  tit 
tidei  of  the  bases  of  the  prisms  •. 

Now  ^S:z!Yk  jAx4s=(^«— 2^/+/*)^=sthecubiccontcntsofthe 

4  pyramids. 

*y^   XiAx/x4=s(f/— P)A of  the  4  prisms.    •  • 

/»X  A ..of  the  parallelopiped* 

Aod  the  ajsgr^te  is  (^*4-|r'+/*)jA,  the  content  of  the  fruitum# 

Suppose  the  frustum  to  be  ^qspeodcd  at  the  least  end  GH ; 

T^n  I A  is  the  distance  of  the  center  of  gravity  of  the  pTramids  ^ 

|A 1.....  .of th« prism,     (^*»«* 

ih of  the  paiallelopiped  ) 

the  distance  in  the  axis,  of  the  center  of  grarity  of  the  frustum  from  the 
least  end,  or  plane  of  suspension  GH»  i^tb)*    This  expression  reduced  be- 

Coroi^  And  the  same  expression  ^ill  answer  for  the  frustum  of  a  cone 
or  any  upright  pyramid,  if  ^  ai^d  /  depote  tlie  diameters,  or  other  similar 
lines  of  the  greater  and  les^  ends ;  because  the  surfaces  will  be  as  the  squares 
of  those  dian^eters,  or  lines, 

Eiuanph*  Let  the  frustum  be  a  squared  piece  of  Umber  Ztifect  long,  and 
(|ie  sides  of  the  greater,  and  less  ends  r=2,  and  \\fect,  respectively ; 

Then  i^+^tgf  X  ^  =  16^/«rf,  the  distance  of  its  center  of 
gravity  from  the  least  end, 

d83«  Suppose  AB  is  a  squared  btam^  or  lever  of  oak,  30 
Jeet  long^  each  end  being  afoot  square  ;  now  what  weight  W 

at  the  end  A,  would  keep  it  in  an  horizontal  position^  on  a 
fulcrum  C,  zfyetfrom  iliat  end,  if  ea^f^xViHcfoot  of  the  beam 

yi^eighs ,  57lb.  ? 


*  These  sections  will  readily  be  coinpr^ea<k<l  if  the  exterior  lines  are  dnwn  oo 
imodal^    If^r^haaybectttfromaoemaM^^rk,  orsefttroQd, 

3«  S 
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Since  J  foot  in  length  is  aho  a  cuWc  foot,- 
vre  have  27  x  57  ="1539/^.  the  weight  of     ^\  i^  ^         ^  — q 

the  arm  CB,  aijd3j<  57:5=  171/6. 
CA. 


light  or  p  ^ 

that  of       Js 

%^W      ... 


CG  =s:  I3i,  and  CP  =:  4i  feet,  the  dwtances  oC  the  centers  of  gravity  of 
the  anns  from  the  fulcrum  or  prop  C. 

We  may  now  consider  a  weight  of  1530/6.  at  G,  another  ofn  I*  at  P, 
and  a  third  at  A>  ail  suspended  o»  a  lever  void  pf  gravity,  apd  i^ing  in 
equilibrio  on  Ihe  support  C:  and  we  have 

VV  X  CA  +  p  X  CP=  G  X  CG,  (369  cbrol.  4) 
Vhence  W=  ^^^^O-^^CP  ^  1339  y  13>  ^m  x  »^  ^ ^3^,^^^  ^^^ 
wttght  or  force  required. 

383.  ^CD  le  qn  uniform  iron  lar,  or  lever  of  the  second 
kind,  Qjeet  in  length,  weighing  36lb.  it  is  required  to  find 
a/hat  power  P  would  he  sufficient  to  sustain  the  lever,  ani 
weight  W  =  64lb.  in  e^uililrio^  if  the  diitantf  CA  =  \^ 
inches  t 

The  lever  being  supposed  a  right  line,  we 

have  DC  X  P=CA  X  \V  (36O),  whence 

p       CA  X  W      ^.  ^  .     .  **    A 

^- — CIJ^'  wtiich,  m  that  case,  would      ^   ^ 

be  the  power;  but  half  the  weight  of  the  Jn^ 

lever,  or  ^CD,  is  sustained  by  the  power  ^ 

P,  (CD  being  inches) ;  therefore  P  isss  JCD  +  ^^^  ^  =  1^4.  ^^^^^ 

=  32  \ll,  the  power  required. 

Scholium.  Were  the  lever  without  gravity,  it  is  manifest,  by  increa^ 
ing  its  length,  the  necessary  power  would  .be  diminished.  fiiH  when  the 
lever  is  an  iron  bar,  beam  of  wood,  &'c.  there  is  a  certain  deterriiniUe 
length  which  admits  of  a  tninimimt  power  that  will  sustain,  or  false  a  givei 
irelght  (W)  at  a  given  distance  (CA),from  the  prop  t.  ThXis  in  the  pV^enl 
example,  let  the  length  CD  =  .r inches;  then  ix=;half  the  weight  6f  f^e 
lever  in  pounds;  and  ^+£i|jr  -- the  power  P. 

Suppose  {X  +       ^      =  w,  then  by  reduction  we  have 
the  quadratic  equation  a*— 4i7u=:«-4CA  X  W; 

whence  x  =  2m  db  y  ( 4 w—  4  C A  ^  \\\ : 


^W 


T5^ 
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Kow  the  least  possible  vilue  of  th  i^  ^hcn  4m'— 4CA  X  Wsso,  or 
4iii*ss4CA  X  W;  for  if4iw»  be  less  tb^n  4CA  x  W,  the  expression  |/(4m* 
— 4CA  X  W)  bevoiDjes  impossible.  Hence,  when  4m*t=MCA  X  W,  wc 
getm=/(CAx  VV);  and  *=:2m3to;*2/(CAx  W)=:2v'C16x  64) 
S?  ^'inckts,  the  iepgth  of  the  lever^ 

And  P  =«  ^  Hr  ^^^-*  5?322J,    The  li?aSt  potirer  by  Mrbich  the  weight 
4  04 

^D  be  sustained  b  equiijbrio,  \9hen  the  lever  weig)^  half  a  pound  per  inch. 

SS'i*  ^  p?*^ce  6f  iimler  ni^drly  in  tlie  shape  of  a  conic  Jms^ 
tum^  40  feet  lovgy  is  supported  in  an  horizontal  position  on 
fWo  prqps  C  and  R,  6  feet  from  the  ends  ;  nciu  ij  the  diameter 
pf  the  greater  end  he  Sjfee/,  and  tht^i  of  the  less  1  foot,  tvhdt 
fs  the  pressure  p»  each  prop  f 

Let  g  ^nd  I  denpte  the  dUmet^ 
pf  tl»e  ends  A  and  D^  antt  k  the 
Jtngth, 

TIien(58I)^|±i±ixlO=24f     ^^*  C     \      /      'k1    ^J> 

feet,  ^  DG  the  distance  of  the  center 

qf  gravity  G  from  the  less  end ;  thcrcfbre  G€  =s  9f ,  and  Cfe  =  l6f . 

If  5  =  the  weight,  or  the  cubic  contents  of  the  frustum,  we  may  conceive 
that  weight,  or  contents,  tq  be  suspended  at  the  center  of  gravity  G  on  a 
fever  AB  void  of  gravity,  ai^d  supported  in  equilibrio  on  the  fulcrum  C  by 
ft  power  P  instead  of  the  prpp  A  ; 

fhttk  (360)  CG  X  i=:CR  x  P;  ^fccndfc  -^^  •  ^^i 

or  28  (CR) :  »f  (CG) ::  * :  P,  the  pressure  on  JR ; 
llad  20 :  m^  (GR)  V:  y  :  the  pies^re  on  C:  ' 

iThat  IS,  the  whole  Weight  mu8tt)e  divided  reciprocally  as  the  distances 
f>f  the  prop$  from  the  center  of  gravity  of  thebddy. 

385»  Let  DB  le  q  heavy  be^dy  in  the  form  of  a  parallels* 
plpedt  standing  on  the  bas^  ACB  perpendicular  to  the  horizon.; 
toflnijt  what  power  P  acting  parallel  to  the  horixan^  at  a  given 
height  CO  Of  BN  ahvc  the  tase^  weufd  be  4uffici$nt  to  turn 
it  0V€r^ 


IT-* 
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Let  the  perpendicular  VS   bisect  j>|^ 

CB>  then  as  the  center  of  gravity  ^f\  T 
of  the  rectangle  CQ  is  in  that  per-  pir  o 
pendicular,  we  may  consider  the  sur-  ^  jjs^  ;^ 
face  CQ  as  bebg  collected  into  a 
l^eight  suspended  at  the  point  S  di- 
tcctly  under  the  center  of  gravity.  And  if  CB  were  at  liberty 
to  move  about  the  point  C,  the  force  at  S  to  turn  it  over  is 
SC  X  the  weight  at  S,  or  SC  X  surface  CQ>  therefore  consi- 
dering SCO  ^8  a  bend^  I^v^r*  and  C  the  fulcrum^  we  shall  have 
SC  X  suri^ce  CQ  =:  CO  X  power  at  P^  in  the  case  of  an  qui. 

f,  .  •  SC  X  surface  CO       ^ 

ilbr^umf  hence    ■     ■    ^a^   T  ,  .  ^  —  P, 

Now  the  body  is  coi^posfd  of  }npu;neFjkbI|2  planes  parallel 
and  ef^ual  to  CQj  therefore  substituting  w  the  weight  of  th^ 

body  or  of  all  those  planes,  for  CQi  we  have  '-wj^^fj 

or  CO  :  SC  ; :  u^ :  P,  the  force  necessary  to  keep  all  th^ 
|>tants  or  the  body  in  equilibrio  on  the  edge  or  line  CA^  pV 
vided  it  res^  ofl  that  edge  oply, 

Let  CB^CAs83^,  the  height  Wiss^efret^  CO  or  BNss4Mfn4 
Suppqie  the  bod^  to  be  he^vy  stone  or  marble,  weighing  IfOlk  per  cubi^ 
foot    ThfQ,  d)c3x6xl60s=:  S640lb.szw  the  weight : 

Therefore  it  would  require  a  for^e  something  greater  than  3240^.  fheq 
applied  at  the  height  of  4  feet,  either  to  pull  or  push  it  down. 

S86.  Lei  BQAH  ie  the  perpendicular  section  of  a  hank  ^T 
earth;  to  find  the  thickness  CB  of  an  upright  rectangular  tqfiH 
necessary  to  support  it. 

If  the  bank  consisted  of  loose  earth  with- 
out any  support  on  the  side  QB,  a  part 
QBA  would  slide  down^  leaving  the  slope 
AB  inclined  to  the  horizon  CH  in  a  greater, 
*or  less  angle,  according  as  the  earth  was 
more^  or  less  tenacious.    Sand  and  fine  gravel  will  descend  tiR 
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the  attgle  ABQ  in  less  than  30*  5  but  a  slope  greater  than  6(f 
may  be  formed  with  some  stiff  soils.  On  these  accounts,  the 
inclination  of  AB  is  usually  taken  at  «*  in  computations,  at 
a  sort  of  medium. 

.Let  AssBQ  the  height  of  the  waH,  and  jcssBC  its  thickneisv  then  if 
QA  s=  QB,  i**  is  the  area  of  the  triangle  QBA,  and  hx  s=  that  of  the  rect- 
angle DB  or  section  of  the  wall. 

.  Kow  if  we  consider  the  triangle  QBA  as  a  body  at  liberty  to  descend 
down  the  plane  AB  without  friction,  its  force  against  QB  in  an  horiaontal 
direction  KN  will  be  equal  to  its  weight  ^A*  (denoting  its  weight  by  the 
area  or  surface) :  for  it  Is  soitaiBed  in  equilibrio  by  the  rettstance  of  BQ, 
which  resistance  is  perpendicular  to  BQ:  therefore  (344,  coroK  8)  BH 
(or  QA)  :  BQ  ::  ulrighi  ih*  :  ih\  the  force  in  the  horicontal  line  NR;  R 
being  the  center  of  gravity  of  the  triangle. 

Let  fer  be  considered  as  a  weight  at  S  the  middle  of  BC  (as  in  the  pre- 
eedmg  article) ;  then  C  being  the  fulcrum  of  tlie  bended  lever  NBC,  and 
»N=s|BQ{37^), 

we  have  CS  X  *«  =  BN  x  lh\  in  the  case  of  an  equilibrium  ; 
or  4*  X  A«  =  |A  X  4A»;  whence«=*  y^f,         ^ 
or  BCs=.816BQ« 

That  is,  when  the  wail  is  built  with  maierials  of  the  same  weight  as  the 
^rth,  its  thickness  roust  exceed  ^^  of  the  height.  •  This  is  according  to  the 
example  in  Dr.  Mutton's  Coune  of  Math*  vol.  IL 

,  MuUcr  however,  [FracHcal  Foriification)  by  allowing  j  of  the  pressure 
ibr  friction  on  the  plane  AB,  reduces  the  force  of  the  triangle  to  |  x  i*" 
iwr  J/^  against  the  point  N  ; 

Hence  {x  X  hx-^ X  i**;  and*= A  V J  =  .47A, 
or  BG:;=.47BQs 

That  is,  the  thickness  is  nearly  half  the  height. 

But  M.  Belidor  (Science  det  ingenieurs)  endeavoura  to  prove  that  the  tri- 
angle  QAB  should  first  be  diminished  to  half  its  pressure  or  weight  on  ac-^ 
count  of  th*  tenacity  of  the  earth.  He  then  considers*  the  parts  of  the 
triangle  as  acting  separately  against  QB  io  directions  parallel  to  the  slope 
AB,  and  reduces  all  their  forces  to  the  point  Q.  The  same  conclusion, 
•early  however,  is  oltitaincd  by  taking  f  of  the  triani,!  •,  or  }  x  'J^  for 
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tb€fimc$aoti«gioiphori«onuJdfrectnttiagid^  mAtbm^ 

fort  fve  thall  have 

or  BC  =  .436BQ:. 
which  It  not  greatly  difTerent  from  the  conclusioa  according  to  Muller. 

Tocomputethe  thicknos  when  the  wall  or  revetmcDf  is  of  hrick^  orof  ttonet 
Let  ess  lQ4ib.  the  weight  of  a  cubic  foot  of  common  earth ;  ^=  I25lb,  that 
of  a  cubic  foot  of  brick ;  and  *  =  \sm.  the  weight  of  stone  per  cubic  foot. 
Ilien  124,  125,  158>  or  apy  three  numbers  in  the  same  prtportion,  writ  d^ 
note  th^ir  specific  gravities.  And  Since  the  weights  of  bodies  arc  as  their 
specific  gravities,  if  Uie  wall  be  of  brick  we  shall  have 

•    lA»«X*«iA»x#,  and^isAv'^sst.SlSAc:"  A 


2» 


ih»»x*»ik*x  « «=Av'ni= 


iiy 


.m^~H 


iA«»x»«A*'x«.. 


■•'=*V,^- •«*=?* 


>.   nearly. 


T^atif,  iflhewall  1^  l^feet  high,  its  thickness*  according  tp  the  fiist. 
hypothesis^  should  be  rather  more  than  13 ;  but  Belidor's  makes  it  ^oo^ 
7  feet. 

If  the  wall  be  of  stone,  then 

»  =  Al/g  =  .75?A 

«=;Av^^»,42A 


Si' 

f  =s  /i  i/  —  = 
^  2is 


^9A 


Hence,  supposing  the  height  BQ  =  X^feel,  the  diflercnt  hypotheses  give 
about  Ij  4,  e^V  and6j/cff/,  respectively,  for  its  thickness. 

i 

387.  ^CDQB  U  the  profit  q^c  reveimtit  or  wall  suf. 
parting  the  earth  QBA;  ta  find  ihe  thickness  DQ  or  OB 
when  the  slope  DC  t^  given. 

Let  k^OD  oz  BQ,  nA»CO  the  bwe  of  Uio 
triapgk  CPO,  «=B  ),  also  suppose  e,b,sto  denote 
thtt  sa9ie  specific  fravities  as  in  the  |ast  article, 

Thqi  hx  =  the  rectangle  DB,   ai^d  iA»  =s  the       ^  ^ 
^langle  Qi3A  (as  above) ;  also  ifiA«  =  the  triai^le  CDO.    Now  instead  of 
Siiding  the  center  of  gravity  of  the  trapezoid  CDQD,  we  shall  conccjvp 
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lb«  suTfages  of  the  rectangle  DB,  and  the  triangle  CDO  to  \>e  weights  at  S 
and  T  directly  under  their  centers  of  gravity,  S  being  the  niiddle  of  0? 
fas  before) ;  btit  T  will  be  f  CO  distant  from  C ;  that  is  CT  zz  |«A,  and 

Then  C  being  the  fulcrum  of  the  bended  lever  CBN,  we  hav€ 

or  j«Vi^3  +  «*A'jc-f-^Aix*=:]A'tf  in  the  case  of  an  equilibrium 
•wlien  the  wall  is  of  brick/  according  to  the  first  hypothesis  in  the  preceding 
ultick*.    This  expression  reduced 

gives  *  +  >iA=/ -^ ,and«  =  Ai/V3J+7J— ^** 

Suppose  CO  s  j  of  the  height  OD,  tliat  is,  let  n  =r  |» 
nL  +  '^j  — nh:=i,62h,  nearly. 

Jkit  adoptng  the  second  hypothesis  (Muller's),  it  will  be 
^«*A5*  +  fi*A»r+iA3x»3c:^tf;  whence x  =  .28A. 

And  taking  ^^J^e  instead  of  ^hh,  we  get  4f  aa  A  ^  (^  "^  ^)  "*  "* 
PS.25A;  orDQssjQB,  according  to  Belidor. 

If  the  revetment  be  of  stone,  then  substituting  s  for  B,  we  get 
sAh  ^  (j^  +  'M— «Acs.S3/^     ^  nearly. 

ftippose  the  height  BQ=15  feet, 

then  ,53  X  15  =s  7  feel  X  *      . 

.23x15  =  3^        >  nearly,  for  DQ  the  tbiclciieig  at  top. 
.2    X  15  =  3  \ 

And  by  adding  CO  =  3  feet  (|  of  RQ)  we  shall  have  CB  tbe  thickness 
pt'  bOttOPU 


3b%.  Whtn  the  revdment  supports  a 
hank  of  earth  QBAS  raised  above  the 
'top  DQ:  Let  Tzz  Ae  area  of  the  tri- 
angle  PBA»  and  /  =  that  of  the  tri- 
.angle  PQS ;  9^0  suppose  r  to  denote  1^ 
pr  i,  or  f . 
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Then  f  RP  X  Tr  =  the  force  of  the  triangle  PBA  to  turn  the  bended 
lever  PBC  about  the  fulcrum  C ;  and  (BQ  +  *  QP)  X  'r  =  that  of  the  tri- 
angle PQS ;    .        . 

and  their  dl/Terence  |  DP  X  Tr  —  (BQ  -+•  |  QP)  X  tr  is  the  effort  of  the 
quadrilateral  QDA$, 

Hence  if  the  wall  be  of  stone,  we  shall  have 
|.nV*'j  +  «5A*j:  +  4A*i«=|BP  x  Trtf—  (BQ  +  |.QP)  X  tre,  when  the 
revetment  and  bank  are  in  etjuiiibrio. 

Suppose  QP  =  9  feet,  and  the  taltis  QS  parallel  to  BA,  or  the  angle 
FQS  s 45°  s  the  other  dimensions  remaining  as  in  tlie  last  article: 

Then  the  Equation  reduced  gives  «*  +  6*  +  6  s=  401 .  56r. 
Jf  r  =  1,  then  «  =:  17 . 1  feet. 


)   nearly, 
(    ingtotJ 


X        8.6  <    ing  to  the  differtnt  hypotbeses. 

*=    7.8 


Remark.  If  the  triangle  QBA,  {^g.  preceding  the  last) ^  or 
ratlier  the  triangular  prism  of  earth  of  which  QBA  is  a  perpen- 
dicular sectioiij  were  a  solid  body  on  a  perfectly  smooth  plane 
AB,  its  force  in  the  horizontal  direction  RN  would  be  denoted 
V  i^Q'  21^  »''  inclinations  of  the  slope  AB.  For  ^BQ  x  QA 
=:  the  area  of  the  triangle  QBA  ;  consequently  (344,  corol.  S) 
QA  :  QB  : :  iQB  x  QA  :  xBQ*  its  force  in  the  direction  RN, 
as  in  the  first  of  the  preceding  methods.  But  this  supposition 
gives  the  thickness  of  walls  nearly  double  what  M.  Vauban 
found  by  experience  to  be  necessary.  Soils  however,  are  so 
various,  that  we  cannot  expect  any  nile»  even  from  experiments, 
which  will  ^ve  a  satisfactory  result  in  all  cases. 

In  these  computations^  the  wall  is  considered  as  one  compact 
block,  or  the  joinings  as  strong  as  the  solid  material ;  and  that 
Its  resistance  arises  from  the  weight  only.  But  if  the  wall  be 
Qrmly  attached  to  a  foundation  sunk  in  the  earth,  it  is  manifest 
some  other  data  derived  from  the  strength  of  the  wall,  must 
enter  the  computations. 

^S9..  To\find  the  thickness  of  the  piers  necessary  to  support 
ft  semicircular  Jrch  VQWETV. 
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^n 


Let  VTAQ  he  a 

perpendicular  section 
of  half  the  arch,  O  its 
center  of  gravity ;  and 
CBQD  the  corre- 
sponding section  of 
the  pier  supporting 
that  half  arch. 


Now   the    arch    is 
supposed  to  be  of  such 

materials,  that  were  it  not  opposed  by  the  pier  DB,  iti  own 
weight  would  break  it  at  TA :  the  arch  tberefere  exerts  itSL 
forqe  or  weiglit  in  three  diieciions,  namely  in  the  perpendicular 
direction  OK,  in  that  of  OV,  and  in  an.  horizontal  directior^ 
KV  ;  and  the  forces  will  be  as  those  three  lines ;  but  OK, 
which  is  in  the  direction  of  gravity,  must  therefore  be  propor- 
tional to  the  veight.  Hence  if  w;  =  the  weight  of  the  arch,  or 
the  surface  VPAQ  (to  which  it  is  proportional). 

Then  OK  :  w  ::  KV  :  -jtit-  ==  the  lateral  pressure  at  V,  o^ 
^at  in  the  horizontal  direction  KV*. 

We  now  consider  C  as  the  fulcrum  of  the  bended  lever  CBV^ 
and  suppose  a  weight  at  S  the  middle  of  CB,  equal  to  the  si;r<i 
face  DCBQ,  or  =  CB  x  BQ ; 
«;KV 


Then  VB  x 


OK 


is  the  eflTort  of  the  arch  at  V  in  the  di-^ 


rcction  KV  to  turn  it  on  the  point  C,  and  CSxCBxBQ 
that  of  DB  on  the  same  point  C,  in  a  perpendicular  direction  : 
consequently,  in  cas^  of  ^  ec^uilihrium,  thosQ  forces  must  be 
<aual ;  that  is. 


li^KV 


VBxwKV 


|CBxCBxBQ=VBx  .^j  whence |CB^=  qq^qj^> 

hck  tl^e  radius  RV  pr  aT:ps30«  TA  =;4.  and  VB=12  feei;  then 
QB^4^^    I^ow  ^o  find  O  the  center  of  gravity  of  the  surface  VTAQ^ 

3D? 


3d« 
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Let  TI  be  paraUel  to  AQ :  draw  IR  srnd  IG.  G  being  tl^  «>W*^  ^  ^^^ 

f  gravity  of  the  parallelogram  IQAT,  And  if  N  be  tbe  center  of  gravity 
of  the  quadrant  RTV,  RN  =  ia/«r  nearly  (379  cprol*  2).  Also  the  area 
of  the  quadrant  RTV  3=706.86  /«?/,  that  of  the  square  iTRV=:900,  an() 
the  difference  193 ,  14  =  the  area  VTI ;  and  since  2  the  middle  of  I8,  i^ 
the  center  of  gravity  of  the  square  ITRV,  NZ  is  =i=  5.215;  hence,  if  t 
be  the  center  of  gratity  of  the  spaee  JlTV,  we  shall  liave  (372)  ti 
_ 70g»86x  3^-213'  _  J  j^g^  therefore  IP  =r 9.4ii3  nearly.    I^loreov^,  since 

GI  is  =  i  the  diagonal  of  the  parallelogram  QT,  we  get  (by  trijonoro.) 
PG=  12.024,  which  being  divided  reciprocally  as  the^wo  surfaces  IQAT, 
and  VTI,  gives  GO=7.4!4.  and  O  is  the  common  c^nte;  of  gravity  of 
both  surfaces  or  of  the  quadriUnear  space  VTAU  or  section  tuf  the  half  atth. 
And  lietice  OK  and  JCV  ai^  zmdily  i^find  to  be  26.  U^  an<Li»  .8?  fid,  r€« 
tpifctivdy«  J 

These  values  Jieing  substitVited  i\i  ttie  ^bove  expressioti,  ^^  shall  have 

thickness,  when  the  pier  just  prevents  the  arch  from  falling,  consequently 
^he  dimensions  should  be  somewhat  greater.  Also,  when  the  pi^  stands  iq 
water,  its  pressure  will  be  lessened,  and  an  allowance  pught  to  be  made  ojf 
that  account,  except  It  be  ^^pported  on  the  side  DC, 

390.  Suppose  CD  1^  a  beam  ofw^oH  moveahU  ai^ut  ike  eni 
C,  and  supported  by  the  weight  W  attached  to  a  jlescilk  Uiit 
DPW  passing  over  a  pulley  a(  P ;  tq  determine  the  cum 
WRH,  alojig  which  tbe  weight  W  must  move^  so  that  t^ 
beam  and  weight  shall  always  be  in  equilibrio. 

Let  CD  be  horir 
2ontal,  and  t{ie  per- 
pendicular CP=  CD} 
also  suppose  the  beam 
is  of  uniform  Ihkk* 
ness;  then  we  may 
consider  it  as  a  line 
or  lever  without  'grav- 
ity, having  a  weight  at  the  middle  point  A  (Its  center  of  gravity) 
equal  to  that  of  the  beam.  Make  CQ  perpendicular  10  Ppj 
and  QA  will  be  perpendicular  to  CD. 


«£t(t£ll  OP  eilJl^ltYf  B^ 

m 

6mce  CQ  and  CA  are  rest)ectiire1y  perpeadtculat  to  DP  and 
QA  the  dii;ecttons  in  whieh  the  ^eights  W  and  A  act  on  thf; 
lever  to  turn  it  about  the  end  C,  thp  weigfits  or  forces  in  equi* 
I'lhtiq,  will  be  reciprocally  as  t^ose  perpendiculars  PQ  apd  CA| 
(by  tte  propefties  of  tlve  le^er;^ 

^I)at  is,  CQ  :  CA  : :  weight  A  :  tve^'gki  W; 

pf  CG  :  CS  ; :  fuei^ht  A  :  weight  W^  (\)Y  sim-  triaug.Jf 

Kow  suppose  GB  to  be  anot}>er  position  of  the  beam  0r  lever, 
|ind  R  the  corresponding  place  of  the  weight  W :  Draw  RZ, 
VT;  BE  paraljel  to  CD,  and  VI  pardlel  to  Pp ;  then  W2  i% 
the  perpendicular  descent  of  the  weight  W,  and  IV  the  torre- 
j^poi^ding  yerlic/gil  ai^cent  pf  the  weight  A,  and  those  spaces  are 
Reciprocally  as  ^he  weigl^ts  or  forces,  in  the  f  ase  pf  an  equU 
libnum,  (^4d); 

That  is,  yvi  :  IV  : j  mfgfit  A  :  U^pight  W  ::  CG  :  CS  (bjr 

pjuality) ; 

Hence  ijt  appear^  that  WCzrCQ  :  for  WZ  :  IV  :  CG  :  CS 
:;  CQ  :  CA  or  CO  ;  that  is,  WZ  :  IV  : :  CQ  :  CO;  but  wbca 
the  b^am  is  vertical  or  in  the  position  CP,  V  and  O  coincide, 
^nd  IV  bepotiies  =  fX>^  thef^fore  the  atitecedenta  WZ  aiidCQ 
f  re  also  eqyiaU 

l^t  WZ  =  JT,  ZR=y,  GDorCP  =  A,  PWrrp,  ofzzv, 
I  =  the  length  of  the  line  DPW,  «=:CG,  n  =  G^orGS: 

Then  WZ  :  IV  ::  CG  :  CS  (or  CQ  :  CO); 

that h,x  ;  {h — v  ::m:n;  whence  9  r:  *  ■■  r^^*^*  '>ut 

^he  sectors  OCV,  PCB  are  similar^  and  PC  ±:  MG.  ^ftitlMt 
-.i—      ^        mh^Qnx 

aOT  =  «« :^  -^ — — . 

And  because  the  triai^gle  PCB  Is  isoceles,  PB\=  gPCx' I^E 

^^L    ph—Snx     imh*—knhx  ,,_ ^  _  ^^^  .     /kmh^ --Afihx ^ 

rigiix  ■  ^  =:  ■  .■  >  thfct%tbrerB2r4/--*---**»--*-*^l 
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whence  (,-  •  ?2!^f^i2^)'_  ^p  +  ,)*=  f  (=  Rz.), 

the  equation  of  the  curve,  exhibiting  the  relation  of  an  ordinate 
WZ  or  NR  (^),  to  its  corresponding  abscisse  ZR  or  WN  (y). 

Suppose  CD  =  CP=:20/tfe/,  its  weight  or  the  weight  of  A  =  600*, 
then  CS  being  the  side  pf  a  square,  and  CG  its  diagonal,  n\  and  n  may  he 
denoted  by  l  .414  &c.  and  1;  and  we  have 

1.414  !  1  ::  600  :  424/^.  the  weight  W, 

Al«o^200=14.14&c./de/=CQ=;CVV;  and  PW=35,86;  whence 
l=^PW=:34. 14/tff/;  and  CH=r  v^(34. 14*— 20'-)  =27.67>«r/,Dearlx. 

If  we  assome  x,  and  find  the  corresponding  values  of  y,  the  curve  may 
be  traced  by  means  of  points:  Thus,  suppose  WZ  or  *=  10,  which  beii^ 
substituted  for  *  in  the  equation  of  the  curve,  gives  ZR  or  ^=;  10.  l6/«/, 
uearly* 

If  C  V  be  the  radius,  the  perpendicular  ascent  of  the  weight , 
Jk  will  always  be  denoted  by  (VIJ  the  sine  of  the  inclination  of 
CB  to  the  horizon;  hence  M.  Belidor  calls  this  Qtirvc  the Sinwr 
soid:  see  his  Science  des  Ingenieurs,  where  a  weight  (W) 
moveable  along  the  curve,  is  made  the  counterpoise  to  9,  Draw^ 
bridge  (CD)  tifiat  turns  on  the  end  C, 

991.  Let  the  plane  AEFQ  ie  perpendicular  to  the  horizon^ 
G  its  center  of  gravity ^  and  CGH  parallel  ta  thehorizom 
then  if  the  plane  revolves  alout  C  as  a  center^  always  retain^ 
ing  its  vertical  position,  the  solid  it  geverates,  is  equal  to  the 
said  plane  drawn  into  the  arc  (GR)  described  by  its  center  (^ 
gravity. 

Conceive  the  whole  surface  .  •  \X^ 

J^EFQ  Jo  be  collected  in,  or  *  r5\\  \ 

reduced  to  the  axis  or  line  S^\    '^  \  \    w 

ZH  by  an  indefinite  number  J^ 

of  perpendiculars  to  that  line      ^^ 
drawn  through  the  surface; 
and  suppose    the    distances        «. 
GB,  Gb;  CD,  Gd,  &.C.  are  '^ 

reciprocally  as  the  number  x>f  particles  i^  the  points  B>  /',  D|  ^1 
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&c.  respectively ;  then  if  B,  by  D,  rf,  &c.  denote  the  number 
cf  particles  in  those  points,  we  have  (by  prop,  of  the  lever) 
CB.&rnGKA,  GD.DzrGi.d,  &c.  and  therefore  (373, 
corol.s)  CB.B  +  aj-CG(B  +  Z'),  CD.D  +  Cd.iziCG 
(D+4/),  &c.  But  the  arcs  DO,  BP,  &c.  are  respectively  as 
the  radii  CD,  CB,  Sec.  hence,  by  taking  those  arcs  instead  of 
theirradii,wegetBP.B  +  tS.*  =  GR(B  +  Zf},  DO.D  +  iT,i 
=  GR  (D  +  rf),  &c.;  whence  BP.B  +  iS.i+DO.D  +  dT.rf, 
&c,  =GR(B-t-i+D-+-(?,  &c.) :  now  the  whele  solid  is  made 
Hp  of  all  the  BP.B,  bS.h,  &c.  taken  together,  thcrcfcre 
GR  (B  +  i+  &c.),  or  GR  x  surface  AEFQ  is  the  solid.  An4 
the  like  is  also  true  of  surfaces  described  by  lines. 

Examples, 

I,  If  the  circle  whose  center  is  G,  re- 
volve about  C,  it  will  generate  a  ring  (like    a — 
the  ring  of  an  anchor) ;  its  solid  content 
will  therefore  be  =  the  surface  of  the  circle 
multiplied  by  tlie  space  described  by  the  center  of  gravity  G,  or 
the: circumference  of  the  circle  whose  radius  is  CG.    This  is 
also  known  from  other  principles* 

^  .e«  To  find  the  content  of  a  cone,  or  the  solid  generated  by 
the  revolution  of  a  right  angled  triangle  ABD  about  the  per- 
pendicular  BA. 

If  ACsfAB,  and  CS  parallel  to  B,  then  G,  the 
middle  of  CS,  is  the  center  of  gravity  oV  the  triangle ; 
that  is,  CGs=|BD.  And  the  circle  described  by  the 
point  G  in  one  revolution  =:  |  BDc  (c  being  =  3 .  1416), 
this  multiplied  by  {AB  X  BD  (the  area  of  the  triangle), 
is  f  BDc .  iAB .  BD  =  BD  ^ .  j-AB ;  but  BD^  is  the  area 
of  the  base  of  the  cone,  or  of  the  circle  described  by  BD ; 
therefore  the  base  multiplied  by  ^  of  the  height  gives  the  solid  content. 

3.  To  find  the  content  of  a  parabolic  spindle,  or  the  solid 
generated  by  the  revolution  of  a  parabola  DVS  ^bout  an  ordi- 
nate DS. 


9d# 
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If  O  be  tbe  cuktet  of  gravity  of  the  pa* 
rabola,  CiC::SfCV  (380);  hence,  jmtling 
c =3. 1416,  we  shall  have  ^CVc  =  the  cir-' 
cunifb^nce  of  the  circle  described  by  the 
point  G.    And  since  |DS .  C  V  is  the  area  of 

the  parabola  (304)  or  the  generating  surface,  #c  get  ^Ctf.jfeS.CV 
=iY*yCV*c.DS:  butCV^.DS  is  the  content  of  the  circum^ribingcyliiK 
der.  Therisfore  a*  parabolic  spindle  is  ^  of  its  drcqmsctibing  cylindcTi 
when  its  aJlls  (DS)  is  at  right  angles  to  (CV)  the  axis  of  the  geAerating 
l^raboUu 

4.  Let  It  be  required  to  find  the  surface  of  ^  sphere  described 
by  the  revolution  of  a  semicircular  are  DBS  abdut  tht  dianetci 
DS* 

Suppose  C  to  be  the  center  of  the  circle,  G  thj  center  of 

gravity  of  the  arc  DBS ;  then  (379,  corol.  1)  ^DBS :  CS  ::  CS 

CS  *  4CS  ^ 

t  j^gg=CG;  and  (putting  ci=  3. 1416),  -^^  isthetmck 

or  circumference  described  by  the  center  of  gravity  G  in  one 
revolution ;  tiiis  multiplied  by  DBS  the  generating  line,  gives 
4CS«c;  that  is,  stS  the  diameter  of  the  sphere,  multiplied  by  ^S#ili 
circumference,  gives  the  su|>erficies. 

5.  By  a  reverse  operation,  the  center  of  gravity  of  a  given 
surface  may  sometimes  be  determined.  Thus,  let  it  be  pro* 
posed  to  find  the  center  of  gravity  G  of  the  semiellipse  DBSCD^ 
DS  being  the  transverse  axe^  and  CB  the  semiconjtigate. 

Put  /s=CD  the  scmitransverse,  g-=CB  the  semicon- 
jugatc,  rsrO.  1416,  and  xe=CG.  Then  (;274.  c»iol.  3) 
ygc  14  the,  area  of  the  semiellipse.  And  9cxss  tlie  cir- 
cumference described  by  the  center  of  gravity  G,  .sup-* 
posing  the  ellipse  to  revolve  on  the  axis  DS ;  therefore 
tCKXi^CrOr.tgc*x  is  the  generated  solid  or  ellipsoid; 
but  this  is  also  equal  to  |  of  the  circumscribing  cylinder 

(28 1 ) ;  that  is  tgc^si  iig*c ;  v^hence «  =  ^  =CG.  Now 

•  »>c 

(37J9.  corol.  2),  CG  =  ^^^'J^  =  %    Therefore  the  center  of  graritjTPf 
arc  Ai>Jr       3c 

the  semicircle  ABP,  and  semiellipse  DBS  are  th^  same.  And  in  like  maih 
ner  it  is  found  that  the  center  of  gravity  of  the  semiellipse  OD0  is  aM 
thai  of  the  semicircle  described  with  the  radius  CP» 


3gf$.  Ifttbo  0t  mete  bodies  move  uniformly  in  straighi  lines , 
0ieir  common  cent&r  of  gravity  will  either  be  ct  resU  or  move 
unifimnly  in  «  right  tine. 

1.  lyet  G  be  the  center  of  gravity  ^g 

of  the  becKes  D  and  B,    Then  (S7d)  yf 

t>  X  Bu  GE^  GD,    Now  if  the  /     / 

bodies  move  ftom  the  positions  D  ^        X        7- 

and  B  in  any  right  lines  whatever,     "  mj  '^'$ 
bvt  in  opposite  directions,  and  their  /  /' 

velocities  are  as  GD,  and  GB,  the       A^ 
center  of  gravity  G  will  remain  at 

rest.  For  suppose  D  moves  to  i  while  B  describes  B{,  then 
the  directions  being  opposite,  Dif  and  Bb  are  parallel  and  have 
the  same  ratio  as  GD  and  GB,  and  consequently  the  trianglei 
GDd,  GEi  are  similar;  hence  GB  :  GD  ::  G^  :  Gd  ::  body 
at  d  :  body  at  b ;  therefore  G  is  the  center  of  gravity  of  t^e 
t>odies  when  at  d  and  b» 

When  Di  and  Eh  coincide  with  the  line  passing  through  I> 
and  B»  the  bodies  move  directly  towards,  or  from  each  other* 

f .  Suppose  G  the  center  of 
gravity  of  the  bodies  D  and  B, 
as  before*  and  let  D  be  stationary 
while  B  moves  uniformly  from 
B  to  ^ ;  then  if  GP  is  parallel  to 
B*,  the  center  of  gravity  G  will 
describe  that  line  GP  with  an 
uniform  motion  in  the  same  time.  Again,  if  B  be  stationary 
while  D  moves  uniformly  along  Hd  in  the  «ame  time  that  B  de» 
acribed  Eb,  G  will  then  describe  GO  which  is  parallel  to  Dd. 

Join  db^  and  draw  P^  parallel  to  lid  or  GO;  then  the 
triangles  PGP,  JiEbi  ud  also  2bg^  Dbd,  art  itspcctittti/ 

fim'ilar^ 
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Hence  Di  :  COw  DB  :  GB  ::  D*  :  P*  ::  Dd  :  Ifg:  bow 
the  antecedents  I>l>  Ddj  being  the  same>  the  consequents  GO, 
Pg*  must  be  equal)  and  consequently  O^  is  parallel  and  equal  to 
GP»  Moreover,  since  DB  and  db  are  divided  proportionally  in 
O  and  gf  the  latter  point  g  is  the  center  of  gravity  of  the  bodies 
at  d  and  b. 

It  thereforfe  follows,  that  if  D  ^nd  B  moVe  uniformly  toge- 
ther, and  describe  DJ,  B^  in  the  same  time,  their  center  of 
gravity  G,  which  is  urged  in  the  directions  GO,  GP,  will  dc- 
scribe  the  diagonal  G^  of  the  parallelogram  GP^O  with  the 
same  kind  of  motion^  in  that  time,  whether  they  move  in  the 
same,  or  different  planes ;  for  the  points  O  and  P  will,  in  both 
cases,  fall  in  Bi,  and  IW,  respectively. 

We  may  now  consider  D  and  B  as  one  body  at  G,  moving  in 
the  given  direction  G^,  while  a  third  body  describes  some  other 
line ;  and  the  track  of  their  common  center  of  gravity  being 
determined,  as  above,  a  fourth  may  be  added ;  and  so  on. 

CotoL  Hence  we  conclude  tliat  the  center  of  gra\'ity  of  two 
or  more  bodies  is  not  affected  by  any  action  of  the  bodies  upon 
one  another.  For  suppose  D  and  B  attract  each  other,  then 
their  center  of  gravity  G  is  the  ctenter  of  that  attraction;  the 
bodies  therefore  in  approaching  G  must  move  through  spaces 
proportional  to  GD  and  GB,  whether  they  continue  in  the  same 
line  DB,  or  are  urged  in  the  directions  Dd,  and  Db,  and  con* 
sequently  G  will  remain  at  rest^  or  describe  the  line  Gg. 

It  may  also  be  observed,  that  when  a  body  is  projected  with 
ft  whirling  motion>  the  rotation  is  made  round  an  axis  passing 
through  the  center  of  gravity.  So  a  body  if  quiescent  iu  free 
space,  may  be  smA  to  rest  on  its  center  of  gravity,  but  an  oblique 
impulse  would  destroy  the  equilibrium  by  tucning  it  on  that 
center* 
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Of  the  centers  Of 
PURCUSSION,  OSCILLATION,  and  GYRATION* 

31^3.  The  center  of  Percussion  of  a  body,  or  a  system  of 
bodies^  moving  about  an  axis  or  point  of  suspension,  is  a  point 
which  being  stopped  by  an  immoveable  obstacle,  the  body  or 
system  is  quiescent  without  acting  on  the  axis  of  modoiu 

Thjis  if  a  rod  of  wood  or  metal,  SB,  vibrating 
about  the  end  S,  strike  a  fixt  obstacle  Ra,  and 
the  momenta  of  oS  and  ob  are  equal  (O  being 
in  the  axis  of  the  rod),  then  all  motion  will  be 
destroyed ;  for  neither  of  the  parts  oS,  ot  would 
have  a  tendency  to  inove  round  the  point  o, 
which  in  that  case,  is  the  center  of  percussion,  or  the  point  ij^ 
which  all  the  moving  force  of  the  body  or  rod  is  collected.     ' 

394.  To  find  the  center  qf  percussion  (O)  of  a  system  of, 
todies  A,  B,  D,  &c.  connected  by  inflexUle  lines  without 
gravity^  and  rn'olvtng  about  the  point  of  suspension  S^  in  a 
plane  passing  through  their  centers  of  gravity. 

Through  G  the  common  center  of 
gravity  of  the  bodies,  draw  SC,  upon 
which  let  fall  ihe  perpendiculars  Ac, 
B&,  Drf,  &c.  and  let  AC  be  perpen- 
dicular to  SA;  also  make  CRnSA, 
and  draw  CH  perpendicular  and  RH 
parallel  to  SC.  Then  AC  is  the  di* 
rection  of  A's  motion  as  it  revolves 
about  S ;  and  the  system  being  stopt 
at  O,  the  body  A  will  urge  the  point 
C  forward  with  a  force  proportional  to 
its  velocity  into  the  quantity  of  matter,  that  is,  as  A#SA  of 
AXR.    Now  if  the  force  A.CR  be  resolved  into  the  two  forces 

3  £  3 
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A.RH>  and  A-CH,  the  latter  A.CH  will  represent  the  effort  rf 
A  in  a  direction  perpendicular  to  SC  aX  the  pomt  C ;  but  thetrii* 
angles  CHR,^  SaA  are  similar  and  equal,  and  therefore  CH=S(r^ 
consequently  A.Sa  is  the  force  of  A  in-  the  direction  HC ;  and 
(by  prop,  of  the  lever)  this  force  drawn  into  CO.  or  A.Sa.CO 
=  Sa.A  (SC— SO)  =  Sa.A.SC— Stf,A.SO=:A.SA*— &I.A.SO 
18  the  effort  of  A  to  turn  the  system  or  bodies  about  the  point  0*. 

In  the  same  manoep  we  get  B  ..SB^  —  S3..  B  ..SO».  and 
D.SD' — Si.D.SO,  the  forces  of  B  and  D  to  turn  the  mass 
about  the  same  point  O.  But  when  O  is  quiescent^  the  forces 
on  ooalraxy  sides  of  that  point  destroy  one  another^  or  their 
aumis  =  tf>  th£it  is, 

A.SA«-.  Sa. A,SO  +  B.SB* — S&.B.S©  +  D.SD  «w&U).SO,  &c.  =  o; 
.  w^      A.SA^'+B.SB'+D.SD^&c.      '    ..        ^  ^ 

whence  &0  =  5^.A  +  ^3,B4-Srf;D,  &c.^  ^  *^  *^^^^'  °' 
dte  center  of  pereussion  O  from  the  point  of  suspension  S. 

It  must  be  remarked^  that  when  perpendicullirs,  Aa,  Bb,  &oi 
fall  on  both  sides  of  S,  the  expressions  for  those  forces  which 
have  a  tendency  to  turn  the  system  in  a  contrary  direction^  must 
have  contrary  signsb 

Carol.  I.  The  common  center  of  gravity  of  the  bodies  b.*in5 
G,  we  have  (A-f  B  +  D^  &c.)SGizSaJl+S3.B  +  Srf,D,,&<i. 
(373*  corcrf.  3.)  hence  by  substitution, 

cr^- A>SA'-4-B.SB^H-D.SD%  &c 
^-  "^      (A  +  B+D.&c.)SC  • 

Corol.  9.  ButfGeoro,  art,  83)  SA»— Sa'r:(Aa*}  =  GA*— Gtf*;. 

whence 

SA»=G  A*4-Sfl«^-Gtf»=:G  A*+  (Sfl+Gfl){S«-^Ga)==GA*+SG  (SG-f  Gtf). 

=  GA»  +  SG*  — sSG.Ga  (because  Sa=SG— Gaj; 

that  is,  SA*=:  SG'  +  GA'-  «SG.Gtf, 
In  like  manner  SB*  =  SG» + GB« — gSG.GA ; 

and  SD'=:SG«-fGD'+8SG.Gif,  &c« 
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those  values  of  SA*,  SB»,  &c.  being  substituted  in  the  preceding 
fiactioQ  which  is  equal  to  S0>  and  its  numerator  will  b* 


A  CSG*H-GA*)  — (8SG.Ga)A 
ss  -J  +  B(SG»-i-GB*)— (sSG,Gi)B 

,  +  D  (SG«+GD*)  +  (sSG.Gi)  D.  Sec. 


1: 


Again.  G  being  the  center  of  gravity  of  A,  B,  D,  &c#  ibt 

sum  of  the  products  of  the  bodies  by  their  perpendicular  dis^ 

tances  from  that  center  on  one  side^  is  equal  to  the  sum  of  the 

-like  products  on  the  other  (373)  j  thatisj  Ga.A+Gb.BfSc^ 

=  Grf .  D,  Sec. 

'    Therefore  —  (2SG .  Ga)  A—  (2SG .  G^)  B  +  (2SG .  Grf)  B,  &c.  as  o ; 

y.nr.r^^  QH  A(SG*-f  GA*)  ■<> B (SG^-t^  GB*) -hP (SG^+GD^  &c. 
ncnce  bU pi+iiH-D&c.)SG  ' 

_(A4-B+D,  &c.)-O^H-A.GA»-i-B.GB»4-D.GI>,  &c, 
""         '  ^A  +  B+D,  &c.)SG  '■• 

But  if  we  conceive  the  plane  passing  through  A^  B^  D,  to  be 
■the  section  of  any  single  mass  or  body^  and  all  the  particles  of 
the  body  reduced  to  this  plane  by  perpendiculars  falling  from 
them  upon  the  plane^  then^  considering  A^  B,  D^  8cc.  as  par« 
tides,  the  sum  A+B  +  D^  &c.  will"  be  the  whole  mass  or 
body,  which  put  =  i,  and  the  last  expression  becrmes 

en    o^  ,  A.GA>  +  B.GB'  +  D.GD\&o 
SO=SG-h '    i,SG    '^ 

AM  SO-SC(=GO)=  A-OA--^B.CBnD.CD-,8.c.^ 

the  distance  of  the  center  of  perpussipn  belqw  the  center  of 
gravity, 

/^     r  ,  XI          1      cr  rn    A.GA»+B.GB^+D,GD%&o 
CoroL  3.  Hence  also^SG.GO=: . — r — ; 

therefore  GO  is  reciprocally  as  SG^  since  the  bodies  A,  B,  D^ 
&c«  and  their  distances  from  G  are  given ;  consequently  if  the 
distance  SG  is  knowp^  GO  will  also  be  given* 
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CoroL  4.  If  a  circle  be  described  about  G  with  the  radicrs 
GS^  the  point  of  suspension  (S)  may  be  any  where  in  its  cin 
cumference^  and  the  distance  between  the  centers  of  gravit)'  and 
percussion  will  continue  invariable^  the  plane  of  motion  re- 
maining as  before. 

395.  Suppose  the  body  A  (preceding  Jjg.)  le  made  to  remlv^ 
clout  S  by  the  constant  force  f^  acting  in  a  direction  perpen- 
dicular  to  SC,  at  a  given  point  C ;  tojind  the  mass^  which  if 
placed  in  C,  would  receive  the  same  angular  motion  in  the 
same  time  by  the  force /acting  at  C^  as  the  body  receives. 

By  considering  CSA  as  a  bended  kver  moveable  about  Sj  we 
have  SA  :  SC  :  :J  *    ^r^  ^he  foree  at  A  in  equilibrio  with  the 

force/ at  C,  or  it  is  the  effect  of  the  force/  oa  the  point  A; 

f  SC 
the  forces /and  •  'i^A    acting  separately  at  C  and  A»  respectirely^ 

would  therefore  have  equal  effects  oa  the  body  A>  the  former 
acting  at  C»  and  the  latter  at  A* 

Let  X  denote  the  mass  required  at  C^  v  and  F  the  velocities 
of  the  revolving  masses  or  bodies  x  aiul  A,  respectively^  and 

•^^^  =  P.    Then  by  art.  31 7>  (the  times  being  egual),  p  =4 

ffr 

X  — ,  where  ff^  and  w  denote  the  bodies  whose  velocities  are 

w 

V  and  Vy  that  is,  IVzz  A,  and  w  zzx,  in  the  present  case* 
Moreover,  when  the  angular  motions  of  the  points  C  and  A  are 

equal,  their  velocities  will  be  as  SC  and  SA ;  therefore  -r^zr  ^> 
whence  by   substitution,    the  equation  p  =  -^  x  —  becoma 

SA  "  SC  ^  ""*  which  gives  x  zz  ■  *  .  And  if  the  force/ 
acts  at  any  other  point  O  instead  of  C,  the  mass  required  will 
•     SA*.A 
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SB*  B 

CofdU  1 .    In  like  manner,  the  masses  or  bodies    ^^^      and 

-~5-  if  collected  in  O,  would  acquire  the  same  angular  motion 
from  any  constant  force  actii^  at  O,  as  the  bodies  B  and  D  re- 
ceive from  the  same  force  acting  at  the  same  point.  Conse- 
tjuently  instead  of  the  motion  of  a  system  of  bodies  A,  B,  D, 
&c.  arising  from  a  for<:e  /  acting  at  a  given  point  O,  we  may 

•J      u  ^       cu  SA*.A  ,   SB^B  .   SD^D  » 

consider  the  motion  of  the  mass  — qoT*  •+•  "§^a""  "*"  "SO^  ' 

^^  SA'.AH-SB*^B  +  SDVD.&c.  ^^^^  eonoentrated  ia  O,  « 

«n  equivalent. 

C^ol.  ..    Let  SA'.A.fSBVB^.SD*.D,&c.  ^^^  ^,^  ^^ 

modve  or  moving  force  being^,  and  m  the  mass  or  body  moved, 
the  absolute  velocity  of  the  point  O  (or  of  «,  or  the  whole 
system  A  +  B  +  D  &c.)  will  be  directly  as/,  and  inversely  ^s 

m,  that  is  as  -L ;  but  the  angular  velocity  is  directly  as  the  real 

or  absolute  velocity,  and  reciprocally  as  the  distance  SO  from 

the  center  of  motion  S» ;  that  is,  as  £  divided  by  SO,  or  as 

/  ASO 

STSO'  ^  SA\A4-SB*.B-+.SD».D,  &c  ' 


*  Let  m  be  «  body  at  O  moveable  about  the  point  of  sus- 
pension S ;  then  if  it  be  urged  through  the  arc  OP  by  any  force 
/  in  a  certain  time  i,  a  greater  fprcc  would  vaovt  it  through 
a  greater  arc  in  the  saoie  time;  its  velocity  therefore  will  be 
directly  a«  the  owving  force/.  But  if  tke  body  be  increased, 
the  force/  will  not  be  sufficient  to  urge  it  through  the  arc 
OP  in  the  time  1,  consequently  the  velocity,  or  the  space  described^  di- 
minishes as  the  body  is  incieased>  the  velocity  therefore  will  vary  as  the 

fnAction  ^  varies,  for  a  fraction  is  enlarged  by  iocreasij^  the  numerator, 

hot  dimiushed  by  afugmenting  the  denominator.  Agai^y  the  angular  velo* 
city  is  measured  by  the  angle  OSP  or  by  the  arc  OF  or  space  described  by 
tiie  body,  which  space  is  as  the  real  vdodty ;  but  if  tJie  radius  OS  be  aug- 
tomted,  tbe  angular  vetodQr  is  diininished»  that  is^  a  less  angle  is  described 
vith  the  same  absolute  velocity,  in  the  same  time ;  and  therefore  the  angular 
iwlocity  is  c&rcctly  as  the  real  velocity,  and  invenely  as  the  distance  OS 
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CENTER  OF  OSCILLATIO^f. 

396.  Th  e  centef  of  oscillation  at  a  body  vibrating  by  the  force 
o^  gravity,  is  that  point  in  which  if  any  quantity  of  matter  be 
placed,  it  will  perform  its  vibrations  in  the  same  time,  and 
with  the  same  angular  velocity  as  the  body  itself. 

Let  G  be  the  center  of  gravity 
of  the  body,  DBS  AG  the  plane 
in  which  it  vibrates,  S  the  pdint 
of  suspension,  O  the  center  of 
oscillation,  ESK  an  horizontal 
fine,  and  suppose  the  matter  of 
the  body  to  be  reduced  to  the 
plane  of  vibration  by  perpendi* 
culars  let  fall  from  all  its  parti* 
cles  A,  B,  D,  Sec.  upon  that 
plane.  Draw  Aa,  B&,  Dc2,  &c.  perpendicular  to  Sd  the  line 
passing  through  the  centers  of  gravity  and  oscillation,  and  AK) 
C^,  Bf,  OC,  DE,  perpendicular  to  EK. 

Since  A,  B,  D,  act  by  the  force  of  gravity  in  the  directions 
KA,  IB,  ED,  their'efforts  to  move  about  S,  will  (by  prop,  of 
the  lever)  be  A-SK,  B.SI,  D.SE ;  but  theeffort  of  A  is  opposed 
to  that  of  B  and  D,  and  therefore  subtractive;  whence  (corol.  J. 
preceding  art.)  the  sum  B.SI  +  D.SE— A.SK  will  be  equal  to 
/.OS;  therefore  sub&tituling  B.SI  +  D.SE— A.SK  for /.OS  in 
the  expression  denoting  the  angular  velocity  (395.  coroK  9)  we 
B.SI  +  D.SE- A.SK  '  ,  .  ,  . 

***^^  A.SA'H-fi.$B'-4-D.SD*  *^  '''^^^'  "^^^'^  8«^^*^ 
by  A,  B,  D.  But  if  A-l-B-t-D,  &c.  were  concentrated  in  0,  the 
numerator  and  denominator  would  become  (A+B-f  D,  &c.)  SC, 
and  (A  +  B-t-D,  &c.)SO%  respectively;  consequently 

j^^Q^pjgQi  or  g^Qi  is  the  angular  motion  generated  byi 

body  at  O ;  now  the  angular  motioos  are  supposed  to  be  equalj 
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,*   .  ^  „      B.SI4-D.SE-A.SK         SC  Stf      ,.        . 

«a,.uiang.SCO.S,Gj.wheneeSO  =  ^^g!±gl±g:|^x|S.- 
But.it  follows  from  art.  A7h  Aat  B.SI-4-D.SE-*-A.SK=: 
Sg  <  A+B4-  D)  \v4ience,  by  substitution  SO  =i  ^'^^ffS+bf^^'^^'  ' 
and  by  the  same  article^  ( A  +  B  +  D)  SGz=  A.Sn  +  B.Sft  +  D.Sif, 

*k     r      ci-i       A.SA'+B.SB-+D.SD*    ,   .        , 
therefore  SO  =z      a  c       p  07    \^  c^j    »  bemg  tlie  uxni  ex- 
A.Sa  +  B.S;6+D.Srf    *         ^ 

pression  as  that  for  the  distance  of  the  center  of  percussion  from 
the  point  of  suspehsioob  Hettce  the  centers  of  percussion  and 
oscillation  are  in  the  same  point.  And  therefore  whatever  has 
been  demonstrated  m  art.  3^4  respecting  the  center  of  petcus- 
ston,  holds  equally  true  for  the  center  of  oscillation. 

And  heve  it  must  be  observed^  that  when  ahy  t>f  the  per- 
pendiculars (Aa,  Bb,  &c.)  fall  above  the  point  S,  the  expressious 
lor  the  corresponding  forces  are  to  be  negative. 

Corol:  1.  If  the  center  of  oscillation  O  be  niade  the  point 
of  suspension^  S  becomes  the  center  of  percussion  or  oscillation, 
the  plane  of  vibration  remaining  the  same.     For  let  n  =  A.GA'* 

+  B.GB*  +  D.DG*j  then  (394,  corol.  2),  j^  -  GO,  and 

r-A-TT  -4-  SG  zz  so  the  distance  of  the  point  of  suspension  and 
center  of  oscillation  j  therefore  if  O  be  the  point  of  suspension, 
,  ^  .  +  OG  is  also  the  disunce  of  that  point  from  the  center 

of  oscillation ;  but  OG  =z  7-^7=;,  which  substituted  for  OG,  and 

jj-^  4.  OG  becomes  t^  +  S0  =  SO,  the  distance  from  the 
polm  of  susijcnsion  O  to  the  center  of  oscillation^  as  before. 

Corot*  S.  Ifp  be  aiiy  particle,  as  A,  B,  or  D,  &c.  of  the  " 
vibrating  body^  4  its  distance  from  the  axis  of  motion  S>  aud  ' 
^  =:  the  body  or  sum  of  all  the  particles  A-t-B-f-D^  Sec."  ^ 

vol..  XX.  9  F 
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,       « -.  _  A.SA'+B,SB*-f-D>SD%  &c,  _  suinof^lUhc  p.d^ 
ttictt  bU^         (a+Bh-I>&c.J  SG      "  "•"body  AxSCJ 
the  distance  of  the  center  of  dsciitation  from  the  axis  of  susr 
pension. 

^    Or  if  <2  =:  the  distance  of  any  particle  from  the  center  of  gra- 

.     -,     ,       ,                I   ^v        I        sum  of  all  the  ^.d'      -,^ 
vity  G,  then  (394,  corol.  S)  we  have  —  i     '". ^fe —  =  GO 

the  distance  of  the  center  of  oscillation  below  the  center  of 
gravity. 
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397«  The  center  of  gyration  of  a  body,  or  system  of  bodies^ 
is  that  point  in  which  if  the  whole  mass  were  collected,  the 
same  angular  velocity  would  be  generated  in  the  same  time,  by 
a  given  force  acting  at  any  place,  as  in  the  system  itself. 

Thus  suppose  the  body  rm  to  be  moved  with 
a  certain  angular  velocity  about  the  axis  at  S  by 
a  force  /  acting  at  P,  then  if  all  the  particles 
A,  B,  D,  &c,  of  the  body  were  collected  in  R 
the  center  of  gyration,  the  same  force  at  P  would 
generate,  in  the  same  time,  an  equal  angular 
motion  in  the  mass  at  R. 

f  SP 
To  find  the  point  R,  we  have  ^,-g^j^^__j^-g-g--    the 

angular  motion  generated  in  the  particles   A,  B,  D,  &c.    or 
system,  by  the  force /acting  at  P  (395,  coroK  2);  but  when 
the  system  is  concentrated  in  the  point  R,  the  expression  be- 
/  SP 
rA4.A^D^§R*  *^^  ^^^  angular  velocity ;  therefore  (by 


comes 


f  SP 
the  definition)  those  expressions  are  equal,  or  ^-p — r     n\<lt» 

—                /SP                   «k^„^«  QO  -    /  A.SA*4-B.SB'+D.SD» 
=  A.SA»+B.bB^+D..SD*>  ^^^'^^^  S^  =  V^ A-j-b-hl) 

the  distance  of  the  center  of  gyration  R  from  the  ^is  of  suspca* 

sion  at  S. 
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Corol.  I.  Since  (by  the  last  corol.)  A.SA«+B.SB«+D.SD* 
=  SO.i.SG,  we  get  SR*  =  ^1°:^,  or  SR»  =  SO.SG,  that 

is^  SR  is  a  mean  proportional  between  SO  and  SG  the  dis« 
tancea  of  the  centers  of  oscillation  and  gravity  from  the  axis  of 
mdtion. 

Coroh  2.     U  d^  the*  distance  from  the  axis  of  motion  of 
any  particle  p  of  a  body  b  (or  A-t-B-i^D,  &c.)  then  SR::= 
.sum  of  all  the  p,d^ 

v" ^^ir~^ — ' 

Hence  if  a  body  nn  moves  about  an  axis  by  the  force  of  gra* 
vity^  its  who]e  momentum  is,  or  may  be  considered  as  in  one 
point  O,  the  center  of  percussion  or  oscillation  j  but  when  the 
body  is  urged  by  any  other  extraneous  forg^  that  point  changes^ 
and  is  called  the  center  of  gyration* 


898.  Examples. 

1 .  To  find  the  center  of  gyration  of  a  right  line  or  very  small 
cylinder  SP,  moving  about  the  end  S« 

Suppose  the  lipe  or  cylinder  to  be  conaposed  of  innumefable        g 
contiguous  particles  p,  p,  p,  &c<  ai^d  o,  m,  rt,  &c.  their  respec* 
tive  distances  from  S ; 

Then  po*  +  pm*  +  pa  *  +  &c...  ,..pSP» 

or  p(o*4•»«'+«^  &c. ,..SP*)  =  all  theprf^: 


Now  ( 179)  the  sum  of  the  lofinito  series  of  squares  o^+m^  5(C. 
SP] 
3 


fromo*  toSP*,  is  -^;  and  since  the  body  i=SP,  we  have 


«.0 


all  the  pd*     pSV^       .  en,    /    •    .-  .  i     1.1  x 
"b     — ^asF^i       '  (rejecting  p  as  inconsiderable); 

therefoie  SK  =  v^^P«=SP^}  the  distance  of  the  center  of  gyration  R 
from  the  axis  of  suspension  S. 

8.  Let,  it  be  required  to  fiirid'the  center  of  percussion  or  osciU 
lation  of  the  line  or  small  cylinder  SP^  the  axis  of  motion  being 
M  S,  as  before, 

3  If  2 
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Lft  G  be  the  middle  of  SP,  or  its  renter  of  gravity,  and  0  the  centa  of 
oscillation :  then  if  p^  d,  and  b  denote  the  same  as  in  tlic  preceding  exaim 

pte.  we  have  (394.  coral.  2)SO=  j^^  =  gi^^  =  fSP  fte  *s- 

taace  of  Q  from  the  axis  of  motion. 

Corol,    Since  (3:>().  corol,  3)  the  length  of  a  simple  pendiiUim  vibrating 
ucconds  in  the  latitude  of  London  is  39.13  rnfte  =:  SO,   therefore  SP 

ss  30. !  3  -*-  —^  =s  58.69  inches ;  which  is  the  lengt  h  of  a  snuill  uniform  rod 

that  woiild  vibrate  by  Hs  own  weight,  once  in  a  swond  of  iMne ;  the  arcs  of 
Vibration  being  supposed  small. 

3.  To  find  the  center  of  oscillation  of  the  surface  of  a  circle 
suspended  at  the  circumference,  and  vibrating  in  its  own  plane. 

Let  S  be  the  point  of  suspension,  SP  a  diameter,  G 
the  center  of  the  circle  or  its  center  of  gravitVi  and  O 
the  center  of  oscillation. 

If  we  suppose  the  surface  of  the  circle  to  be  compr'«f*cl 
of  the  circumferences  of  innumenible  conct'Dtiic  circles 
DI,  BK,  &c.  and  p  a  particle  in  the  rirru inference  at 
D,  orB,  &c.  then  pGD*  is  the  product  of  the  particle 
p  by  the  square  of  its  distance  irom  the  center  of  gravity  G  {2S>0.  corol.  C); 
and  (putting  ff=3.1416),  2«GD  is  the  circumference  of  the  circle  whose 
radius  is  GD;  therefore  /GD»x  ^«GD  or  2/>f/GlV  as  all  the  particU-s  in 
tlie  circumference  drawi  into  the  squaivs  of  their  distances  from  G.  In 
like  manner  SjWxGB'  »AiH  denote  the  products  in  ihc  next  circumfcreuce, 
and  so  on : 

Therefore  2p*fo3+  OpwCD'+^pr/Gn'  &c 7/)t/GS^ 

or  L>i  («^-f-GD'  +  GB^«cc, Gv-'):?3suni  of  all  llic  p^' 

in  the  surface  of  the  circle  SI* ; 

that  is,  (17P)  9pii  X  — ^  or^^\'     :;ssum  of  all  the  pd\    ftut*  (ihe 

body)  equal  area  of  the  circle  —  «GS*  therefore  ^^^r(y^^  y    ^^^ 

distance  of  the  center  of  oscillation  from  liie  center  of  gravity  {?\i6.  corol.  f); 
that  is,  SO  =  J  of  the  diameter  SP. 

Corol.    Hence  if  a  cylinder  be  suspended  at  the  circumference  of  the  cir^ 
cnlar  section  passing  through  its  center  of  gravity,  and  it  vibrates  in  tiie 
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plane  of  that  section,  the  center  of  oscillation  will  be  at  the  distance  of  J  of 
the  cj'linder's  dianit^ter  from  the  point  of  suspension.  For  we  may  con- 
ceive the  cylinder  to  be  composed  of  an  infinite  number  of  circular  sectiona 
or  planes. 

399.  If  one  end  of  a  string  PSR,.&c,  wrapped  round  a 
cylinder^  be  fastened  at  P,  and  the  cylinder  left  to  descend  hjf 
ih  own  tveight^  it  will  move  with  a  whirling  motion  ;  and  the 
space  descended,  will  he  to  the  space  described  in  the  sam^ 
time  by  a  body  falling  freely^  as  ^  to  3. 


Let  RS  be  the  circular  section  of  the  cylinder 
through  G  its  center  of  gravity,  O  the  center 
of  oscillation,  S  a  momentary  point  of  suspen- 
sion,  and  SO  parallel  to  the  horizon. 


Now  if  all  the  matter  of  the  cylinder  were 
concentrated  in  the  point  of  oscillation  O,  its 
angular  velocity  about  the  point  of  suspension 
S  at  the  beginning  of  the  motion,  would  be  the  same  as  that  of 
the  cylinder  (396) ;  but  the  initial  velocity  of  a  body  at  O  would 
be  tbe  same  as  that  of  a  body  left  to  descend  freely ;  hence,  if 
Oo,  Gg  be  indefinitely  small  arcs  described  by  the  centers  of 
oscillation  and  gravity  in  the  same  time,  their  perpendicular 
velocities  (and  distances  described)  will  be  as. the  arcs  Oo  and 
Ggy  or  as  OS  and  OS;  and  since  the  center  of  oscillation  (O) 
is  always  in  the  horizontal  line  drawn  from  the  point  of  contact 
S  through  the  center  of  gravity  G,  the  velocities  of  O  and  G 
will  have  the  same  constant  ratio  in  all  stages  of  the  body's 
descent;  but  the  absolute  space  descended  by  the  cylinder,  is 
the  line  described  by  its  center  of  gravity;  therefore,  as  SG  is 
to  SO,  so  is  the  perpendicular  descent  when  it  turns  round  it^ 
center  of  gravity,  to  the  space  it  would  describe  freely  in  the 
same  time. 

A  body  descends  from  rest  16.13  feet  in  the  first  second  of  time;  thcro- 
fore  SO  :  SG,  oras  3  :  2  ::  16.13  :  XO.^S  feet,  the  distance  which  the  c\- 
lifider  would  fall  in  that  time  by  the  constaqt  upwiadipgof  the  string. 
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Carol.  1.  The  tension  of  the  string  is  =  i  of  the  weight  o# 
the  cylinder.  For  conceive  a  support  at  O,  then  the  center  of 
gravity  G  is  prevented  from  descending  by  the  striftig  at  S ;  con^ 
sequently,  by  the  nature  of  the  lever,  GS  :  GO  (or  as  f :  i) 
: :  weight  sustained  at  O  :  weight  sustained  at  S.  And  this 
tension  is  constant;  for  the  point  O  generates  its  motion  tvith- 
out  actipg  on  the  point  S« 

Coral.  «,  Hence  it  appears  that  when  a  cylinder  rolls  down 
an  inclined  plane,  the  space  it  descends  along  the  plane^  is  to 
the  space  it  would  describe  fredy  in  the  same  time,  were  the 
plane  perfectly  smooth,  as  GS  to  OS.  For  the  forces  that 
generate  their  motions  are  both  diminished  in  the  ratio  of  the 
absolute  to  the  relative  gravity  upon  the  plane  (34d);  the  spaces 
desciibed  wtU  therefore  retain  the  same  ratio^  that  is^  as  OS  to 
OS.  And  the  friction  on  the  plane  has  the  same  effect  on  the 
cylinder's  motion,  as  a  string  wound  round  it« 

CoroL  3.  Since  the  progressive  motion  o^  'he  cylinder  is 
uniformly  accelerated,  the  rotation  about  its  axis  must  also  be 
an  uniformly  acctderated  motion^ 

Scholium,  If  a  simple  pendulum  and  any  other  body 
vibrate  together  in  small  arcs  by  their  own  weight  or  the  force 
of  gravity^  and  the  oscillations  are  perfoxttied  in  the  same  time, 
the  length  of  the  pendulum  is  the  distance  of  the  center  of  osciU 
lation  of  the  body  below  the  point  of  suspension,  A  simple 
pendnlum  however,  is  imaginary.  But  the  center  of  oscillation, 
or  its  distance  from  the  axis  of  suspension  may  be  de^ennined 
by  counting  the  number  of  vibration?  made  in  a  given  tim^t 
thus : 

Suppose  by  a  good  clock  or  watch  a  body  vibrates  41  times  in 
a  minute;  then  (355),  41*  ;  60'  ::  39.13  :  83.8  inches^  neatly; 
which  is  the  distance  of  the  center  of  oscillation  of  the  body 
below  the  point  of  suspension* 
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In  an  experiment  of  this  kind,  the  body  should  always  describe 
sinall  arcs ;  and  be  suspended  freely^  so  that  the  least  force  is 
•ufficient  to  move  it. 


400.  Suppose  S  i0  be  the  axis  of  suspension  of  a  pendulum 
S3,  composed  of  a  block  of  wood  TB  and  a  strong  bar  ST ; 
iofind  the  velocity  of  a  bullet y  which  being  discharged  against 
the  Hock  at  a  point  P,  shall  cause  the  pendulum  to  describe  a 
given  arc. 


Let  G,  R,  O,  be  the  centers  of  gravity,  gyration, 
^and  oscillation  of  the  pendulum;  and  put  SRzza, 
SO  :=iby  SP  =  Cf  the  weight  of  the  pendulum  =  wi, 
that  of  the  bdlet  zn  n,  and  *  =  the  velocity  of  the 
bdlet  when  it  strikes  the  pendulum* 


X 


R 
-  P 


B 


Hence  if  n  and  -r-    ate 
c* 


Conceive  the  whole  mass  of  the  pendulum  to  be 
•collected  in  the  center  of  gyration  R;  then  (397)  the 
same  motion  would  be  generated  in  tbe  point  R  by 
the  stroke  at  Pas  the  pendulum  receives;  but  (395, 

•corol.  0~gpr  ^^  -p-  i^  ^c  mass,  which  if  collected  in  P,  the 

pendulum  would  receive  the  same  moUou  as  before,  or  when  all 

its  matter  was  supposed  to  be  in  R 

considered  as  two  nonelastic  bodies,  the  former  moving  with 
the  velocity  x,  and  striking  the  latter  at  rest,  we  shall  have 

(323,  cor,  1)  wjc-r-  («+7^)  ^^  c'n-+a'm  ^^^  ^^^^'^^Y  ^^  ^ 
with  which  the  pendulum  and  bullet  (at  ope  mass)  b^n  ^eir 
motion  together.  But  a  simple  pendulum  vibrating  in  a  given 
arc  has  the  same  velocity  in  the  lowest  point  of  that  arc  as  the 
velocity  acquired  by  a  heavy  body  in  its  perpendicular  descent 
through  the  versed  sine  of  the  arc  (354,  corol.  l);  and  since 
the  velodties  acquired  by  bodies  falling  freely  are  as  the  square 
loots  of  the  spaces  descended  (317),  if  ^  =  the  versed  sine  of 
the  arc  described  by  the  center  of  oscillation  O,  and  s  zz  16.13 


408  C£^}t£RS    OF 

t 

feet,  It  will  be  v/^  :  y^i;  ; :  2j  :  2j  /^  =  the  velocity  of  O  at  tht 

lowest  point  of  the  arc  of  vibration;  and  3  :  c  ::  2jv/-  •  -rV^ 

the  velocity  of  the  point  of  impact  P  when  the  pendulum  begin* 
to  move,  which  therefore  must  be  equal  to  the  former  velocity^ 

that  13,  7-  '/iv  =  -J — ; — J— ;  whence  jp  =  (  1  +  -,—  I  t  /^'^^ 
the  velocity  of  the  bullet  when  it  strikes  the  pendulum. 

This  is  called  the  Ballistic  Pendulum,  contrived  by  that  emi- 
nent mathematician  Mr.  Benj.  Robins,  for  the  purpose  of  deter-- 
mining  nearly  the  initial  velocities  of  shot.     We  shall  give  an 
example  in  numbers  from  the  pendulum  described  in  his  New 
Prmciplcs  of  Gunnery,  Prop.  8. 

Let  SB  be  tlie  pendulmn  in  a  vertical  ix>silionj  O  ika 
center  of  oscillation,  and  B^  the  arc  which  B  described  by 
the  force  of  the  stroke :  the  cllord  Di  of  this  arc  was  mea- 
sured by  mcatts  of  a  ribon,  one  end  of  which  was  fa:>teuod 
atB. 

SB  =  71|  inches.  length  of  the  pendulum. 

B^  =  17  j^  inches,  chord  of  the  arc  lit. 

SOrrGiJi  inches,  center  of  oscillation  from  the  pohil  of  suspension. 

The  chord  B5  is  a  mean  proportional  between  2SB  and  the  versed  sine  x\B 
(Geom.  art.  21  (J.  vol.  I),  therefore  — „  ssAB;  and  the  sector  SOo,  Sr5 

bcmg  snnilar,    we  have  SB;  SO::  ^  t    ^S^a  :iaaO=g    -^-^  nvy 

sr  1.8J038  iJiclics,  nearly,  js  uO  the  versed  sine  of  the  arc  Oo  described  by 
Uie  .center  of  oscillation. 

Weight  of  the  pendulum ^C^lb.  szm 

Weight  of  the  bullet ^Uf.s^n 

Center  of  oscillation  from  the  point  of  suspension...  62^  inches  =i  b 
Center  of  gravity  of  the  pendulum  52  inches  from  the  same  point> 
Whence  the  distance  of  the  center  of  ^mtion  &  t/(52  x  6i3|)   ss  a 

Point  of  impact  P  from  the  axis  of  suspension 66  inches    as  c 

l^  13  /eet  =:  193.56  in s;  s 

1.63038  i>i...     vi9 
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*hen,  by  substitution,  x=  (l  +^)  f  ^^^,=  (1+  -^J^l^^) 

X  ^*^  X  •  (193,56  X  1.83038)  =  20108  iriches  or  1676 /cef,  the  vdodty 
per  sccbnd,  with  which  the  bullet  moved  when  it  struck  the  pendulum. 
Mr.  Robins>  by  computing  with  the  velocity  of  the  pendulum  at  the  point 
of  impact,  instead  of  the  velocity  at  the  center  of  oscUlatidn,  brings  out 
I6l\/eet:  this  mistake  is  noticed  by  Eulef  in  his  comment  on  Robint'ii 
Gunnery, 

'  Cord,  Since  in  ^he  isame  pendciHuii,  ahd  with  the  same  weight  of  balj^ 
ail  the  quantities  in  the  expression  for  Jc  are  constant,  except  the  versed  sine 
tf  whose  value  depehds  oh  the  length  of  the  chord  (fib),  therefore  the  velo- 
city of  the  ball  is  directly  as  the  chord  of  the  arc  described  by  the  pendulum. 

ScHOLtuKi.  in  the  foregoing  conclusions  it  is  supposed 
that  the  pendulum  begins  its  motion  at  SB  by  the  stroke  of  the 
ball  with  the  same  velocity  as  it  acquires  in  falling  back  from 
the  )[k)sitibn  St  to  the  perpendicular  SB  by  its  own  weight : 
this  would  be  exactly  the  case  did  the  bullet  communicate  all  itd 
motion  to  the  pendulum  at  the  mdtnent  of  impact.  The  ball 
however,  continues  to  act  during  the  time  it  is  penetrating  the 
wood ;  and  since  the  motion  of  the  pendulum  is  circular,  and 
the  bullet  endeavours  to  proceed  nearly  in  a  right  line,  its  action 
on  the  pendulum  must  produce  a  shocks  or  stress  on  the  axis  : 
now  both  these  cirt:umstances  may  affect  the  velocity  deduced 
from  the  rule.  A  small  variation  will  also  result  from  the  aug- 
mented weight  of  the  pendulum  by  the  ball,  but  this  is  too  mim^te 
to  be  of  consequence. 


±  > 
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Of  the  strength  and  STRESS  of  TIMBER. 

401  •  The  lateral  strength  of  squared  Timber,  is  proper* 
tional  to  its  Ireadth  drawn  int6  the  square  of  the  depth-. 

Let  PADH  represent  a 
vertical  section  of  a  beam  of 
timber  AH,  the  end  DH  be* 
ing  fixed  in  a  wall ;  and  con- 
ceive  this  section  to  be  com- 
posed of  innumerable  parallel 
fibres  a,  Cj  n,  o^  &c. 


^ 


Now  a  force  P  acting  perjiendicularly  at  the  end  AP  sufficient 
to  break  the  beam  at  av  will  bend  it  downwards,  and  the  upper* 
most  fibre  a  will  be  first  broken ;  this  done^  a  less  force  will 
b«)d  all  the  remaining  fibres,  but  the  fibre  c  is  the  next  that 
will  break;  and  then  a  less  force  would  break  the  followiog 
fibre  n;  and  so  on:  consequently  die  forces  just  sufficient  ta 
break  the  fibres  in  succession  will  diminish  as  their  number  or 
the  depth  of  the  beam  is  diminished ;  that  is,  the  strength  of 
the  section  is  as  the  number  of  fibres  lying  upoii  one  anothert 

Therefore  taking  DH  as  the  first  or  greatest  force,  and  calling 
a  fibrey^  the  successive  forces  will  be  represented  by  the  infinite 

arithmetical  series  DH,  DH— /,  DH  — s/*,  DH— 3;^  &c 

to  DH  — DH  or  o:  but  the  number  of  terms  is  DH,  and  there- 
fore the  sum  of  the  series  will  be  (DH+o)iDH  or|DH'. 
Hence  if  £  be  the  breadth  or  number  of  perpendicular  sections 
in  the  beam»  its  strength  or  the  force  necessary  to  break  it,  will 
be  as  \I}K^.By  or  as  DH^BJ  because  the  wholes  are  proper* 
tional  to  their  halves* 

CoroU  1 .  Hence  a  leetangulat  beam  is  stronger  with  the 
broadest  side  vertical  thw  when  that  side  is  bpMODtal^  io  the 
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proportion  of  the  depth  to  the  breadth.  For  let  D  the  broadest 
side  be  the  depth,  and  Ji  the  breadth  ;  then  the  strength  is  bm 
D^B  when  D  is  verticaK  and  as  B^D  when  it  is  horizontal;  but 
D  and  B  have  the  same  ratio  as  D^B  and  B^D. 

For  example,  suppose  the  depth  DH=:4  inches,  and  the  breadth  sr  1 ; 
and  that  it  can  just  support  a  weight  at  P=s600/*.  then  4*  x  1  :  600/** 
:j  1*  X  4  s  150/*.  the  weight  it  would  bear  wert  DH  placed  horizontal, 

CoroL  2.  And  the  strength  of  beams  of  the  same  depth  are 
as  their  breadths.  For  let  B  and  h  denote  the  breadths,  and  D 
the  common  depth,  then  D^B  and  D*&  will  represent  the 
strengths,  which  expressions  are  as  B  and  h. 

CoroL  3.  Hence  also,  the  lateral  strengths  of  beams  whos^ 
sections  are  similar,  will  be  as  the  cubes  of  their  breadths  or 
depths:  thus  if  D^B,  and  d^l  denote  the  strengths,  then  the 

sides  being  proportional,  we  have  D  :  B  ::  d  :  -^  =  ^,  which 

substituted  for  I,  and  d^b  becomes  -^l  now  D*B  and  --=p 
multiplied  by  D,  give  D^B  and  £i%  which  are  as  D'  and  d^m 

CoroL  4.  Als^o,  since  D*B  and  d*b  are  the  areas  of  the 
sections  multiplied  by  the  depths;  therefore  the  strengths  of 
beams  having  similar  sections,  will  be  as  their  areas  multiplied 
by  the  depths :  Or  as  the  cubes  of  the  depths^  when  those  depths 
are  homologous. 

Thus,  if  a  cylinder  AH  whose  diameter  DH  is  4  inches,  can  just  sustain 
a  force  at  PssSOO/.  then  a  cylinder  or'  the  same  material,  1  inch  in  dia» 
meter,  and  of  the  same  length,  will  b«;ar  only  12^/^.  for  4^  :  H  ::  800  ;  12  J. 

40d.  If  the  learn  AH  of  a  given  length,  and  depths  when 

fixed  hortTionially  at  the  end  DH,  ca?i  just  support  a  given 

weight  P  at  the  other  end  ;  to  find  the  dimensions  of  a  similar 

leam  (aA)  of  the  same  material^  that  wUl  break  by  its  own 

weighty  or  only  just  sustain  itself. 

36  2 
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Suppose  the  beim  to  be  of  unifonn        >   m  ,  ,  ^ 

thickness,  and  let   W^zz  its  weight.       | 
Then  we  may  consider  the  end  DH  as 
the  fulcrum  of  a  lever  NH  void  of 


5r 


K 


H 


gravity,  supporting  a  weight  at  N  equal 
to  P,  and  another  weight  =  /^at  M 
the  middle  of  NH  directly  under  the 
center  of  gravity  of  the  beam.  And  by  the  nature  of  the  lever, 
the  effort  of  the  weight  IF  to  bend  or  break  the  lever  at  DH, 
will  be  as  MH.»^  or  ^ISiH.JV,  and  that  of  the  weight  P  as 
NH.P,  therefore  ^NH.»^-hNH.P,  or  {iir+Pji^li  is  the 
whole  effort,  or  stress  on  the  fulcrupi  DH. 

But  since  tlie  beams  are  similar,  their  weights  will  be  as  the 
cubes  of  the  Icftgths,    or  depths;    hence  DH*   :  dh^  ::  W 

:  p.^^■  ==  the  weight  of  the  beam  ah ;  and  PH  :  NH  ::  dh 

NH.rfA .    ,    ^u    *u     f      ^^'-^     NH.rfA        rf//\/rNH 
*  HDir  '^ '""8th;  therefore  —^3  x  -^^j-,  or  —5^.- 

is  the  stress  of  the  beam  ah  on  the  end  or  fulcrum  dh  :  dh. 

Now  the  strengths  of  the  beams  ipust  be  as  the  stresses,  but 
the  strengths  are  as  DH*   and   dh^ ;    therefore   DH'  :  dh* 

i:(^ir+P)KH:  ^^^^^^,  whence  »^:  »"+^P :  DH  :  i* 

the  depth  of  the  beam ;  and  DH  :  NH  : :  (/A  :  72*  its  length. 

Let  the  end^  of  AH  be  squares,  the  side  pH  ==  I  i/tch,  length  NH 
x;  1/00/,  its  weight  =  ^Ib^  and  the  weight  Pzz  lOOlb, 

then/r:ir+2P::DH:d», 
or  .3  ;  .3  +  SOCT::  Vt  •  55.H/ap/,  nearly,  =  rf/i ',  and  55.14  X  ^^ 
=s  667.67 /«?/,  nearly,  the  length  tiji, 

■  Carol,  Hence,  if  it  be  required  to  find  the  length  of  a  spar  having  the 
same  depth  and  breadth  as  AH,  that  would  break  by  its  own  weight,  let 
/  =  tbe  lengtli  in  feet,  then  .3/  =  the  iBvcight  in  ih.  and  {I  X  •3/  is  Uie  effort 
•f  it?  own  weight ;  therefore  H  X  -3/=  (J  /^4-  P)  NH  the  effort  of  AH  (tQr 
gether  with  the  weight  F)  on  the  end  01  iulcnim  DH, 

That  is  .15/*=:(iX-3+100)x  1=100.15,  and/r=  v^i^^scgSiS4c 
Jleti,  the  length  required.  ,  ^ 
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Scholium.  From  these  computations  it  appears  that  in 
the  construction  of  works,  &c.^  it  is  possible  to  take  a  beam  of 
«uch  dimensions  that  the  stress  by  its  own  weight  may  exceed  its 
strength.  Machines  may  also  be  made  too  large  to  be  usefulj 
for  the  less  are  stronger  in  proportion  to  their  bulk  than  the 
greater  when  the  dimensions  of  both  are  similar.  Thus  we  find 
that  small  animals  are  stronger  and  more  active  in  proportion  to 
their  weight  or  size  than  large  oneat 

403.  It  isjound  ly  experiment  tliat  a  spar  of  oak  (AH)  an 
inch  square^  and  I  foot  in  length  (SH)^  when  supported  horim 
zontally  at  the  ends^  will  bear  about  670lb.  (w)  suspended  ai 
the  midJte  (C)  heforff  it  breaks;  hence  it  is  required  to  find 
what  weight  a  piece  of  the  same  oak  will  bear^  which  is  10 
feet  long,  ^  a  foot  deep^  and  \  of  afoot  Iroad,  the  weight 
being  al$o  suspended  (it  the  middle  f 

Let  the  depth  OS = d,        depth  ^  foot  s  D,    \ 
'     breadth  OA  =5,     breadth -I  foot =^,   B 


length    SH  =  /.     length  10  feet  =  Z,         ^  ^ 


required  weight  =. /PI 
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Then^-b  will  ^denote  the  lateral  strength  of  the  sp^r  A^,  and  D^B  that 
of  the  other  pfece.  And  since  each  prop  sustains  a  weight  =  \w  acting  at 
C,  if  C  were  tlie  fulcrum,  ai^d  a  force  =  40'  acted  vertically  at  each  end 
A  and  11^  their  etibrts  to  break  tlie  spar  would  Ui?  the  same  as  that  of  the 
weight  w  when  the  spar  is  supported  on  the  props ;  but  (by  prop,  of  the 
lever)  4hc  effort  of  ^ii^  is  \w  X  {i.  and  \j^y,  ^L  that  of  \ir\  and  since  the 
two  pieces  just  support  the  weights,  their  strengths  must  be  as  the  efforts 
pr  the  greatest  forces  they  resist, 

that  is.  If »3  :  Z)»J5  ::  iw  X  4/ :  4/^X  \L, 

whence  d^Wl^D'Bwl,  and  r  =  ^|gf  ^i  X  fx  670x1  ^  ^^^ 

the  ontwfsr, 

*403.  If  the  Spar  AH  (preceding  art.)  break  with  660lh. 
suspended  at  C  5  Jhen  what  will  be  the  length  of  another  piece 
qfthe  same  wood^  i  afoot  square^  that  will  support  17«?Qlb, 
10/  its  middle-^ 
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Here  d^^^,  *=t'i»  '=>>  »=660,  Dxsl\.  S=si,  r=n82Cr.  AndJ 
from  the  equation  d^bHTLzs:: D^Bwl,  we  gpt 

404.  ^  iea/  spar  I  y^^o^  '^^^>  ^^^  ^^  ^'zc;^  square,  when 
supported  horizontally  at  the  ends,  will  bear  4bout  500lb.  sus^ 
fended  at  the  middle  ;  then  what  weight  will  a  plani  S  inches 
deepj  and  10  inches  wide^  sustain  in  the  same  position,  if  it 
rest  on  two  props  g/eet  asunder. 

In  this  example  rfssyV*  *ss=A»  '«'»  irssSOO,  9s^^i.B^^,L^9, 

D^Bwt  * 
which  substituted  in  the  equation  W^  "dHL*  ^'^'^  M'=s:2500/*.  the  re- 
quired weight.    And  the  same  equation  or  theorem  vill  serve  for  coniparinj. 
tlie  strengths  of  prismsj,  or  bars  of  metal  one  with  another. 

405.  If  the  learn  HD  in  a  position  obdique  to  the  horizon 
HO  ie  loaded  with  a  weight  P  at  the  center  C,  and  CA,  DO 
perpendicular  to  HO ;  then  the  stress;i  at  H  (or  D)  is  as 
AHxP- 

For  suppose  the  horizontat  line  HB  to 
be  connected  with  HD  at  H,  then  BHC 
may  be  considered  as  a  bended  lever  where 
the  force  P  acts  perpendicular  to  the  hori- 
zon BO,  and  therefore  (359,  coroL  sj 
AH  X  P  is  the  effort  of  P  to  turn  the  I:«ver 
about  the  fulcrum  H. 

CoroL  Hence  if  HO  were  anoihear  beam  supported  at  the 
ends  H  and  O^  and  of  the  same  mateorial  and  thickness  as  HD» 
the  two  beams  would  require  just  the  same  weight  at  the  centers 
C  and  A  to  break  them. 

When  the  beams  are  large*  it  may  be  necessary  to  make  an 
allowance  by  including  their  weight  iua  the  pressurci  &C 

406*  To  cut  the  strongest  scantling  or  rootangulur  beam  of 
timber  S?NGJrom  a  cylindric  on€m 
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Let^e  circle  whose  diameter  is  SN  be  a 
Hectioti  of  the  cylinder.  Put  cln  SN,  and  y 
=  SP  the  breadth  of  the  beam ;  then  <l*  —  y* 
=:  PN^  the  squatfe  of  the  depth :  and  since 
the  strength  is  as  the  breadth  into  the, square 
of  the  depths  it  will  be  deiioted  by  (cl''— y*)y 
or  i^y — y^,  which  is  to  be  the  greatest  possible^  or  zmaximump 

Suppose  ED  an  absciss^  DO  tha  corre^ 
spohding  ordinate  of  the  parabola  £0W, 
OA  a  tangent  at  O,  OB  =  OA>  and  CB 
jpairallel  ttt  DO.  Then  because  AB  is  bisect- 
ed id  O^  th^  recUngle  DR  is  a  maximum  of 
the  greatest  that  can  be  inscribed  in  the  parabola^  or  in  the  tri* 
angle  CAB,  (S45,  corol.  9)  \  and  since  ED  =  EA  (897,  cord,  s}^ 
and  DC  =  DA,  therefore  ED  =  ^tC. 

If  the  absciss  ED  =  x,  ordinate  DO  =  y,  p  =  the  parameter, 
and  ft  =  EC ;  then  a—xzz  DC,  and  (a— a?)y  =  the  rectangle 
DR ;  but  px  =  y*  (by  prop,  of  the  parabola)  and  jr  r:  *•  which 

•ubstitttted  for  jr,  and  (a— *)y  will  be  (<^~y  y  •  '^^  ^'^  Pa- 
rameter j>  =  I,  then  f«— ^)  y  becomes  ay — y *  =  the  rectan- 
gle DR ;  but  when  p  =  1,  then  x  =  y't  therefore  y*  =  ia,  that 
is,  when  ay—y^  is  a  maximum,  y*  =  ^,  i^nd  therefore  the  ex- 
presrion  d*y— y'  is  a  maximum  when  y*  r^fd*,  or  SP*=:^SN% 
a«d  consequently  PN»  =  ^SN";  that  is,  SP  and  PN  are  in  the 
same  ratio  as  the  side  of  a  square  and  its  diagonal.  Hence  this 
construction ;  Make  S V  =  iSN,  and  erect  the  perpendicular 
VP;  then  PS  is  the  breadth  of  the  rectangular  end.    For  VP* 

=  SV  X  VN  =  iSN  X  iSN  =  iSNS  and  PS'  =  SV»+ VP» 

5:+SN«+iSN*=:iSN'. 

Cerol.    Because  SV.VN=VPS  therefore  SV.VN»+VN^ 
sPNS    Also  by  sim*  triangles,  SN  :  SP  ::  SP  :  SV,  whenco.. 
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V'(SN;SV)  =  SP ;  and  the  maEimum  SP.PN*  =  .  * 

V(SN.SV)*(SV,VN+VN»)=t^(SN.SV.VN*)  (SV+VN) ;  but  SV+VN 
is  given,  therefore  ^/(SN.SV.VN'),  or  its  square  SN.ISV.VN* 
is  also  d  maximum ;  consequently  (because  SN  is  given)  S V.VN* 
is  a  maximum :  hence  when  a  given  hne  (SN)  is  divided  so,  that 
the  solid  tinder  one  part  and  the  square  of  the  other,  is  the 
greatest  possible,  the  least  part  (SV)  will  be  half  the  othfer  (VN)* 

46/.  Suppose  a  weight  P  is  supported  at  one  end  of  a  learn 
JLHqfa  giuen  depth  EN  or  DH,  the  other  end  SDH  bting 
fixed  in  a  wall;  to  find  the  figure  of  the  leant  when  its 
Strength  at  any  vertical  section  (lOR)  is  equal  to  the  stress  at 
that  section  :  Or  that  it  shall  be  as  liable  to  break  at  any  on4 
place  as  at  another^ 

Let  the  section  lOR  be  parallel  ttt 
the  end  SDH;  then  (401,  corol.  3)  the 
strengths  at  lOR  and  HDS,  are  as  OR 
ftnd  D8;  and  thd  stress  at  lOR  and 
HDS,  as  EO  X  P  and  ED  x  P.  or  as 
£0  and  ED  |  but  the  strength  is  sup- 
posed  td  be  equal  to  the  stress ;  therefore  OR  and  DS  ha\^  the 
aameratid  as  EO  and  ED,  and  consequently  ESD  is  a  triangle} 
therefore  EH  is  a  prism ;  the  upper  side  ESD  (and  also  the  lower) 
being  parallel  to  the  horizon* 

408.  To  determine  the  figure  of  the  beam  when  the  Ireadth 
EN  or  SD  is  given. 

If  the  sections  lOR,  SDH  are  pafallel, 
as  in  the  last  article,  the  strengths  or  stresses 
at  these  sections  will  be  as  10*  X  OR  and 
HD*  X  DS,  or  as  10*  and  HD*,  because 
OR  =  DS ;  but  the  stresses  ate  as  NI  and 
NH,  that  is,  the  squares  of  lO  and  HD  are 
as  NI  and  NH,  and  therefore'NOD  is  the  curve  of  a  conwiQU 
parabola  whose  axis  is  NH,  and  Vertex  N; 
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409,  I^t  AOBI  -le  a  vertical  section  or  one  side  of  a  ham 
rf  timber  of  a  given  breadth^  supported  horizontally  on  the 
props  at  A  and  B ;  to  find  the  figure  of  the  beam  so  that  its 
strength  shall  be  as  the  stress  when  a  given  weight  (P)  is  sus» 
pended  any  where  between  the  ends  A,  B* 

Since  the  weight  P  is  support- 
ed by  both  props,  we  have  (384) 

IB  P 
AB  :  P  ::  IB  :  — ^  i=  that  part 

lA  P 
lustained  by  A,  ^i^d-x^  the  other  part  sustained  by  B;  and 

IB  P 
therefore  lA  x  -x^  i^  ^^^  stress  at  lO  arising  from  the  weight 

IB  P  lA  P 

"■y^,  and  IB  x  "  '     the  stress  from  the  other  weight,  and  the 

•jumofboth,  orlAx^-MBx^=IA  x  IB  x  U 

qP 
is  the  whole  stress  at  lO ;  but  -|-g  is  given^  therefore  the  stress 

every  where  is  as  the  rectangle  lA  x  IB, 

Now  the  beam  being  of  an  equal  breadth,  its  strength  will 
be  as  the  square  of  the  depth,  or  as  01* ;  but  the  strength  must 
be  as  the  stress,  that  is^  01*  is  as  lA  X  IB^  or  the  rectangle  of 
the  two  abscisses,  is  as  the  square  of  the  corresponding  ordinate. 
Therefore  the  section  OIB  is  a  semiellips^^  (^67)- 

410.  If  the  learn  CD  when  resting  loose  on  the  props  A 
find  B  near  the  ends^  can  just  support  a  weight  P  at  the  mid- 
4le^  it  will  bear  double  that  weight  when  the  ends  C^  D  are 
fixed  down  so  as  to  be  immoveable.   '    * 

When  the  ends  are  loose  on  the 
props^  each  bears  half  the  weight,  and 
the  beam  will  break  in  the  middle  I     c'^^ 
where  the  stress  is  greatest.    Hence,  if 
tlie  supports  A  and  B  were  removed,  and  the  beam  rested  on  a 
prop  at  O^  it  foUpws  that  half 'the  weight  P  suspended  at  each 
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of  the  points  A  and  B  would  also  break  the  beam  at  the  middle 
O,  that  is,  the  pressure  on  the  fulcrum  O  when  the  beam  broke, 
would  be  equal  to  the  weight  P.  Now  if  the  ends  C  and  D  arc 
fastened  down^  and  the  weight  P  doubled,  each  of  the  props  A 
and  B  will  support  half  the  weight,  or  a  weight  equal  to  P, 
therefore  double  the  weight  P  would  just  break  the  beam  at  A 
and  B  when  the  ends  are  fixed. 

Or  thus.  When  the  ends  are  fixed,  we  may  conceive  forces 
icting  at  C  and  D  sufficient  to  produce  an  equilibrium  on  the 
fulcra  A  and  B,  so  that  CA  x  force  at  Czz  AO  x  JP,  aoci 
DB  X  force  at  D=.  BO  X  iP,  and  hence  it  appears  than  an 
additional  weight  equal  to  P  will  be  necessary  to  produi^e  a  liks 
effect. 

Remark*  Pieces  of  wood  of  equa.1  dimensions,  cut  from  the 
same  beam  or  plank,  aife  found  to  differ  in  strength,  and  there* 
fore  computations  from  theory  seldom  agree  with  experiment. 

By  experiments  made  on  deal  spars  an  inch  square,  resting 
loose  on  two  props  1  foot  asunder,  it  was  found  that  they  bore 
from  460  to  eooZi.  at  the  middle  before  they  broke.  Oak  spars 
from  660  to  91Qlb.  And  cast  ircm  bars  from  730  to  pgoZi.  thot 
bars  being  an  inch  square^  and  the  supports  3  feet  apart. 


HYDROSTATICS. 

411.  If  a  body  of  uniform  density  of  the  same  specific  gra^ 
vity  as  water ^  or  whose  weight  is  equal  to  the  weight  of  the 
same  bulk  of  water,  be  immersed  in  thatftuid^  it  will  rest  in 
ojiy  position* 

'  For  when  the. specific  gravities  of  the  body  and  fluid  are  equal, 
the  latter  is  pressed  by  the  former  just  as  much  as  it  is  by  the 
like  bulk  of  water  when  it  fills  the  space  occupied  by  the  body. 
The  body  therefore  in  any  position  can  have  no  more  tendency 
to  ri»e  or  sink  than  the  water  itself. 
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412.  A  lody  heavier  than  the  fluid  will  sink  to  the  lottom. 
fiut  if  it  he  lighter  it  will  float  with  only  a  part  immersed. 


Let  AD  be  the  surface  of  the  water  in 


IW.Jt> 


the  vessel  AC.     Then  if  the  body  GP 

be  heavier  than  the  fluid,  its  pressure  on 

the  water  «underneath  is  greater  than  that 

of  an  equal  bulk  of  water,  or  the  resist-     j^ 

ance  in  the  fluid  is  less  than  the  force  by 

wliich  the  body  endeavours  to  descend  ;  and  since  the  parts  of 

fluids  are  easily  moved  among  themselves,  the  body  will  sink 

by  its  superior  gravity. 

But  when  the  specific  gravity  of  the  body  is  less  than  that 
of  the  water,  the  hoAy  can  only  sink  till  the  weight  of  the  fluid 
displaced  is  equal  to  the  weight  of  the  body,  or  till  the  pressure 
and  resistance  are  equal.  Thus  if  GP  be  a  cube  of  wood  weigh- 
ing 500  ounces  avoirdupois,  and  the  side  OP  or  OG  a  foot,  it 
will  sink  just  6  inches  in  spring  water,  which  weighs  1000 
ounces  per  cubic  foot.  Hence  it  appears  that  fluids  press  up- 
wards as  well  as  downwards,  for  the  action  of  the  water  in  a 
vertical  direction  under  the  body  GP  is  equal  to  the  compressing 
force  or  pressure  of  the  body  downwards. 

If  the  weight  of  the  cube  were  1000  ounces^  it  would  sink 
'till  its  upper  surface  became  level  with  the  surface  of  the  water, 
and  the  wat^r  would  exert  a  force  against  the  bottom  OP  equal 
to  the  weight  of  the  cube.  The  pressure  of  fluids  vertically  is 
therefore  the  same  as  in  the  direction  of  gravity  at  the  same 
depth ;  hence  a  body  lighter  than  the  fluid,  when  immersed, 
yf'iW  rise  till  it  floats  at  the  surface,  for  the  force  of  the  fluid 
against  the  body  underneath  is  greater  than  its  weight  togethej^ 
with  that  of  the  column  of  water  directly  over  it. 

413*  Bodies  suspended  in  a  fluid  lose  as  much  weight  a$ 
the  weight  of  the  fluid  displaced. 

3  H  2 
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Thus  the  cube  GP  whose  side  is  a 
foot^  and  its  weight  =  1 000  ounces f 
when  put  in  water^  loses  all  its  weighty 
that  is,  it  will  require  no  force  to  keep 
it  suspended  in  the  fluids  because  it 
is  just  as  heavy  as  the  same  bulk  of 
water.  But  if  the  cube  were  of  brick 
(the  specific  gravity  being  double  that 

of  water)  its  weight  would  be  2000  ounces^  and  a  counterpoise 
=  1000  ounces  in  the  scale  W  would  be  necessary  to  keep  it 
from  sinking,  because  in  that  case  the  water  sustains  half  tfat 
weight  of  the  cube.  A  body  of  lead  of  the  same  dimensions  is 
ll325  ounces,  thei'efore  its  weight  would  be  11325  — 1000  or 
10325  ounces  when  weighed  in  water.  But  a  cubic  foot  of  cork 
which  weighs  only  240  sunces  would  require  a  weight  on  the 
upper  side^  or  a  force  equivalent  to  1000  —  240  or  760  <iunct$\» 
sink  it  even  with  the  surface  of  the  water. 


Corol.  Hence  to  determine  the  specific  gravity  of  a  body 
heavier  than  water ;  first  let  it  be  weighed  in  air,  after  the  usual 
method^  then  weigh  it  in  water  (which  may  be  done  by  sas* 
pending  it  from  the  balance  or  scales)^  and  the  difference  of  the 
results  will  be  the  weight  of  water  equal  in  bulk  to  the  body; 
and  that  difference,  and  the  weight  of  the  body  in  air>  will  be 
the  specific  gravities  of  water  and  the  body :  for  the  specific 
gravities  of  bodies  arc  denoted  by  their  weights  when  the  mag* 
aitudes  are  equal. 

Thus  suppose  a  mass  of  lead  to  weigh  226  J  and  20^  owices,  respeclivdy, 
in  air,  and  in  water,  then  226 J — ^206^=20  bunces  is  the  weight  of  a  volume 
of  water  equal  in  magnitude  to  the  lead ;  hence  the  specitic  gravity  of  water 
to  that  of  lead  is  as  20  to  926},  or  as  1000  to  1 1325. 


Hence^  if  ^  =:  the  absolute  weight  of  a  Jsody, 
a  ==  its  weight  in  water, 
s  =:  its  specific  gravity; 
u/  =:  the  specific  gravity  of  water. 
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Then  A^a  is  the  weigh!  of  &  volume  of  water  equal  in 
magnitude  to  the  body : 

And  A— a  i  A  :i  w  :  -j—  =  s,  the  specific  gravity  of  the 
body  A. 

The  value  of  «/,  which  denotes  the  specific  gravity  of  water^ 
is  arbitrary.  In  some  tables  it  is  supposed  to  be  1.  But  it  is 
much  more  convenient  to  make  it  =z  lOOO,  because  a  cubic  foot 
of  pure  water  weighs  1000  ounces  avoirdupois. 

414.  Tofiftd  the  specific  gravity  of  a  hody  [B)  lighter  ifum 
fuater^ 

Let  a  heavy  body  whose  weight  is  A  be  attached  to  it,  so  that 
iK>th  will  sink  together ; 

and  put  B  =  the  weight  of  the  body  B, 
r  =:  its  specific  gravity, 
c  =  the  weight  of  the  compound  in  water, 
a,  zz  the  weight  of  A  in  water, 
w  =  the  specific  gravity  of  water : 

Then,  proceeding  as  in  the  last  corollary,  we  have 

\  —  a,  the  weight  of  the  lighter  body  B  in  water,  which, 

in  this  case,  is  negative  because  a  is  greater  than  c. 
JJ (c a)  or  5  +  a  —  c,  the  weight  of  a  volume  of 

water  equal  in  magnitude  to  the  body  B: 

And  B^a  —  c  :  B  ::  w  :  j-pj^=:r,  the  specific  gra^ 

vity  of  B. 

Emmtple.  Suppose  755  ounces  of  lead  is  attached  to  a  block  of  deal 
weighing  275  ounces,  and  that  the  weight  of  the  whole  together  in  water  it 
463  J  ounces.    What  is  the-^ecific  gravity  of  the  deal  ? 

il3S5  :  10325  ::  755  ;  688  j^  ounces,  the  weight  of  the  lead  in  water: 
^  =  275  a  =  688} 

€  =463}  w=  1000. 

And  — ^^—  =:  .  ^taJ^^^.^k^ 550, the-spccificip^vity required. 
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This  result  Is  ounces:  and  it  is  equal  in  bulk  to  1 000  ounces  of  water  wHk 
vhich  it  is  compared.  The  wood  therefore  weighs  550  ounces  per  cubic 
foot. 

415*  TTie  weights  of  bodies  are  proportional  to  iheproduck 
of  their  masses  and  specific  gravities. 

Thus  if  a  mass  of  lead  be  I  cubic  inches;  then  since  a  cubi<\ 
foot  or  1728  cubic  inches  weigh  1 1325  ounces,  -^ 

we  iiave,  17«8  :  11325  ::  /  :  ,  weight  of  the  mass* 

^7*8 

Or  if  ^  =  the  cubic  inches  in  a  piece  of  dea]» 

*  t     550d  .  •  «     • 

then  1728  :  550  ounces  ::  a  :  — —  its  weight  m ounces; 

1 728 

But  11S25  and  550  denote  the  specific  gravities  of  lead  and 

11325/ 
deal:  and  113252  and  550i  are  in  the  same  ratio  as  --ztt- 

1756 

j  550d 

and  • 

1728 

416.  To  determine  the  quantities  in  a  mass  compounded  of 
two  ingredients  when  its  w fight,  and  the  specific  gravities  ore 
given. 

Let  A  and  B  denote  the  magnitudes  of  the  two  ingredients, 
a  and  b  their  &pecific  gravities,  respectively ; 
C  the  weight  of  the  compound,  or  the  weight  of  ^+J?| 
c  its  specific  gravity : 

Then  by  the  last  article,  clA,  bB,  and  cA-hcB,  will  denote,  Of 
be  proportional  to  the  weights  of -<^,  B,  and  A+B,  respectively; 

consequently  aA  +  bB:zzcA  +  cB 
.   or  a^ — cA  =  cB  —  i£, 
whence  A  :  B  ::  c  —  b  :  a—c,  that  is,  the  magnitudes  A  and  3 
areas  c  —  b  and  a-^c: 

And  therefore  the  weights  of  ^  and  B  will  be  as  a{c — b)  and 
\l(a— rj,  or  as  ac — ab  and  ab--ac: 
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Consequently  we  have  to  divide  the  weight  C  into  two  part$ 
kaving  the  proportion  of  ac — ab  to  sb — (ic: 

Therefore 
Ac — ab-^ab  —  bc  :  C::  ac — al: 

or    ac — be  ;  C  : :  ac'—al :  \'^L    9  the  weight  of^, 

ac—bc  :  C::  ab—bc  ;  ,~^L   9  the  weight  of  A 
\^a — ojc  ** 

txample.    Suppose  a  composition  of  Copper  and  Tin  tb  be  ^Zlb.  and  its 
(specific  gravity  8000;  what  is  the  quantity  of  each  metal,  the  specific  gra^ 
vity  of  Copper  being  9000^  and  that  of  Tin  73SD? 
a  =  9000  c  =  8000 

^;=7320  C=:      42. 

And  !^^f,  =  l£>i^-  the  weight  of  Copper.  Consequently  45  — 19^ 
:^22|/A.  the  weight  of  Tin* 

CoroL  Hence  we  can  find  the  specific  gravity  oi  a  mass  corn* 
podnded  of  two  ingredients  when  their  weights  and  specific  gra« 
vities  are  given.    For  suppose  A  and  B  to  denote  the  weights  of 

J  and  JJ,  respectively :  then  ^-^^z^  =  -*.  whence  ^^^^^^ 
^  c,  the  specific  gravity  required. 

And  in  the  same  manner  a,  or  b^  may  be  found  when  the 
values  of  the  other  letters  are  given* 

417.  To  find  the  specific  gravity  of  afiuid.  Let  a  body 
whose  specific  gravity  is  known,  be  weighed  both  ip,  and  out 
of  the  fiuid^  then  the  specific  gravity  may  be  found  from  the 

^pression-T-^  =5  (Art.413,corol.)  or  u;=:  '    "^^  ^^whei^ 

W  denotes  the  specific  gravity  of  the  fluid : 

Thus  suppose  262».  5  ounces  of  lead  when  weighed  in  water,  is  ^6lb, 
\3  ounces;  then^s^SSr^j,  a^25\i,  and  i==  11325  the  specific  gravity 
of  lead ; 

^j  i^~  V.  ^^v  =;  1000,  the  speci£c  gravity  of  water. 
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CoroL    Hence  to  compare  the  specific  gravities  of  two  fluidS| 
weigh  the  same  body  in  both^  and  we  shall  have. 
As  the  loss  of  weight  in  one  fluids  is  to  the  loss  in  the  other, 
So  is  the  specific  ^avity  of  the  former  fluids  to  that  of  the 
other; 

Thus  if  31^  ounces  be  the  low  in  water^  and  27^  wnces  the  Ios»  is  recti* 
ied  spirit  of  wine,  the  specific  gravities  of  the  fluids  are  as  3  tj^  and  Tt^ 
to*  at  1000  to  866  which  therefore  is  the  specific  gravity  of  the  spirit,  tiiat 
of  water  being  1000* 

Platina  and  Gold  are  the  only  known  substances  that  will  siak 
in  Quicksilver  or  Mercury :  but  its  specific  gravity  may  be  deter* 
mined  by  putting  it  in  a  small  open  glass  vessel  suspended  from 
the  scale^  and  weighing  it  in  water:  the  vessel  however,  saast 
^  first  balanc^  in  water* 

418.  The  instrument  used  in  these  experiments  for  weighing, 
is  an  Hjfdrasiatical  Bal^tncCy  which  however,  differs  but  little 
in  the  construction  from  a  pair  of  scales.  But  for  comparing 
the  specific  gravities  of  fluids  that  are  nearly  of  the  same  densit}-, 
another  instrument  has  been  contrived,  called  the  Hydrometer^ 
The  conmionsort  consist  of  a  graduated  cylindric 
item  AB  fixed  to  a  hollow  globe  of  copper  BC  \ 
Us  weight  being  adjusted  so»  that  it  may  swim 
in  the  fluid  with  part  of  the  stem  above  the  sur* 
face  SR.  When  this  is  put  in  proof  spirits  (fot 
example)  it  will  sink  to  a  particular  division  on 
the  stem ;  but  if  the  spirit  be  under  proof  or 
weaker  "than  proof  spirit,  (as  common  brandies,  &c.)  it  will 
not  sink  to  that  division ;  on  the  contrary,  should  the  fluid  be 
rectified  spirit  of  wine,  the  hydrometer  will  descend  to  a  division 
on  the  stem  much  above  the  proof  point, 

oCHOLiUMt  The  specific  gravity  of  bodies  however,  must 
necessarily  vary  with  their  temperature,  for  most  bodies  expand 
by  heat,  but  are  contracted  again  in  cooling.  And  in  com* 
pttting  the  specific  gravity  of  a  compound,  an  error  may  arise  u\ 
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consequence  of  some  unceruinty  in  its  bulk.  Thus  a  pint  of 
spirits  of  wine  and  another  of  water  when  mixed  together  will 
be  less  than  a  quart.  To  account  for  this  diminution,  or  penc- 
tration  of  dimensions,  it  has  been  supposed  that  the  constituent 
particles  of  the  fluids  are  globular,  but  of  a  size  much  less  in 
one  fluid  than  in  the  other,  because  in  that  case,  a  considerable 
number  of  the  less  particles  might  fall  into  the  spaces  between 
the  greater  particles  in  the  operation  of  mixing.  Mr.  Ramsden, 
in  1 70^9  published  an  account  of  a  new  instrument  called  the 
Balance  Hydrometer,  by  which  he  could  deiermjne  the  exact 
4)uantity  of  aptritand  of  water  in  any  compound  of  the  two,  its 
specific  gravity^  the  diminution  in  the  volume^  &c.  £cc.  at  any 
temperature. 
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A  Table  of  Specific  Gravities. 


Plalina :.. 

Fine  Gold 

Standard  Gokl 

Pure  Mercury 

Commoji  Mercury 

Ijead 

Fine  Silver  ^^ , 

Standard  Silver 

Copper , 

Copper  halfpence. „ 

Gun  metal 

-Cast  Brass 

Steel 

Wrojugiit  Iron.. ...... «...., 

Cast  Iron 

Tin 

Diamond.. 

^larble 

Common  Green  Glass.. 

Flint 

Common  Stone ^. 

Clay ,^.. 

Brick,  from  2000  to .,.,. 
Common  Earth , 


22000 

19400 

17724 

14000 

13600 

11325 

lh091 

10^35 

9000 

8915 

8784 

8000 

7850 

7545 

7425 

7320 

3517 

2700 

2600 

2570 

2520 

2160 

2400 

1984 


Ivory , 

Sulphur 

Chalk 

Ury  Dgnum  vite. 

Pit  Coal 

l>ry  Mahogany , 

i>r>  Boxwood 

Sea  Water... 

Spring  Water. 

Distilled  Water 

Gunpowder  close  shaken  „ 
Proof  Spirits,  in  the  tem- 
perature of  55^ 

Dry  Oak 

Ice 

Rectified  Spirits  of  Wine.. 

(  Ash 

)  Beech 


Dry 


)  Elm . 


(  Fir  or  Deal.. 

Cork ...r. 

Air  in  a  mean  state.. ^^....^,. 


1900 

1825 

1810 

1790 

1327 

125)* 

1053 

1030 

1030 

1000 

937 

927^ 

025 

900 
86S 
800 
700 
60O 
550 
240 

•r  1% 


vmu  lu 


$1 
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The  numbers  in  the  foregoing  table  dctiotc  the  specific  grii* 
Vities  of  the  several  bodies,  and  also  the  weight  of  a  cubic  foot 
of  each  in  ounces  avoirdupoise.  JLus  a  cubic  foot  of  c(>inm(m 
water  weighs  1000  ounces  or  6^rjb.  A  cubic  foot  of  cast  iron 
74S5  ounces^  &c.  &c.  Hence  we  have  a  ready  method  of  find- 
ing the  magnitude  of  a  body  from  its  weight,  or  tlie  weight  frohi 
its  niagnitudet  as  in  the  following  examples, 

1.    Suppose  an  irregular  piece  of  Oak  iimher  lo  Mrigfi  H\  hundred 
weight;  how  many  cubic  feet  does  it  conlaiii? 

14|  X  112  s=  1624/^.  =  25984  otmces,  the  weight,  which  divided  by  «» 
(the  Qfuaces  per  cubic  foot)  gives  2$  ^^  itihic  feot»  the  tttuwtr. 

9.    What  is  the  wetglit  of  «00  scjuare  feol  of  sheet  Leud  ^  of  aii  fnct 
thick? 

1^  X  rr^Tiv  of  a  foot,  the  tim:1vDess: 
And  T^  X  000%:±S  oibic  feet,  the  contents 

Then,  as  \feot :  1 1325  ounces  : :  5  :  56623  <nirices  the  weighty  whic^  di* 
Tided  by  16  gives  ZbZS^lb.  the  answer, 

3.  What  is  the  diameter  of  a  cast  Iron  Shot  v  hose  weight  is  J>#.  ? 

9ifr.  X  \6t=i\Uouttces: 

Tbeiij  7425  :  1728  iVi.  ::  144  :  33.51127  inches  nearly,  the  cubic  contents: 

And  .5236  being  the  contents  of  a  sphere  whose  diameter  is  i»  we  ha\'e 
«5236  :  1'::  33^^137  :  54  wdies^  very  nearly,  the  cube  of  the  diauietrr; 
Tbeiefbre  the  ^ameter  of  a  Btb,  iron  shol  may  be  taken  at  4  inches  without 
sensible  error. 

4.  To  6nd  the  weight  of  a  Lead  Shot  of  a  given  diameter. 

Put  i/=  the  diameter  in  inches;  then  .5236</'  is  the  cubic  contents  in 
Inches: 

the  weight  in  ounces,  of  the  ball  whose  diameter  is  d ;  hence  if  d^s,  12  inches 
tiie  Wght  will  be  5930  cunea. 

If  the  diameter  =  3.6  or  3f  inches,  the  weight  is  \M.  or  160  omus^ 
nearly;  for.l2^  :  5930 :  (3^)^ :  160 ;  which  proportion  is  more  exact  thaa 
that  given  in  tlie  Arith.  art.  188^  examp.  7, 

Or  the  cube  of  the  diameter  in  incha,  multiplied  by  3.4i2  gives  the  wei^ 
in,0URcef.  And  if  tlie  weiglit  in  ounces  be  multiplied  by  the  decimal  •^ii* 
the  cube  root  of  the  product  will  be  the  diameter  ifit><Allreir»  ' 
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.     5.    Let  ABDC  be  the  profil  of  a  Pontoon     AS  Tt 

floating  in  water,  the  water  mark  being  OK.  ^JP  *'*'*'*'*^lOa 
Put  «  =  CD  tlie  external  length  at  bottom,  ^^^l^^gS^^^ 
r  =:  (he  difference  of  CD  and  the  length  at  top  t-^^^^^^^^b^S^ 
AB,  dszSC  tlu?  depth,  jsePC  the  depth  of  the  part  immened.  znd  bsa 
the  breadth. 

By  similar  triangles,  di^r  (or  AS)  ::  it^sOP,  whence  n  +  ~=OH, 

«"*^  ("  +  55)  ^  =  ^»»«^  area  of  the  trapezoid  OCDR,  therefore  («+ ^)  sb 
is  the  cubic  contents  of  the  immersed  part.  Suppose  the  dimensions  are  in 
iriches,  and  let/=:  1728,  /=62J».  avoirdtipoise  the  weight  of  1728  cubic 
inches  of  water,  and  »= the  weight  (ia  pounds)  of  the  water  displacel. 
Of  the  weight  of  the  pontoon  together  with  tlie  weight  it  bean;  then 
f        sr\shl         nbl         rhl 

If  the  wefght  w  be  giTcoy  and  the  depth  PC  feqmrtd,-thc  cqiiation«givc9 

Let  the  outward  dimensioBS  be 
AB  =21^  feet, 

CD  =  17^. =20ff  wi.  =«, 

SC  =    2i  ^ =   27  in,  =rf,  depths 

r  =    4]- ^_  =    52  in, 

brea<lth      ts   4J  ^ _=   57j«.  =B*t 

And  suppose  the  water  mark  OR  tobe9'incIie8  from  the  top,  or  PC 
sa  18  tfi.  =f ; 

Then  y  *  +  ^ *'  =  8288/^  =  w,  the  weight  (including  the  pontoon) 
that  sinks  it  18  inches. 

'     Again,  if  the  weight,  including  the  p©ntooas=600g^,ssw;  what  is  the 
depth  in  the  water. 

*  =  •  (t^T  ■*•  "7*"/  —  7  =  13.3  {?ichss  =-  PC,  the  depth  r«quif«d« 

Hence,  for  pontopns  of  the  above  dimensioos,  the  expressions  will  become 
424.7s  +  1^85j*s=ir» 
And  t^(.50371»4-11441)  — 107==js=PC. 

That  It,  multiply  the  depth  sunk  (in  inches)  by  424.7,  and  Its  square  by 
1*985,  and  Che  sum  of  the  products  is  the  weight  of  the  loaded  pontoon  ia 
pounds. 

81  fi 
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And  to  find  the  depth  when  the  weight  (inchiding  the  pontoon)  It  gWcn* 
Multiply  the  weight  in  Ua.  hy  the  decimal  .5037 1,  and  add  the  product  to 
1 144 1 ,  then  107  subtracted  from  llic  square  root  of  the  sum,  givts  the  depth 
VC  in  inches, 

A  pontoon  of  the  above  dimensions  weighs  about  90016. 

420.  If  a  lody  is  at  rest  whenjloaiing  in  ajluidy  its  center 
ef  gravity  and  the  center  of  gravity  ofthejluid  displaced,  are 
in  the  same  vertical  line. 

Suppose  the  body  to  be  a  globe  whose  center 
is  C,  and  let  its  density  be  unequal  so  that  G 
(instead  of  the  center  C)  is  its  center  of  gra- 
vity ;  then  since  the  centre  of  gravity  of  the 
fluid  displaced  or  segment  SRB,  is  in  the  ver- 
tical diameter  VB,  the  center  of  pressure  of 
the  fluid  upwards  is  in  that  vertical  line,  the  center  C  may 
therefore  be  considered  as  the  point  upon  which  the*  body  is 
suspended,  consequently  it  must  move  round  that  poiat  till  the 
diameter  AD  becomes  vertical.  (372^  corol.  J  and  2).  And  the 
same  method  of  reasoning  will  apply  to  bodies  of  any  form* 

Corel.  Hence  if  a  body  be  kft  to  float  in  a  fluid,  it  will  turn 
by  its  own  gravity  till  the  heaviest  side  is  downwards. 

421.  Suppose  HBOPGS  to  be  a  iended funnel  er  glass  c«n. 
iaihing  a  Jluid^  and  open  at .  loth  ends^  and  GB  a  vertical 
section  through  the  lowest  point ;  then  the  two  parts  of  the 

fluids  BOPG  and  BHSG,  press  equally  against  that  section. 

For  if  the  pressure  of  BHSG  the 
largest  body  of  the  fluid  were  greatest, 
the  other  must  ascend  in  consequence 
of  that  superior  force,  but  the  two  sur- 
faces  HS  and  PO  will  always  be  in  the 

same  horizontal  line  HO  when  the  fluid  is  quiescent,  whatever 
be  the  diflerence  in  the  diameters  HS  and  PO  j  that  is,  the  sor- 
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beet  are  constantly  at  the  same  vertical  hei^t  above  the  loweit 
part  of  the  fluid  (B).   < 

And  the  pressures  are  equal  in  opposite  directions  at  any  other 
section  AC  ;  for  ihe  pressure  of  the  volume  AOPC  uJJwards  at 
AC,  is  equal  to  that  of  AHSC  downwards,  otherwise  the  fluid 
would  not  rest  with  the  two  surfaces  HS»  FO  in  the  same  hori- 
zontal line* 

CoroL  1.  Hence  water  conveyed  to  a  reservoir  by  means  of 
a  pipe,  will  rise  to  the  <ame  horizontal  level  as  the  spring  or 
head  from  which  it  is  supplied. 

CoraL  2.    The  pressure  of  fluids 
therefore,  on  equal  surfaces  alike  situ* 
ated,  is  the  same  at  equal  perpendi- 
cular heights,  whatever  diflfcrence  there 
may  be  in  the  quantities  of  the  incum- 
bent fluid.     Thus  suppose  AB,  CD,  GH  are  three  vessels  of 
the  same  height  filled  with  water,  then  if  the  bases  are  equals 
each  base  will  sustain  a  weight  equal  to  that  of  the  prism  of 
water  in  the  vessel  AB  whose  sides  are  pcrpjendicular. 

CoroL  3.  Hence  a  small  quantity  of 
fluid  may  be  made  to  float  or  raise  a  great 
weight.  And  on  this  principle  the  hydro- 
staiical  paradox  is  constructed.  Thus 
AB  and  CD  are  two  boards  connected  at 
the  edges  by  leather  so  that  they  can  be 
moved  to,  and  from  one  another  hke  the 
top  and  bottom  of  a  pair  of  bellows  :  TS  is  a  small  tube  open 
at  both  ends,  that  communicates  with  the  inside  between  the 
boards.  Now  when  water  is  porred  into  the  tube  at  the  topT^ 
the  board  or  top  AB  will  be  *''>«c  d  upwards  by  the  pressure  of 
the  fluid  against  it  on  <he  side,  if.  all  the  joinings  are  water* 
tight.  For  .he  force  agj^inst  the  hoard  AB  is  equal  to  the 
weight  of  a  prisni  of  water  whose  base  is  AB  and  height  equal 
to  the  height  of  the  tube  H  S,  and  consequently  it  would  raise 
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"*•  weight  pkced  on  the  top-  at  W  equaf  to  t^e:  weight  of  that 
pri«ni  of  water.  Tims  suppose  AB  and  CD  are  squares,  each 
side  being  2  feet,  and  the  length  of  the  tube  6  feet ;  then  4x5 
=  34  cubic  feet  is  the  contents  of  the  prism,  and  «4  x  <52t 
:=:  idOol/f.  its  weigh  t»    Hence  if  the  internal  diameter  of  the 

'tube  be  i  of  an  inch,  about  ^pmt«  of  water  poured  m  at  the 
top  T  will  be  sufficient  to  raise  AB  the  upper  board.  ^  of  an  bch 
if  it  be  loaded  with  13  hiindred  weight, 

'4 22.  If  TBA  ie  a  lent  Junnel\  or  iuie,  containing  tU9 
Jluids^  and  MSRO  the  horizontal  plane  in  which  they  are  in 
contact f  the  pressure  of  the  denser  fimd  in  the  part  AR  is 
equal  to  thai  of  the  other  in  TS* 

For  if  TS  andAR  weVe  empty,  tlie  fluid  iip 
HBO  would  remain  qcricscentv  because  the  sec* 
tions  (or  surfaces)  HS  ahdRO-  are  in  the  same 
horizontal  plane ;  the  fluids  inTS  and  AR  must 
'tliercfofe  press  equally  on  those  sections  or  siir* 
•faces  when  they  are  in  equiirbrio* 

CoroL  If  the  sections  HS  and  RO  tire  equal,  the  pcrpen^ 
dicular  heights  HT  and  OA  will  be  reciprocally  as  the  specific 
gravities  of  the  fluids*  For  in  that -case  the  sections,  or  surfaces, 
HS  and  RO  are  pressed  by  equal  weights,  or  pnsms  of  the 
fluids  whose  heights  are  HT  and  OA ;  and  since  their  bases 
HS  and  RO  are  equal,  the  specific  gravities  of  the  prisms  wiJi 
1)e  inversely  as  their  heights. 

423.  Let  a  cubical  vessel  (PD)  whose  lose  is  horizontal^  le 
^fill^d'u)ith  water  ;  then  the  pressure  ofthejluid  against  either 
'^ide  is  equal  ^0  half  its  pressure  on  the  base* 


Suppose  tWe  square  AD  to  he  one 
tff  the  ridei.  Produce  DB  till  BC 
r=  B  A  J  then  the  pressure  on  the 
bottom,  and  against  one  side,  will  he 
as  the  square  AD  to  the  triangle 
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ABC    Tor  since  (hitds  press  equally  in  all  directions^,  and  thtt ' 
\xk  praportioR  to  tbmr  depths^  an  indefinitely  small  coliiaa  A&n 
^irill  press  at  B  in  the  horizontal  direction  BC  with  the  sanae  . 
force  as  upon  the  bas^  at  that  point  B,  therefore  if  the  p«8SUTe 
o£  tlie  column  on  the  base  be  denoted  by  the  depth  AB,.its^ 
•^qual  pKssure  in  the  herizental  direction  BC  will  also  be  re^ 
T)rescnted  by  BC;  in  like  manner,  the  honaoBtal  pressure  of '^ 
^the  vertical  column  AR  will  be  denoted  by  RS  which  is e<)i«al  to. 
AR,  and  so  on :  consequently  all  the  BC,  RS,  &c.  together^ 
or  the  area  of  the  triangle  ABC  will  represent,  the  whole  hori- 
zontal pressure  against  the  side  at  the  line  AB  ;  and  AB  'taken 
BD  times  (or  the  area  of  the  square  AD)  is  the  pressure  on  the 
line  BD;  but  the  pressure  on  the  whole  base  k  the  weight, 
-or  content  of  the  contained  flujd^  or  AD  x  side  of  the  base 
{=:ADk  DQ);   and  the, pressure  on  either  side  —  tiiangle 
ABC  X  side  of  the  ba.^e  (=  ABC  x  AP) ;  that  is,  one  prcssura 
is  double  the  other^  because  the  square  AD  =  twice  :the  1;riajDgIe 
ABC. 

CoToh  1.  But  if  BG  (instead  of  BD}-  be  any  other  breadth 
of  the  vessel,,  the.  pressure  on  the  side  BP  will  remain  the  same 
18  before ;  the  pressure  of  a  fluid  therefore,  against  any  upright 
surface,  is  equal  to  half  the  weight  of  a  prism  of  the  fluid  whose 
'base  is  the  surface  pressed^  and  height  equal  to  the  perpendicular 
height  of  the  fluid. 

Thus,  let  the  depth  of  ih-.*  Cttblcal-Tesscl  hft  zfett\  th«n  -^  X  ^2^ 
•s:8433/^.  the  pmsure  against  0B€  fide. 

Or  suppose  tbe.giit<?  or  lock  supporting  water  in  ac^na)  to  be  IS  feet 
broad  and  lO/«t  deep,  and  we  have  ^"  ^  j^^K^O  ^  ^^^^  _  yibWM,  the 
prsisttre  it  sustains. 

CoroL.  9.    1^  O  be  the  center  of  gravity'  of  the  triangle  > 
ABC ;  then  since  the  pressvire^  at  B,  R^.  &c.  .in  aniK>rizontal 
^direction  are  denoted  by  BC»  RS,,  &c^  and  the.  whcdcpres^ure. 
tagainst  AB  by  the  trian^e  ABC^  the  center,  of  prQH|u|;e.pf.the  . 

iluid  against  AB»  and  centecof  gcavity.i»f  the  triangle  are  ia  the   ' 
wae  horisontal  lineOIt  J^ecattse  Ois:4fae:oe{itfirjo£^ffssoreitf  a 


43f  HYDROSTATICS. 

the  triangle ;  ud  since  AI  =  j^AB,  the  centers  of  pressure  and 
percussion  of  the  upright  surface  of  the  fluid  BPA  coincide^  the 
axis  of  motion,  being  supposed  at  ihe  surface  AP.  Thus,  if 
BGzzGD,  and  GT  =  1  foot  or  |  of  the  height  of  the  vessel, 
then  T  is  the  center  of  pressure  of  the  fluid  against  the  side  AD, 
and- a  force  ==  843|/^.  acting  perpendicularly  against  that  side 
at  the  point  T,  would  just  sustain  it  in  cquilibrio  with  the  fluid 
if  the  side  were  a  loose  board. 

Scholium.  If  ABC  be  the  vertical  section  of  a  bank  or 
wall  supporting  a  body  of  water,  the  thickness  at  bottom  musk 
eaceed  the  height  when  its  specific  gravity  and  that  of  the  fluid 
are  the  same.  If  it  be  constructed  of  brick^  which  is  about 
twice  as  heavy  as  water,  the  breadth  at  bottom  should  therefore 
)>e  rather  'more  than  half  the  height,  supposing  it  to  resist  by 
its  own  weight  only ;  for  if  the  foundation  be  sunk  bdow  the 
water,  the  breadth  may  be  less,  but  in  that  case^  the  thickness 
must  depend  on  its  strength. 

Hence  in  computing  the  thickness  of  a  wa]l  (Art.  386,  &c.) 
regard  should  be  had  to  the  consistence  of  the  body  it  is  to  sup* 
port,  because  the  center  of  pressure  will  vary  with  its  tenadty. 
Thus  the  center  of  pressure  of  loose  earth  in  an  horizontal  di- 
rection, is  usually  taken  at  one  third  of  its  depths  but  in  a  fluid 
it  is  at  two  thirds. 

424.  Let  CVQG  le  the  perpendicular  section  of  a  wall 
supporting  a  fluid  :  io  find  the  nature  of  the  curve  VQG  when 
th^  strength  of  the  wall  is  every  where  as  the  force  it  sustains^ 
or  that  it  shall  be  equally  liable  to  break  at  all  depths. 

Conceive  any  depth  VP  to  be  divided 
into  innumerable  equal  parts  PO,  OL, 
&c«  Then  since  the  pressure  of  the  fluid 
against  any  point  L  is  as  the  depth  VL, 
the  nwnbcr  of  particles  acting  by  their 
weight  aga'mst  the  wall  at  that  pointy 
wifl  be  denoted  by  VL,  and  their  force  at 
L  d|i  the  kver  PL  (considerin;  P  as  the 


PRESSURE   OF    FLUIDS.  433 

fulcrum)  is  PL.VL.  In  like  manner  PO.VO  will  denote  the 
force  at  O  of  the  particles  represented  by  VO,  and  so  on. 
Therefore  ail  the  PL.VL-hPO.VO+  &c.  will  be  the 
whole  force  tending  to  break  the  wall  at  P,  Hence,  if  VP  =  rf, 
and  any  other  depth  VL  =  y,  then  all  the  PL.VL  +  PO.VO  + 
&c.  will  be  denoted  by  all  the  (d— y)y  or  dy—y^',  now  (179) 

all  the  dy—y^  IS  ~  -^ ^,  which  (when  y=zd  or  VP)  be- 
comes ^  — *^  or  ry' ;  therefore  the  force,  or  tendency  of  the 

fluid  to  break  the  wall  at  any  depth,  is  as  -^y ',  or  as  y '  the  cube 
of  the  depth* 

And  if  b  =z  the  breadth  of  the  wall,  and  x  =  LQ  its  thick- 
ncss  at  the  depth  y,  it  follows  from  Art.  401,  &c.  that  the 
strength  will  be  as  ix*  or  as  *'  (the  breadth  b  being  given), 
that  is,  the  square  of  the  walPs  thickness  is  always  as  the  cube 
of  the  corresponding  depth  of  the  fluid;  or  the  cubes  of  the 
ordinates  BD,  RG,  &c.  are  as  the  squares  of  the  abscissas  VB, 
VR,  &c.  This  curve  is  called  a  semicubical  parabola :  V  is 
the  vertex,  and  VR  the  axis. 

The  thickness  of  the  wall  must  evidently  depend  on  its  strength 
or  tenacity.  Let  the  depth  VC  n  lO/eet,  thickness  at  bottom 
=  5/eei  =z  CG, 

Then  10'  :  5*  ::  6'  :  5.4,  and  the  square  root  of  5.4  is  2.324 
feet^  nearly,  the  thickness  at  the  depth  of  6/eet^  ice. 

425.  If  the  side  AB  of  a  vessel  containing  ajliiidj  be  oblique 
to  the  horizon^  the  pressure  it  sustains  is  equal  to  the  tveight 
of  a  body  ofihefiuid  whose  magnitude  is  the  surface  AB  mul^ 
tiplied  by  the  perpendicular  distance  of  its  center  of  gravity 
below  the  surface  ofthefiuid. 
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Suppose  the  surface  AB  to  ^con- 
sist of  an  indefinite  ntunber  of  mi- 
nute surfaces  represented  by  S,  V, 
B,  &c.  that  support  the  vertical  co- 
lumns PS,  RV,  &c.  then  the  force 
or  pressure  on  S,  (or  content  of  the 
column  PS)  will  be  denoted  by  PS 

X  S,  and  that  on  V  by  RV  x  V,  and  so  on ;  but  all  these  forces 
or  columns  together  make  up  the  content  of  the  incumbent  fluid. 

Now  if  we  consider  S,  V,  &c.  as  a  number  or  system  of 
bodies,  it  follows  from  Art.  373,  corol.  2,  that  the  aggregate 
S-f-V-h  &c.  multiplied  by  (d)  the  distance  of  their  common 
center  of  gravity  from  the  plane  OG,  is  equal  to  the  sum  of  the 
products  of  those  bodies  drawn  into  their  respective  distances 
from  the  same  plane ;  that  is,  AB  x  i  =  PS  x  S  +  RV  X  V  +  &c. 
=:  the  pressure  on  AB,  because  S  +  V  +  Sec.  ir  the  surface  AB. 
And  the  same  method  of  reasoning  is  applicable  to  any  cun'c 
surface  whatever  that  supports  a  fluid. 

Let  AB  be  a  square  whose  side  is  4  fiel,  and  the  depth  of  the  vessel 
:=z3/eet,  then  the  center  of  gravity  of  the  surface  AB  is  1 J  feet  below  the 
surface  OG ;  and  if  the  fluid  be  water,  16  X  H  X  62i  =1500/^.  the  pres- 
sure on  the  side  AB. 

And  if  a  hollow  sphere  be  filled  with  a  fluid;  then  as  the 
center  of  the  sphere  is  also  the  center  of  gravity  of  the  surface, 
its  distance  from  the  highest  part  of  the  fluid  is  equal  to  the 
radius,  therefore  the  internal  surface  multiplied  by  the  radius  of 
the  sphere  zz  the  pressure;  that  is,  the  pressure  on  the  internal 
surface  =  3  times  the  weight  of  the  contained  fluid;  as  iu  the 
cubical  vessel.  Art.  423. 
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426*  If  a  vessel  AC  be  full  of  water ^  the  first  or  greatest 
velocity  with  which  it  issues  through  a  hole  at  the  httom,  is 
equal  to  that  which  a  body  would  acquire  in  descending  fr^^^y 
from  rest  through  the  perpendicular  height  AB. 
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This  appears  from  experiment.     For  a  ^ 

heavy  body  projected  vertically  with  the 
velocity  it  acquired  in  descending  from  a 
given  height,  would  rise  to  that  same  height,  ^^  . 
provided  the  motions  were  made  in  a  non-  V^ 
resisting  medium,  (317);  and  when  the 
orifice  O  of  a  pipe  OB  inserted  at  the  bottom  is  horizontal,  and 
the  vessel  kept  fall,  the  fluid  is  observed  to  spout  up  neariy  as 
high  as  the  surface  AP:  the  stream  however,  or  jet  is  impeded 
by  the  resistance  of  the  air,  and  therefore  its  ascent  is  less  than 
it  would  be  in  vacuo. 

Tx>  determine  the  velocity  from  theory,  we  suppose  thcfweight 
or  pressure  of  the  incumbent  column  of  water  to  generate  that 
velocity;    this  force  therefore  will  vary  as  the  perpendicular 
height  of  the  fluid's  surface  above  the  orifice  varies,  and  conse- 
quently the  force  and  depth  increase  uniformly 
together,  like  the  bending  of  a  spring.     Thus 
let  SG  be  a  spring  of  uniform  strength,  and 
suppose  that  I  lb.  weight  when  laid  on  the  end 
at  S  will  bend  it  through  the  space  of  1  inch,  or 
from  O  to  P,  then  ii  is  found  that  9lb.  will  bend 
it  twice  that  space  (=  OR),   and  3lb.  three 
times  OP  or  three  inches  (=  OD),  and  so  on  ;^ 
therefore  the  space  through  which  the  spring 
is   bent   increases    uniformly   with  the   com- 
pressing force:    hence    the    velocity   of  the    v^rater   may    be 
compared  with  that  of  a  bent  spring  when  suddenly  loosened. 
Let  the  spring  SG  be  compressed  into  the  space  BC,  and  a 
small  weight  B  attached  to  the  end  or  top  B  when  it  is  disen- 
gaged, then  the  weight  is  an  uniformly  retarding  force,  and  the 
height  to  which  it  will  ascend  by  the  force  of  the  spring  will  be 
as  the  square  of  the  initial  velocity,  as  in  bodies  when  projected 
upwards  (317).    The  same  thing  however,  is  evident  without 
supposing  a  weight  at  the  end  B  ;  for  since  the  spring  is  com- 
pressscd  by  an  uniformly  accumulated  weight  or  force,  it  must 
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regain  its  unbent  position  by  a  motion  uniformly  retarded.    The 
initial  velocities  of  the  spring  and  effluent  water  are  therefore 
'    analogous ;   and  hence  the  velocity  of  the  water  through  an 
orifice  at  any  depth^  will  be  as  the  square  root  of  that  depth. 

It  is  not  hifered  from  this  determination  that  water  is  an 
c1.i  tic  fiuid.  But  if  the  experiments  of  Mr.  Canton  are  con- 
clusive (Philos.  Trans,  vol.  53,  54)  the  whole  mass  of  water 
hi  >nging  to  our  globe  is  in  a  constant  state  of  compression  by 
the  weight  of  the  surrounding  atmosphere. 

But  the  greatest  velocity  of  the  water 
is  at  a  little  distance  from  the  orifice  BR, 
For  since  the  pressure  of  the  fluid  in  the 
vessel  is  in  all  directions,  it  is  observed  ^-a-*^^]^ 
that  the  effluent  water  converges  after  it  "^  '  b 
quits  the  hole,  so  that  when  the  orifice 
is  circular,  it  forms  the  frustum  pf  a  cone  BRV^.  Sir  I.  New- 
ton found  that  the  area  of  the  section  at  V  (which  he  called  the 
vena  contracta)  is  to  that  of  the  orifice  BR  as  1  to  y^2  nearly, 
and  therefore  the  velocities  of  the  water  at  BR  and  V,  are  as  1  to 
y^e.  Now  it  is  the  velocity  of  the  stream  at  V  which  is  equal 
to  that  acquired  by  the  descent  of  a  heavy  body  through  the 
whole  height  AB,  consequently  the  velocity  at  the  orifice  BR 
will  be  nearly  the  same  as  a  body  would  acquire  in  descending 
through  half  that  height. 

Suppose  the  height  BA=:  X^feeizzzS,  and  let  sz^xe^^feet,  v=;32|,  and 

r=:  the  velocity  at  V;  then  (317)  V=i  t>  y  -  =  y  4j^  =  |/  772  =  27.78, 

&c.  feet,  the  velocity  per  second  at  V.    And  y'2  :  I  ::  27.78,  &c.  :  19.64-, 
&c.  feet  per  second,  the  velocity  at  the  orifice  BR. 

427.  Let  the  depth  of  the  vessel  le  l^feet^  and  Ike  top  and 
bottom  AP  a72d  BC  squares,  each  side  being  bftet^  to  find  the 
time  in  which  it  would  be  exfiausted  through  a  circular  orifice 
in  the  bottom  ivhose  diameter  zl  i  an  inch^  supposing  it  filled 
with  water. 
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Put  a  rz  area  of  the  orifice  in  feet,  i  =  95  feet  the  area  of  the 
top  or  bottom,  A  n  i2  feet  the  depth,  and  J  =  le-r,-  f^et.  Then 
y^S^A  will  be  the  first  velocity  or  that  with  which  the  water 
quirs  the  orifice  when  it  begins  to  run  out.  And  since  all 
horizontal  sections  of  the  vessel  are  equal,  it  is  manifest  the 
surface  of  the  water  in  the  vessel  will  descend  with  an  uniformly 
retarded  velocity,  that  is,  the  velocities  will  form  an  infinite 
^Arithmetical  progression  whose  first  term  is  y^S/A,  and  last  term 

=:  0  the  least  or  last  velocity,  hence  ^       z=  y'  —  feet  per 

pecond,  will  be  the  mean  velocity. 

« Now  the  whole  length  of  the  cylinder  of  water  that  flows  through 

^he  orifice  is  zi  —  feet:  hence  i/—  :  1  sec*  ::  —  :  -  i/  — 

=:  22397  seconds y  nearly,  is  the  time  it  would  require,  to  pass 
through  the  orifice  with  the  mean  velocity,  which  therefore  is 
^e  time  of  exhaustion. 

Corol.  1.  And  if  d  =  any  other  height  from  the  bottom,  the 
time  of  exhaustion  will  be  -  v^-^5  therefore  the  time  of  emp- 
tying any  depth  h — ci'from  the  top  is  -  ( |/ ^ — 1. 

Corol.  S.  The  velocities  through  apertures  in  the  side  and 
bottom  are  the  same  at  equal  depths.  And  the  velocities  at  dif« 
ferent  depths  are  as  the  square  roots  of  those  depths. 

Corol.  3.  Hence  the  exhaustion  is  performed  in  a  less  time 
through  a  pipe  or  tube  inserted  in  the  bottom ;  for  its  lower  end 
becomes  the  aperture  in  that  case ;  and  since  the  distance  from 
the  surface  of  the  water  is  thereby  increased,  the  velocity  will 
also  be  increased. 

Scholium.  The  orifice  is  here  supposed  to  be  completely 
filled  by  the  cffluwit  water  during  the  time  of  exhaustion ;  that 
however,  is  not  always  the  case.     For  when  the  aperture  is  large 
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in  proportion  to  the  size  of  the  vessel,  the  surface  of  the  water, 
soon  after  the  evacuation  commences,  is  observed  to  move  on  all 
sides  towards  the  column  directly  over  the  orifice,  and  this  mo- 
tion becomes  more  and  more  perceptible  as  the  surface  descends; 
the  water  therefore,  meeting  in  different  directions,  forms  an 
eddy  by  which  means  it  acquires  a  spiral  motion  in  descending 
to  the  orifice,  and  the  circumjacent  water  joining 
in  the  whirl,  produces  a  funnel-shaped  vortex 
ABO  that  extends  through  the  bottom  at  O,  the 
inside  ABO  being  totally  void  of  water.  But  the 
difference  in  the  pressure  of  the  air  above  and  be- 
low the  stream  may  conduce  to  the  formation  of 
this  vortex :  for  the  force  of  the  effluent  water  di- 
minishes the  pressure  beneath,  on  which  account  the  incumbent 
air  following  the  stream,  finds  as  it  were  an  easier  passage;  and 
this  appears  the  more  probable,  because  the  velocity  of  the  water 
in  the  middle  of  the  eflSuent  column  is  always  greater  than  that 
towards  the  sides,  which  is  retarded  by  tenacity  and  friction. 

We  may  therefore  conclude  that  theory  and  experiment  arc 
most  likely  to  agree  when  the  orifice  is  small. 

428.  Suppose  GC  the  horizontal  plane ^  and  RC  an  upright 
vessel  filled  with  water;  to  find  the  distance  BH  to  which  il 
will  spout  through  an  orifice  O  in  the  side  qft/ie  vessels 

We  consider  the  effluent  water 
as  a  projectile  discharged  hori- 
zontally at  O  with  a  velocity  equal 
t4  tliat  which  a  body  would  ac* 
quire  in  descending  freely  from 
rest  through  the  height  RO.  And 
therefore  (327,  corol.  3,  4)  if  OS 
=  OR,  and  SP  (perpendicular 
to  RB)  =  20S  =z  20R,  O  will  be  the  vertex,  S  the  focus,  and 
SP  the  semi-parameter  of  the  parabola  OPH  described  by  th« 
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issuing  stream.  Hence  by  prop,  of  the  parabola,  OS  for  OR) 
:  SP»  (or  4  X  OR*)  ::  OB  :  40R  x  OB=BH»  5  consequently 
«/(OR.OB}  =  BH  the  distance. 

CoroL  1.  Let  E  be  any  other  aperture,  then  BG  =  2  v/(ER.EB); 
therefore  the  distances  BH  and  BG  are  as  /(OR.OB)  and 
l/(ER.EB).  And  if  BD  -  OR,  then  DB.DR  ir  OR.OB. 
hence  it  follows  that  BH  is  also  the  distance  to  v^hich  the 
water  would  reach  through  an  aperture  at  D ;  that  is,  the  hori- 
zontal distances  are  equal  through  apertures  at  equal  distances 
from  the  top  and  bottom  of  the  vessel. 

CoroL  2.  If  EB  =z  ER,  the  rectangle  ER.EB  is  a  maximum, 
and  consequently  2 y^ (ER.EB)  n  BG  is  also  the  greatest  possi- 
ble; but  when  ER  zr  EB,  BG  is  -  RB,  therefore  the  greatest 
horizontal  distance  ,to  which  the  water  can  spout  is  equal  to  the 
height  of  the  vessel. 

If  RB=13  feet,  OR  and  DB  each  =4  feet,  then  BHr=V(*X9) 
=  12  feet»  supposing  the  stream  is  not  impeded  by  the  resistance  of  the 
air.  And  when  the  orifice  £  is  equally  distant  from  the  top  and  bottom, 
tb4;n  BG  =  BR  =  1 3  feet, 

429.  Let  TR  le  a  vessel  filled  with  water;  to  Jind  the 
quantity  that  would  flow  out  through  the  rectangular  aperture 
ABCO  in  a  given  time,  supposing  the  vessel  to  be  kept  con^ 
stantly  fulL 


Make  O  the  vertex^  and  CB  the  ordinate 
to  the  axis  CO  of  the  parabola  OIB^  and 
let  PI  be  any  other  ordinate. 


Since  /OC  : 
BC 


v/OP  : :  veloc.  of  fluid  at 
veloc.  at  DP, 


And  i/OC  :  /OP  ::  BC  :  IP,  by  prop,  of  the  parabola; 

Therefore  the  velocities  of  the  effluent  water  at  the  depths  OC 
and  OP  are  as  the  ordinates  BC  and  IP.  Hence,  if  BC  and  DP 
are  the  perpendicular  sections  of  two  indefinitely  thin  horizontal 
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laminae  of  the  issuing  water,  the  quantities  of  the  laminae  flow- 
ing out  in  the  same  time,  will  be  as  those  sections  drawn  into 
the  respective  velocities,  or  as  BC  X  BC  and  DP  X  PI ;  but  it  will 
amount  to  the  same  thing  if  the  issuing  section  is  denoted  by  the 
part  PI  and  its  constant  velocity  by  DP  or  itS  equal  BC,  because 
PI  X  BC  =  DP  X  PI ;  consequently  if  the  part  PI  (or  ordinate) 
^ere  to  issue  with  the  velocity  of  the  fluid  at  the  bottom  PC,  the 
same  quantity  would  be  discharged  in  the  same  time  as  when  the 
whole  DP  runs  out  with  its  real  velocity :  but  the  sum  of  all 
the  ordinates  or  PPs,  &c.  together,  are  equal  to,  or  make  up 
the  surface  of  the  parabola;  hence  if  the  water  ran  through  the 
parabolic  section  OIBC  only,  but  with  a  velocity  every  where 
equal  to  that  at  BC,  the  quantity  issuing  would  le  the  same  a» 
that  which  flaws  through  the  whole  aperture  ABCO* 

Put  s  =  l6iV  feet,  and  let  the  dimensions  of  the  aperture  be 
also  in  feet ;  then  ^^sOC  feet  is  the  velocity  per  second  which 
a  body  would  acquire  in  descending  freely  from  O  to  C,  or  the 
velocity  of  the  water  at  BC ;  and  OC  X  BC  being  the  area  of 
the  aperture,  that  of  the  parabola  will  be  |0C  x  BC  (304); 
hence  |0C  xBC  x2|/50C  =:  the  cubic  feet  per  second,  the 
quantity  running  out. 

The  same  conclusion  however,  is  obtained  without  the  para- 
bola  by  finding  the  sum  of  all  the  velocities  from  o  at  the  top 
O,  to  2  y/^OC  or  2y^5  X  v^OC  at  the  bottom  C,  and  dividing  that 
sum  by  the  number  of  velocities,  for  the  mean  velocity;  thus, 
suppose  OC  to  be  divided  into  an  infinite  number  of  equal  parts 
OP,  &c.   then  the  sum  of  the  infinite  prc^ression  of  square 

roots  0^  X  OP^  +  &c. .  ..OC\  will  be  ^^     ^  ,  or  tOC/OC 

(179J»  which  divided  by  OC  their  number,  gives  ly/OC,  theie* 
fore  Sy^J  X  jV^OC  is  the  mean  veloeity,  this  drawn  into  OC 
xBC  the  area  of  the  aperture,  gives  jOC  xBCx2v/jOC,  as 
before. 
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Siipjtosc  the -depth  OC  =  3  feet,  breadth  BC  =  «  feet ;  then 
^OC.BC.^v^^OC  =  55%3  cubic  feet,  nearly,  the  quantity  that 
*ims  out  per  second. 

But  if  the  velocity  at  BC  is  supposed  to  be  equal  to  that  which 
«  body  acquires  iit  failing  through  ^OC,  then  |OC.BC.|/250C 
=  39*3  cubic  fect^  the  quantity  per  second.  This  last  result  is 
probably  less  than  would  be  found  by  experiment :  and  on  zc^ 
count  of  the  ftiCtioYi  against  the  sides  of  the  aperture,  and  the 
x>blique  motion  of  the  particles  in  entering  it,  &c.  we  may  con* 
<:lude  the  former,  or  55.3  feet,  to  be  greater* 

Coroi.  Hence  for  the  quantity  that  runs  out  through  an 
aperture  DBCP  not  reaching  to  the  top ;  find  what  would  be 
xlischarged  through  ABCO,  and  ADPD  separately,  then  the 
•difference  wiH  be  the  anafwet. 

430,  Support  AB  to  represent  part  of  a  river  or  canal 
Hvhose  breadth  is  unequal;  thai  the  velocity  of  the  water  at 
<iny  two' places^  as  OP  and  QR,  will  be  reciprocally  as  the 
transverse  sectio7u  of  the  stream  at  OP  and  QR, 

For  let  ji  and  a  represent  the  areas 
of  the  sections  at  OP  and  QR,  and  v 
and  F  the  velocities  of  the  water  at 
those  sections,  respectively  ;  then  Av 

«nd  aV  will  denote  the  quantities  that  run  through  OP  and  QR 
in  the  same  time;  but  those  quantities  are  equal,  ot  Avbzay, 
that  \%  v  X  V  w  a  \  j4.  And  the  velocities  in  a  pipe  are  found 
in  the  same  manner,  provided  the  water  fills  it  at  the  different 
sections. 

But  could  we  obtain  the  velocity  of  the  water  at  the  surface, 
and  also  the  exact  dimensions  of  the  section  at  any  particular 
place  (OP),  that  data  would  not  be  sufficient  to  compute  the 
quantity  of  fluid  that  flows  along  in  a  given  time :  for  by  reason 
of  the  friction  at  the  bottom  and  sides  of  the  canal,  the  velociiy- 
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of  the  water  is  always  greatest  at  the  surface  and  middle  of  the 
stream.  The  foHowhig  method  however,  has  been  proposed' 
for  determining  a  mean  velocity. 


Suppose  AC  is  the  section  of  a  river 
or  canal  in  wtich  the  water  runs  from 
S  towards  R.  And  let  TB  be  a  small 
uniform  rod  of  wood  loaded  in  the  in. 
side  at  one  end  B  with  a  weight  suffi. 
cient  to  make  it  swim  with  a  pari  ST  above  the  surface.  Now 
this  being  put  into  running  water,  the  greater  velocity  at  the 
surface  SR  will  make  it  incline  towards  the  direction  of  the 
stream,  and  consequently  when  it  has  acquired  an  equilibriami 
it  must  float  along  in  an  oblique  pcSition  BRT,  but  the.uppef 
part  will  move  slower  than  the  water  at  the  surface,  and  the 
lower  end  B  faster  than  the  stream  at  that  depth  ;  and  hence  we 
may  conclude  that  the  mean  velocity  of  the  water  will  be  nearly 
the  same  as  the  velocity  of  the  rod. 

The  experiment  however,  should  be  tried  in  different  parts  of 
the  stream,  and  a  mean  taken  of  all  the  results. 

The  area  of  a  transverse  section  may  be  nearly  ascertained  by 
taking  a  mean  of  several  depths  at  equal  distances  across  the 
stream : 

Thus,  let  ABC   represent  the  section;    j^, 
breadth  at  top  AC  =7-i/«e/,  and  the  depths 
at  7  equidistant  places,  2,  S^x^  2-r\,  2]  J, 
2tV  2tV  and  2 ^^ feet,  respectively;  then 

— ^  ZjTT 

fiet,  the  mean  depth,  which  multiplied  by  l^ftet  the  bread tli  at  top,  gifo 
Ib^^feet,  the  content  of  the  section.    (Mensur.*  Art.  27 1)# 

Now  supposing  (he  mean  velocity  of  the  water  is  found  to  be  *t^fxt  ipct 
minute,  w«  shall  have  I5|^x  78=  1212f|  cubic /^cf,  the  quantity  tbat 
flows  along  in  one  minute* 

The  result  found  in  this  manner  will  not^  perhaps^  be  muck 
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vide  of  the  truth  when  the  velocity  of  the  water  is  uniform  for 
«  considerable  distanee.  But  in  small  irr^ular  streams  and 
rivulets,  other  methods  must  be  adopted. 


Or  PNEUMATICS. 

431.  Pneumatics  in  the  ancient  schools,  and  what  we  un» 
derstand  by  Metaphysics,  were  synonymous :  but  in  the  modem 
philosophy,  pneumatics  is  the  science  which  treats  of  the  weight, 
pressure,  elasticity,  &c,  of  the  air. 

432.  The  atmosphere  or  mass  of  air  surrounding  the  glole^ 
is  ajluid  thai  presses  ly  its  weight  on  all  parts  of  the  earlKs 
4urface, 

If  a  glass  tube  BT  about  a  yard  in  length, 
close  at  one  end  T,  be  filled  with  mercury 
lind  the  open  end  B  stopped  with  the  finger 
while  it  is  immersed  in  a  bason  or  Vessel 
AC  of  the  same  fluid,  then  on  removing 
the  finger  from  the  orifice  B,  the  mercury 
}n  the  tube  will  descend  into  the  vessel  till 
the  weight  of  the  column  SH  is  equal  to 
the  weight  of  a  column  of  the  atmosphere 
of  the  same  diameter  but  whose  height  is 
equal  to  the  whole  height  of  the  atmosphere  above  the  earth's 
surface.  For  the  end  T  being  close  stopped  or  air- tight,  the 
empty  space  TH  is  a  vacuum,  consequently  there  is  no  pressure 
on  the  surface  of  the  mercury  at  H,  and  hence  the  column  HS 
is  a  eouaterbalance  to  the  weight  of  the  atmosphere  acting  on 
the  orifice  B  by  its  pressure  against  the  surface  of  the  fluid  in 
the  vessel ;  this  also  appears  by  letting  in  the  air  at  the  top  T, 
for  the  mercury  will  all  sink  into  the  vessel ;  it  is  therefore  kept 
suspended  in  the  tube  by  the  weight  or  pressure  of  the  atmo- 
sphere.   This  is  called  the  Torricellian  experiment  from  Torri*- 
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cellius  the  mathematician  and  pupil  of  Galileo^  who  made  th* 
discovery. 

The  length  of  the  column  SH  varies  from  about  28  bches  to 
31.  Suppose  the  height  to  be  QOi  inches,  the  tube  uniform, 
and  the  area  of  the  orifice  B  =  1  square  inch,  then  the  column 
of  mercury  SH  will  be  iJ9|  cubic  inched,  or  239  ounces ;  and 
therefore  in  a  mean  state  of  the  air  (or  when  the  height  of  the 

column  SH  is        ^       inches)  its  pressure  qpon  every  squaro 

inch  of  the  earth's  surface  is  nearly  15  poimds.  So  if  the  on* 
ficc  at  T  were  stopped  with  the  palm  of  tU^  Iwd,  a  pressure 
equal  to  |5W,  would  be  felt  on  the  bacl^. 

But  the  tubes  commonly  used  are  33  or  34  inches  long,  an4 
thii  internal  diameter  about  -^  of  an  inch;  they  are.  seated  her. 
metically  at  the  end  T  \  an<]  to  the  upper  part  HT  is  attache^ 
a^  scale  of  3  inches  divided  into  }Qths»  and  subdivided  to  lOOths, 
by  means  of  a  sliding  vender;  the  lowest  division  is  numbered 
S8j  and  the  highest  3.1,  these  are  inches,  and  the  height  of  the 
mercury  in  the  tube  above  the  sur&ce  of  the  niercury  in  the 
vessel  at  bpt(om  is  shown  at  all  times  in  inches  and  parts  of  an 
inch.  The  tube  with  its  scale,  &c.  when  fixed  in  a  frame  i^ 
called  a  Barometer* 

In  fair  settled  weather  the  mercur}'  is  up  at  30  inches,  and 
sometimes  higher*  When  it  falls  to  29|  a  change  is  usually  ex- 
pected. But  it  seldom  sinks  so  low  as  88  inches,  ei^cept  ii^ 
very  stormy  weather. 

Mercury  is  about  14  times  heavier  than  water-,  therefore  if 
the  fluid  in  the  tube  TB  and  vessel  AC  were  water,  the  height 
of  the  column  HS  would  be  29?  X  14  =  413  inches,  or  about 
34  feet,  supposing  the  tube  long  enough,  which  is  the  reason 
that  the  piston  of  a  common  pump  for  raising  water  must  work 
in  the  barrel  or  cylinder  at  a  distance  less  than  34  feet  from  tbm 
surface  of  the  water  in  the  well. 
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But  because  the  perpendicular  pressure  of  the  column  of  mer* 
icury  Bfi  and  that  of  the  column  of  air  on  the  whole  surface 
AD  are  in  equilibrio^  it  may  not  be  readily  conceived  why  the 
weights  of  the  two  columns  are  unequal.  Let  us  suppose  the 
tube  to  be  lengthened^  but  bent  at  the  lower  end  so  that  its 
orifice  OR  'is  even  with  the  surface  of  the  mericury;  also  let 
HV  be  the  column  of  air  having  OR  for  its  base^  and  height 
RV  equal  to  the  bright  of  the  atmosphere;  then  if  all  the  mer- 
/cury  were  taken  out  of  the  vessel  (that  in  the  bent  part  of  the 
tube  excepted)  it  is  cedent  the  equilibrium  would  still  remain^ 
and  thereifore  the  weights  of  the  icolumps  SH  and  R  V  must  be 
(equal.  For  if  the  columns  are  cylinders  M  f^^ual  di^metersj^ 
^heir  weights  will  be  as  their  pressurea. 

Since  the  atmosphere  is  a  fluid  variable  in  weight,  it  follows 
^hat  bodie?  of  unequal  specific  gravities  will  weigh  differently  in 
different  states  of  the  air.  Thus  if  a  piece  of  wqod  is  an  exact 
.counterpoise  to  a  pound  of  lead  in  a  nice  pair  of  scales  when 
t^e  mercury  in  )^he  barometer  is  at  28  inches,  it  will  not  w^^igh 
a  pound  when  the  mercury  stands  at  30  inches.  For  the  air  ia 
more  dense  in  the  latter  case  by  about  yV  than  in  tl}e  former^ 
ther^ffor^  the  lighter  body  or  that  whose  bulk  is  greatest,  will  lose 
more  weight  pf  becopie  in.ore  buoyant  ^han  the  heavier,  and 
ponsequenUy  the  lead  ni^s^  preponderate.  HeQce  it  has  been 
suggested  that  advantage  m^  be  taken  in  buying  and  selling 
^old  ^nd  jewels  by  ^eigjbing  them  in  particular  states  of  the 
;veatjier. 

It  appears  from  piany  experin^eqts  that  the  weight  of  a  cubic 
foot  of  air  when  in  a  mean  sUte  near  the  earth's  surface,  is  If 
punces  avoirdupoise,  very  nearly.  Hence  the  absolute  weight 
of  a  bo^y  i$  wba^  it  woi;ld  v^^igh  ip  pacuq. 

433.  Jf  the  air  IPOS  pfthe  same  density  at  all  altit^des  as  at 
^  the  e^rthU  surface^  its  height  would  he  between  5  and  6 
fniles. 
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Let  RV  represent  the  hoxQogeneouB  column  of  air  equal  in 
weight  to  the  column  of  mercury  SH  which  suppose  to  be  29-t 
inches.  Then  (422,  coroK)  the  heighu  RV,  SH  will  be  reci- 
procally as  the  specific  gravities  of  air  and  mercury  j  therefore 
1| :  14000  : :  SOi  :  344166  iruhes,  or  5,43  miles  the  height  of 
the  column  RV,  The  specific  gravities  of  the  two  fluids  bow^ 
ever,  will  vary  if  the  temperature  varies  (Schol.  art.  41Qj.  So 
when  the  mercury  in  the  barometer  stands  at  30  inches,  and 
the  thermometer  at  55  degrees,  it  has  been  found  by  experimenta 
that  the  specific  gravities  of  air,  water,  and  paercury,  are  nearly 
as  i|,  1000,  and  13600;  hence  we  shall  have,  li  :  laOOO  ::  30 
:  310000  inches,  or  3.366  miles,  the  height  of  an  homogeneous 
atmosphere  whose  density  would  be  equal  to  that  of  the  air  at 
the  earth's  surface,  and  weight  the  same  as  that  of  the  real  at- 
joospbetef 

Or  taking  1}  for  the  specific  gravity  of  air,  gives  ^7S\9f€^i^ 
or  5.269  miles. 

431.  The  air  is  also  an  elastic Jluid  that  may  he  condensed^ 
or  expanded^ 

One  c^  the  most  simple  instruments  that  shows  the  air  to  b« 
dasdc,  and  condensible,  is  a  boy's  popgun.  For  by  pushing 
in  one  pellet  with  the  handle  or  ramrod,  the  air  that  occupied 
the  whole  extent  of  the  barrel  is  condensed  til!  its  spring  or 
elastic  force  is  sufficient  to  propel  the  other.  On  this  principle 
the  air-gun  is  constructed,  only  the  air  is  first  condensed  in 
the  chamber  or  barrel,  and  this  being  suddenly  opened  by  means 
of  a  trigger,  the  air  rushes  out  with  great  violence  against  the 
gullet. 

435.  IVhen  air  is  compressed^  its  density,  and  ela$Hcforc^^ 
are  proportional  to  the  weight  or  force  thcf^t  compresses  it* 

Let  ABCD  be  a  long  crooked  glass  tube,  close  at  the  end  A, 
but  open  at  D ;  the  internal  diameters  of  the  parts  AB  and  CO 
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being  equal  Fill  the  lower  part  BC  carefully  so 
as  to  leave  the  air  in  BA  in  its  natural  state  but 
•top  its  communication  with  the  external  air. 
This  done,  pour  in  more  quicksilver  till  it  ascends 
in  the  leg  BA  to  H  the  middle  point  between  B 
and  A ;  then  IG  the  height  of  the  mercury  in  the 
other  leg  above  H  will  be  found  equal  to  the  hfeight 
of  the  barometer  at  that  time. 
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The  air  in  HA  therefore  is  condensed  into  half 
its  former  volume  by  the  weight  or  pressure  of  an  additional 
atmosphere  or  the  weight  of  the  column  of  mercury  IG  which 
is  equal  to  it ;  for  the  air  in  its  natural  state  was  pressed  by  A^ 
weight  of  the  incumbent  atmosphere  only,  but  now  the  com* 
pressing  force  is  the  column  IG  together  with  that  of  th4 
column  of  air  directly  over  it ;  consequently  the  density  is  dou« 
bled  by  a  double  pressure.  And  since  the  pressure  of  the 
mercury  and  the  action  of  the  air  are  equal  in  opposite  direction^ 
at  H,  the  elastic  force  of  the  latter  is  increased  in  the  same  pro- 
portion as  its  density* 

Again,  if  the  pressure  be  doubled  by  pouring  in  a  sufScient 
quantity  of  mercury  at  D,  the  mercury  will  rise  to  O  the  middle 
of  HA,  and  condense  the  air  into  the  space  OA  or  i  of  BA* 
In  this  manner  it  is  found  that  the  density  is  dij-ectly  propor- 
tional to  the  compressing  force* 

The  spaces  BA,  HA,  OA,  are  reciprocally  as  the  densities 
or  as  the  compressing  forces.  It  is  said  however,  that  after  air 
ia  condensed  into  about  i  or  -f-  of  the  space  it  occupied  in  its 
natural  state,  the  repulsive  or  elastic  force  increases  in  a  greater 
proportion  than  the  volume  d'uninishes. 

CoroL  1.  Since  the  atmosphere  at  any  height  from  the  earth 
is'  pressed  by  the  weight  of  the  air  above  it,  the  greater  that 
height,  the  less  must  be  the  air's  density ;  thus  it  is  more  dense 
at  the  foot  of  a  mountain  than  at  the  top ;  and  ^ill  greater  at 
the  bottom  of  a  deep  pit  than  at  the  earth's  surface. 
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Corol.  2.  The  elastic  force  of  the  air  being  equal  to  thd 
force  of  compression,  and  (art.  433)  5,366  miles  or  340000 
inches  =  28333  feet  the  height  of  an  honw^eneous  atmosphere 
whose  pressure  would  be  eqtial  to  that  of  the  real  atmosphere, 
we  shall  have  (art.  426),  t/(4  x  l^rt  X  28333)  =  \3M  feet^ 
the  velocity  per  second  with  which  commoQ  air  at  the.  earth's 
surface  would  rush  into  a  vacuum. 

436.        Heat  expands,  and  cold  cundenJes  air. 

Thus,  Let  a  bladder  with  a  little  air  in  it  be  tied  verj-  dosc^ 
and  laid  before  the  fire ;  then  as  the  inclosed  air  grows  warm^ 
the  bladder  will  distend,  and  at  last  burst  if  the  heat  be  con- 
tinued»  But  when  the  bladder  is  removed  to  cool,  it  will  con- 
tract again  to  its  former  size.  The  elastic  force  of  the  air  ia 
therefore  increased  by  heat>  and  diminbhed  by  cold. 

It  is  also  found  that  all  fluids,  and  most  solids  expand  by  heat, 
and  contract  by  cold.    And  therefore  in  determining  specific 
gravities,  and  making  experiments  with  the  barometer,  it  will 
always  be  necessary  to  mark  the  temperature  as  shown  by  the 
Thbhmomkter.    This  instruitient  is  well  known. 
It  consists  of  a.  glass  bulb  B  with  a  small  tube  ST  of 
the  same  material  fixed  in  a  frame ;  the  bulb  and  lower 
part  of  the  tube  are  usually  filled  with  mercury,  but 
the  upper  part  of  the  bore  should  be  a  perfect  vacuum, 
and  the  end  T  hermetically  sealed.    The  degrees  of 
temperature  are  shown  on  a  graduated  scale  in  the 
frame.    Thus,  when  it  just  begins  to  freeze,  the  sur- 
face of  the  mercury  in  the  tube  will  be  at  the  division 
numbered  32,  which  therefore  is  called  the  freezing 
point.    But  when  the  weather  change*  to  warm,  the 
mercury  in  the  bulb  will  expand,  and  consequently  rise  in  the 
tube,  so  that  in  the  summer  it  is  sometimes  as  high  or  higher 
than  the  80th.  division.     If  the  instrument  be  immersed  in 
foiling  water,  the  mercury  will  ascend  to  the  212th.  division  or 
degree.    And  if  the  heat  be  sufficient  to  boil  mercury,  it  will 
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fise  to  600  degreed,  provided  the  tube  be  long  enough.  This 
is  called  Fahtenheit's  Scale,  which  was  constructed  thus :  Having 
observed  where  the  mercury  stood  in  the  tube  in  a  verj'  severe 
frost  in  Iceland,  he  marked  that  point  with  o  for  the  lowest,  or 
the  beginning  of  his  divisions;  and  then  determined  the  other 
extreme  or  highest  point  of  his  scale  by  boiling  the  mercury ; 
the  distance  between  those  extreme  points  he  divided  into  600 
equal  parts  or  degrees;  and  afterwards  observed  that  the  mer- 
cury in  the  tube  stood  at  the  32i,  division  of  his  scale  when 
water  just  began  to  freeze,  or  snow  to  melt;  and  that  it  rose 
to  the  212th.  by  the  heat  of  boiling  water.  It  is  found  how. 
ever,  that  the  heat  of  boiling  water  encreases  with  the  weight 
of  the  atmosphere  as  shewn  by  the  barometer. 

The  Thermometers  in  common  use  contain  about  100  or  120 
of  the  600  degrees.  But  for  particular  purposes  the  graduations 
are  continued  downward  from  o ;  thus  mercury  is  congealed  by 
the  cold  at  40®  below  that  point  on  Fahrenheit's  scale.  The 
freezing  point  on  Reaumur's  Thermometer  is  o,  and  that  oi 
boiling  water  80 ;  sometimes  however,  this  latter  point  is  num« 
bered  IW;  hence,  by  proportion,  the  different  thermometers 
are  easily  compared. 

The  temperate  state  of  the  air  in  England  Is  reckoned  at  55**, 
which  is  nearly  a  mean  between  freezing  and  summer  heat. 
And  to  this  degree  of  the  thermometer,  when  the  height 
of  the  barometer  is  30  inches,  the  table  of  specific  gravities 
(art.  419)  is  calculated. 

437«  The  expansions  of  air,  water,  and  mercury,  answering 
to  one  degree  on  Fahrenheit's  scale,  are  about  xHf  TrsTf  *nd 
ttW  of  their  bulks,  respectively. 


"  Brass  rod =  .00012*3  "1 

Expansion  of     Steel  rod =:  .000076 

1  foot  of     1  Cast  iron . . . .  =  .000074 

^  Solid  glass  rod  =  .0000536 
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of  an  inch,  by 
one  degree  of 
Fahrenheit. 


6 


450  PNEUMATICS. 

438.  If  vertical  distances  be  taken  from  the  earlKs  surface 
in  arithmetical  progrtssion,  the  corresponding  densities  of  the 
atnhsphere  will  decrease  in  geometrical  progression;  sup" 
posing  ihejorce  of  gravity  constant* 

Let  BT  represent  a  cylindric  column  of  the<it- 
mosphere  perpendicularly  incumbent  upon  the  sur- 
face  of  the  earth  at  B,  and  suppose  this  column  to 
be  divided  into  innumerable  thin  parts  or  laminae  of 
equal  heights  BC,  CD,  DE,  &c.  also  let  a,  by  c,  p 

&c.  denote  their  densities  in  succession  from  B  C 

upwards  ;  then  if  the  magnitude,  or  the  height,  of 
each  lamina  be  represented  by  nr,  their  weights 
will  be  proportional  io  m  x  a^  m  x  b,  m  X  c,  &c. 
or  wio,  wby  mc,  &c.  (considering  the  density  of 
each  as  uniform) ;  and  since  the  densities  are  as  the  compress- 
ing  forces  or  incumbent  weights,  the  densities  at  B,  C>  D,  &€• 
will  be  respectively 

as  ma+mb  +  mc-^md,  &c.       orasa  +  ^+^+^»  &c* 

mb-^vic+rndf  &.c.  ^-f-c+rf,  &c. 

mc-hmd,  &c.  c+rf,  &c. 

That  is,  a  :  a  +  b+c+d,  &c.  ::  b  :  i  +  f-l-d,  &c. 

or,  a  :  i-^c+d,  &c.        i:  b  :  c-fd,  &c.  by  division. 

In  like  manner  we  get,  ^  :  c-f-d,  &c.  :;  c  :  d+c,  &c. 

therefore  by  equality 
a  :  i-hc  +  d,  &c.  ::  I  :  c+d,  &c.  ::  c  :  d+e,  &c. 
but  b+c-^-dy  &c.  c-hd,  &c.  arc  as  b,  c,  &c. 
hence  a  :  b  ::  b  :  c  ::  c  :  d^  Sec.     That  is,  c,  bf  c,  &c.  are  in 
geometrical  progression. 

Hence  when  the  heights  arc  in  arithmedcal  progression  (the 
common  difl'erence  of  the  terms  being  m)  the  corresp<Hiding 
densities  a,  i,  r,  &c,  will  decrease  in  geometrical  progressicm. 
Now  when  an  arithmetical  series  of  numbers  is  adapted  to  a 
geometrical  one,  the  former  will  be  analogous  to  the  logarithms 
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of  the  latter  (Arith.  155),  it  therefore  follows  that  the  altitudes 
increase  as  the  logarithms  of  the  corresponding  densities  de- 
crease. Or  if  we  make  the  heights  beginning  at  the  surface  a 
descending  series,  the  two  progressions  will  decrease  together. 
Hence  any  height  (BE  for  example)  is  proportional  to  the  dif- 
ference of  the  logarithms  of  the  densities  at  B  and  £,  or  to  the 
difference  of  the  logarithms  of  the  heights  of  the  mercury  in  the 
barometer  at  B  and  E,  because  the  densities  are  measured  by 
those  heights.  This  however,  is  better  explained  by  means  of 
the  Logarithmic  curve ; 
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439»  Let  BT  be  an  indefinite  right  line  perpendi- 
cular to  the  earth's  surface  at  B,  and  suppose  the  densi* 
tics  at  B,  C,  D,  &c.  to  be  represented  by  the  lines  BA, 
CG,  DK,  &c.  (perpendicular  to  BT),  then  a  line  through 
tlie  eKtremities  A,  G,  K,  &c.  is  the  logarithmic  curve. 
Tof  if  PE,  ED,  DC,  &c,  arc  equal,  the  abscissas  PE, 
PD,  PC,  &c.  are  in  arithmetical  progression,  while  the 
corresponding  ordinates  (or  densities)  FQ,  EL,  DK,  &c.  are  in  geometrical 
progression,  which  is  the  property  of  a  logaritluuic  curve.  Tiius  in  Briggs's 
scale,  or  the  common  logarithms,  if  PQ,  £L,  DK,  &c.  are  1,  10,  100,  &c. 
then  PE,  PD,  &c.  are  1,  2,  &c.  (the  logarithms  of  10,  100,  A-c.)  And 
•tnce  the  series  100,  10,  1,  -j\j,  &c.  may  be  continued  in  infin,  it  is  evident 
the  curve  can  never  meet  BT,  which  therefore  is  an  assymptote. 

440*  In  this  curve  all  the  subtcmgents  are  equal, 
J>tKI  be  a  tangent  at  any  point  K,  KD  the  ordinate 
at  that  point,  then  DI  is  the  subtangent.  Suppose 
DC,  CB  are  indefinitely  small  but  equal  parts  of  the 
axis;  draw  the  ordinates  CO,  BA,  and  lot  GO  be  a 
tangent  at  G,  also  make  KR,  GS  perpendicular  to 
CG,  BA.  Then  since  CG  is  a  mean  proportional  be- 
tween DK  and  BA,  we  have 

DK  :  CG  ::  CG :  BA  : :  (by  division)  CG— DK  (or  RG)  i JBA— CG  (or  SA), 

therefore  DK  :  RG  ::  CG  :  SA.  But  the  indefinitely  small  arcs  KG,  GA 
may  be  considered  as  right  lines  coincidiniz  with  IK,  OG  at  the  points 
K,  G,  respectively,  and  the  triangles  IKD,  KGB;  OGS,  GAS  viiii  be  re- 
spectively  similar,  whence 

"Pl :  RK ::  DK  :  RG  : :  CG  :  SA  (by  the  farmer  proportion) .:  CO :  SG ; 
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that  is,  Dl  I  BK  2 :  CO  :  SG ;  but  RK  =  SO,  therefore  Dl  =CO.  And 
since  the  same  reasoning  will  hold  goad  at  any  point  in  the  curve,  all  the 
subtangents  must  be  equal. 

441.  Lot  NGA  (preceding  fig.)  and  nQZ  be  two  logaHthmic  curves, 
MN  =  mn  =  I ,  MC,  mH,  tJie  logariihms  0/ equal  numbers  or  orditiates  CO, 
liZ;  GO,  ZX  tangents;  Then  >ubtatig,  CO  :  sublang,  HX  ::  >1C  :  mil. 

Suppose  CD,  H\V  are  indefinilily  small,  but  pro- 
portional to  the  logarithms  MC,  mH,  or  so  that  MC  : 
CD  : :  mil :  HW;  and  draw  DK,  \N  Q  parallel  to  CG, 
IIZ;  and  KR,  QF  perpendicular  to  CG,  HZ;  then 
CR  and  KG  are  equal  to  HFaud  FZ,  and  the  triangles 
RGK,  CGO;  FZQ,  HZX  being  rL'^pcc^ively  similar, 
we  have 

CO  :  RK  ,:  CG  .  EG  ::  IIZ  :  FZ  : :  IIX  :  FQ, 
And  alternately,  CO  ;  HX  : :  UK  (or  CD)  :  FQ  (or  HW) : :  MC  :  mH. 

These  constant  subtangents  of  the  logarithmic  curves  arc  called  the 
moduli  of  the  systems.  In  the  hyperbolic  logarithms  the  subtangent  is  1, 
and  the  logarithm  of  10  is  2.302'>851,  now  1  being  the  logarithm  of  10  in 
Briggs's  scale,  wc  have  by  the  last  proportion,  2.3025851  :  1  : :  i  :  .4342d44S 
the  modulus  of  the  common  or  Briggs's  logarithms.  Hence  if  the  common 
logarithm  of  a  number  be  multiplied  by  2.30'J585l,  or  divided  by  its  reci- 
procal .434294'18,  the  result  is  the  hyperbolic  logarithm  of  that  number. 

442.  1/  a  number  he  very  nearly  equal  [in  I,  iis  excess  above  I  is  toils 
logarithm,  as  1  to  the  suiJartgcr/t.  .  For  li*t'WQ=s  1,  QX  a  tangent  at  Q, 
HZ  the  number  or  ordinate  at  a  small  distance  from  \VQ,  and  WIJ  its 
logarithm;  then  the  arc  QZ  ard  its  ciiord  will  be  nearly  equal,  and  the  tri- 
angles FQZ,  WXQ  similar;  whence  F/s :  QF  (or  WH)  ••:  WQ  :  \VX. 

443.  Lst  HZ,  YN  ke  any  tttv  ordijiates,  NO  perpendicular  to  HZ,  and 
ZX  a  tangent  at  Z ;  then  the  quaJr  iuncur  space  HZN  V  =  OZ  multiplied  by 
the  subtangent  HX.  For  suppose  V»  Q  is  parallel  to,  and  indefinitely  near 
HZ,  and  QF  perpendicular  to  liZ-,  t'len  the  triangles  HXZ,  FQZ  may  be 
considered  as  similar;  hence  HZ  :  HX  ::  FZ  :  FQ,  and  HZ.FQ=HX.FZ; 
but'WQ  be'ng  indefinitely  near  HZ,  the  rcctani;!e  HZ.!  Q  may  be  taken 
for  the  area  of  the  quadnlinear  IIZQW,  consequently  I1X.FZ  =  the  area 
HZCjW ;  hi  nee  if  we  conceive  the  quadrilinear  HZN  V  to  be  composed  of 
an  infinite  number  of  elementary  quad ri linear  spaces  H2QW,  &c.  their 

.  ureas  together  wi.l  be  HX  X  all  the  FZ,  but  all  the  FZ  together  sOZ» 
therefore  the  quadiilinear  HZNY  =  HX.02^ 
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Cord,  Hence  the  iufinitcly  long  space  contained  b^  the  ordinate  HZ, 
assymptote  HT,  an  J  curve  ZNT  18  =  the  subtangent  HX  drawn  into  the 
ordinate  i,iZ:  For  ultimately  OZssHZ. 

444.  Now  let  the  densities  of  the  air  at  the  earth's  surface  H, 
and  heights  W,  V,  &c.  be  denoted  by  the  corfesponding  ordi- 
nates  HZ,  WQ,  VN,  &c.  respectively ;  also  suppose  HV  =  the 
height  of  an  uniform  atmosphere  (Art,  433),  and  complete  the 
parallelogram  VHZP;  then  the  pressure  on  the  s^rf^ce  at  H 
will  be  proportional  to  the  sum  of  all  the  densities  or  (HZ 
X  subtang.  HX)  the  area  of  the  infin^itely  lojig  logarithmic 
space  HTZ  which  is  composed  of  the  i^ifinite  progression  of 
ordinates.  But  this  is  also  represented  by  the  parallelograja 
HP,  or  HV  X  density  HZ^  therefore  HV  the  altitude  of  ai^ 
uniform  atmosphere  is  the  8ubta.ngent  of  tljie  atmospheric  loga- 
rithmic; and  if  ZX  be  a  tangent  at  Z,  the  points  V  and  X  will 
coincide. 

If  therefore  HZ  be  the  density  at. the  surface  H,  and  WQ 
the  density  at  W  (which  suppose  to  be  the  top  of  a  high  moun- 
tain, for  example)  then  the  height  (HW)  will  be  proportional 
to  HW  the  difference  of  the  logarithms  of  HZ  and  WQ  :  But 
if  the  curve  were  actually  constructed,  its  subtangent  would  be 
^7S\9 feet  (433),  and  the  difference  of  the  logarithms  adapted 
to  that  subtangent  would  be  the  height  H W  in  feet ;  therefore 
to  find  that  difference  by  means  of  the  common  logarithms,  let 
D  and  d  be  the  densities  at  H  and  W,  then  log.  D  -—  log.  d 

zz  log.  of  -^ ;  hence  to  find  the  log.  of  ^  when  the  subtang. 

is  27819,  we  have  .43429448  :  27819  : :  log*  of  -j-  :     V^^^ 

^  ^  a       ,43429448 

X  log.  -T,  or  64056  X  log.  of  -^,  the  log.  required,  or  the  height 

HW  in  feet,  when  the  temperature  shown  by  Fahrenheit's 
thermometer  is  55°,  and  the  height  of  an  homogeneous  atmo- 
sphere =  27819y^^^»  answering  to  30  inches  the  height  of  the 
mercury  in  the  barometer :  But  if  29t  inches  be  the  mean 
height  of  the  barometer,  we  shall  get  27355  feet  instead  of 
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87819;  and  taking  the  mean  or  27587  feet  for  the  length  of 
the  sub  tangent,  gives  63521  X  log.  -j  the  height  in  feet,  or 

10587  X  log.  -^  the  heights  in  fathoms :  But  the  densities  (D,  d) 

are  measured  by  the  heights  of  the  barometer  at  the  places  of 

observation  H  and  W,  therefore  the  difference  of  the  common 

logarithms  of  those  heights  x  10587  is  the  height  of  one  place 

above  the  other  in  fathoms  when  the  thermometer  is  at  55\ 

But  as  the  air  expands  about  tttt  of  its  bulk  by  1  degree  of 

Fahrenheit,  and  the  compressing-  and  expanding  forces  equal, 

it  follows  that  the  result  or  height  must  be  corrected  by  adding 

the  435th.  part  of  itself  for  every  degree  which  the  temperature 

is  above  55%  or  subtracting,  when  the  temperature  is  below. 

The  factor  10587  however,  is  usually  changed  to  10000,  and 

H 
the  expression  for  the  height  given  thus,  Ji0000x!o|[.  t-  (wher^ 

H  and  h  are  the  heights  of  the  barometer)  which  i&  found  by 

H 
leducing  the  temperature  from  55**:  Thus,  let  l^log.  p  then 

gince  the  height  10587^=  10000/+ 587/,  and  -^^J   answers  to 

435 

,    ,  ,  10587/      ,         ,^^;     587X435       ^^    1257 

1  degree,  we  have  — -^-  :  1  ::  587/  :     ^^^^^      ^^^15^^^ 

degrees,  this  (neglecting  the  fraction)  when  taken  from  55**, 
leaves  31^  the  temperature  in  which  the  expression  10000  x/og, 

H. 

-r-  gives  the  height  in  fathoms;  and  the  result  is  to  be  aug*. 

mcnted  by  adding  its  435th.  part  for  every  degree  that  the 
temperature  is  above  31^;  but  diminished  by  subtracting,  whea 
it  is  below. 

Examp.  I.   What  is  the  air's  density  at  7  miles  above  tlie  earth's  surface? 

7  miles  =  6 1 60  fathoms;  therefore  10000  x  log.  5,  or  10000  {hg,D^ 

log,  rf)  =  6160,  \vhence  log,  dzzz mono *  ^      assuming/?  the 

density  at  the  earth's  surface  =  10,  its  log,  is  1,  which  gives  log,  </=.384Q 
the  log.  of  2.42,  which  is  nearly  ^  of  10 ;  therefore  the  air  is  about  4  time^ 
rarer  at  the  height  of  7  miles  than  at  the  surface  of  the  earlh. 
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Examp,  2.  Suppose  the  mercury  in  the  barometer  is  29.74  inches  high 
at  the  foot  of  a  mountain,  and  26.41  inches  at  the  summit;  what  is  its 
height,  if  the  mean  temperature  be  50*^? 

29,74  log.  1.4733'U 
26.41  log,  1.421768 

-^     log.  0.051573        and  10000  x  .051573  =  515.73. 

50^  — 3P=19«  temperature  above  310;  and  ^Y^  of  515.73  =  22.53  add 

515.73 
Height  =  538.26  /fl/A. 


Computing  by  the  formula  10587  x  hg.  ^,  we  have  10587  x  .051573 


=  5'i6. 

55°— 50° = 5°  temp,  below  55° ;  and  ^  of  546  =  6.28  subtract 

546. 
Height  =  539.72  fath. 

The  difference  of  the  results  arises  in  consequence  of  neglecting  the  fiac* 

Examp,  3.  If  the  heights  of  the  barometer  at  the  bottom,  and  top  of  at 
hill,  are  29.37  and  26.59  inches,  respectively,  and  the  mean  temperature 
26° ;  what  is  the  height  ? 

29.37  log.   1.467904 
26.59  log.  1.421718 

J-   /og-.  0.013186    and  10000  X. 043186  =  431. «6. 

31°— 26'  =  5*  temp,  below  31^;  and  ^^J^^-  of  431.S6=b     4.96  subtract 

431.86 
Height    426.90  fath. 

445.  But  on  account  of  the  great  difierence  of  temperature 
in  low^  and  elevated  situations,  several  corrections  are  necessary 
to  make  the  res\ihs  from  barometrical  observations  agree  with 
geometrical  measurement.  Before  M.  de  Luc  began  bis  expe. 
riments  with  the  barometer,  a  mean  of  the  two  temperatures 
shown  by  the  thermometer  attached  to  the  barometer,  and  the 
heights  of  the  mercury  in  the  barometer,  at  the  bottom  and 
top  of  a  hill,  were  thought  sufficient  to  determine  its  height. 
M.  de  Luc  however,  found  that  an  additional  or  detached  ther- 
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mometer  was  also  necessary,  (see  his  Rechetches  sur  Ui  Modi* 
fications  de  V Atmosphere),  and  this  has  been  confirmed  by  the 
experiments  of  Gen.  Roy,  and  Sir  G.  Shuckburgh.  The  for- 
mulae  for  the  height  (in  fathoms),  according  to  the  two  latter 
observers  are  the  following: 

Gen.  Roy ( 1 0000/ qp -468^0  X  (l  +  (/— 32^)  X  .00245). 

Sir  G.  Shuckburgh...  (10000/  =p  .440rf)  x  (1  +  (/—  32')  X  .00243). 

Wher6  I  zz  the  difference  of  the  logarithms  of  the  heights  of  the 
barometer  at  the  two  stations, 
d  =  the  difference  of  the  degrees  shown  by  Fahrenheit's 

thermometer  attached  to  the  barometer, 
/zz  the  mean  of  the  two  temperatures  shown  by  the  de- 
tached thermometer  exposed  for  a. few  minutes  to 
the  open  air  in  the  shade  at  the  two  stations. 
The  sign  —  takes  place  when  the  attached  thermometer  is  high- 
est at  the  lower  station,  and  the^sign  +  when  it  is  the  lowest 
at  that  station. 

Examp,    To  find  the  height  of  a  mountain  from  the  following  observa- 
tions taken  at  the  foot,  and  summit : 

,  attached        detached 

barom.  ^^^^^  ^^^^^ 

Lower  station 29.862 68<» 7P 

Higher  station 26.137 ei"" 55^ 

inches. 
Barote.  29 . S6Q.,Jo^4  1 .  475 1 19    attached  therm.  6S^    detac.  thcr.  7P 
26.137.../cg-.  1.417C''')6  f3"»  55« 

diff.  0 . 057863  =  /.  ditF.    5  =  rf      mean  63i=/. 

By  the  iint  formula,  f  ^300^10^  .^^  1+(3I x  .00245)= 1.07595 ' 

lOOOO^s&lOOOOx  .0578^63=578.63 
.468<tec*4€ax5=2^4  su!)tr.      2.34 

576.29,  and  57^.29x  1.07595  s=  C20  fathoms^ 

the  height 
In  computing  the  height  by  the  formula  10000  x  fog,  -  (in  the  preced- 
ing artidc)  we  take  the  mean  temperature  by  the  detached  thermometer; 
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and  correct  the  barometer  for  the  diflerence  of  temperature  shown  by  the 
attached  thermometer:  Thus,  shice  mercury  expands  about  ^^'g^  of  its 
bulk  by  [  deirree  of  the  thermometer,  ^^  of  26.137,  or  .014  of  an  inch 
will  be  the  correction  for  3^  this  added  to  26.137  gives  26.151  inches  the 
corrected  height  where  it  was  coldest. 

29.862  i(fg.  1 .4731 19  63''— 31<»«32®  mean  temp,  above  31^. 

26.151  hg.  1.417488 
ditn  0.057631 

Then  10000  x  .057631  s± 576. 31,  and  576.31  +  -!^  X  576.31=613.7 

4jj 

^h.  the  height. 

Rattisden's  engraved  Table  gives  the  height  r:  3730  feet,  or 
621 1  fathoms.  This  Table  i.s  on  a  slip  of  paper  1  foot  long, 
and  about  3^  inches  wide ;  the  logarithmic  differences  from  25 
to  31  inches  are  given  to  dOOths.  of  an  inch,  and  the  corrections 
for  the  thermometers  at  both  stations  found  by  inspection* 

Remark.  In  determining  altitudes  by  the  barometer,  it  is 
best  to  make  the  observations  at  the  upper  and  lower  stations  at 
one  and  the  same  time  as  nearly  as  can  be ;  but  great  care  must 
be  taken  that  the  two  barometers,  and  also  the  thermometers, 
are  alike ;  that  is,  they  should  precisely  agree  when  together  in 
all  states  of  the  air.  It  is  also  necessary  that  the  specific  gravity 
of  the  mercury  be  well  ascertained,  because  it  is  not  equally 
pure  in  all  barometers  ;  which  is  the  principal  reason  why  dif* 
ferent  results  are  so  frequently  obtained  from  observations  made 
with  different  barometers  at  the  same  stations.  Other  circum- 
stances however,  not  generally  known,  may  contribute  to  £uch 
disagreement :  thus,  Mr.  Ramsden  proved  by  experiment  that 
the  quicksilver  in  barometer  tubes  made  of  different  sorts  of 
glass  will  be  suspended  at  different  heights. 
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Of  THE  SYPHON  and  PUMPS. 


446*  Th£  Syphon  is  a  bent  tube  RHO 
for  drawing  off  liquors :  one  leg  HR  is  usu- 
ally made  longer  than  the  other»  so  that 
when  it  is  resting  on  the  side  of  a  vessel,  the 
outward  end  R  falls  lower  than  O  the  end 
immersed. 


To  use  the  syphon,  fill  It  with  thei  liquor,  and  stop  both  eodv 
while  the  end  O  is  immersed  in  the  vessel,  then  if  they  are 
opened,  the  fluid  will  continue  to  run  out  at  R  as  long  as  that 
end  is  lower  than  the  surface  of  the  liquor  in  the  vessel,  pro-^ 
vided  the  end  O  be  kept  under  that  surface.  For  the  weight  or 
the  column  of  fluid  in  HR  is  greater  than  that  of  the  column 
in  the  other  leg,  therefore  (considering  the  bend  at  H  as  the 
fulcrum)  the  former  column  must  descend;  and  the  efflueut 
stream  is  continued  by  the  constant  pressure  of  the  atmosphei^ 
on  the  surface  of  the  liquor  in  the  vessel,  which  makes  it  ascend 
in  the  leg  OH. 

If  the  vessel. contain  water,  the  bent  part  of  the  syphon  (H) 
must  be  less  than  33  or  34  feet  from  the  water's  surface,  because 
that  is  the  greatest  height  to  which  water  will  ascend  by  the 
pressure  of  the  atmosphere. 


447*  TkecommMSVCKivoPuMf.  This 
is  a  boUow  cyKnder  or  barrel  TB  containing 
a  iixed  valve  V,  and  a  piston  P  moveable  up 
and  dovm  by  means  of  a  rod  R  fixed  to  a 
handle;  in  the  piston  is  another  valve,  and 
both  valves  open  upwards. 

To  work  the  pump.  Let  PA  be  that  part 
of  the  barrel  in  which  the  piston  moves,  and 
suppose  both  valves  to  be  shut,  and  the  lower 
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end  B  immersed  in  water.  Force  down  the  piston,  and  the  air 
beneatb  will  open  its  valve,  then  draw  it  up,  and  the  valve  shutt 
by  the  pressure  of  the  air  above,  by  which  means  the  column 
of  air  in  AP  is  lifted  up  or  drawn  out  of  the  barrel ;  now  the 
quantity  of  air  which  occupied  PB  being  diminished,  the  air  in 
B V  will  expand  and  open  the  valve  V ;  thus  the  internal  air  i)e* 
comes  rarefied,  and  therefore  the  external  air  by  its  pressure  on 
the  surface  of  the  water  at  B  will  raise  it  a  little  in  the  barrel. 
Again*  force  down  the  piston,  and  the  air  in  PV  will  shut  the 
lower  valve,  but  open  the  upper  one,  then  by  lifting  the  piston 
another  quantity  of  air  is  expelled,  and  the  water  in  consequence 
ri$e§  higher;  thus  by  continuing  the  operation,  all  the  air  is 
drawn  out  of  the  pump,  and  the  water  will  ascend  above  the 
valve  V  anjd  be  lifted  by  the  piston  till  it  runs  out  at  the  spout 
S*— Water  poured  into  the  top  of  the  pump  will  exclude  the 
external  air,  should  the  piston  |io|  fit  the  barrel  quite  close 
fnough  to  be  air-tight. 

The  pressure  of  the  external  atmosphere  must  raise  the  watet 
above  A,  which  therefore  cannot  be  more  than  about  39  or  33 
^t  from  the  surface  at  B. 


w 


P 
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446.  Forging  Pump.  In  this  the 
piston  P,  which  is  without  a  valve,  works 
above  the  spout  S  where  a  valve  opens  out- 
wards. To  expel  the  air  (the  valves  being 
^hut)  force  dpwn  the  piston,  suppose  to 
A,  and  a  quantity  of  air  equal  to  that  in 
PA  will  escape  at  S  by  forcing  open  the 
valve,  then  on  drawing  it  up  again  that 
valve  shuts  by  the  pressure  of  the  external 
air,  and  the  air  in  PV  being  thus  dimihished,  the  valve  V  is 
opened  by  the  expansion  of  the  air  beneath  as  in  the  other 
pump.  Now  if  the  piston  be  again  forced  down,  the  lower 
valve  will  close  ai\0  another  quantity  of  air  be  forced  •ut  at  S  | 
apd  since  the  water  rises  in  the  barrel  every  time  the  piston  is 
flrawn  up,  it  will  finally  ascend  to  P  (if  PB  is  not  more  than 

3  »  « 
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about  3S  feet)  and  be  forced  through  the  valve  at  S  by  the 
descent  of  the  piston.  On  this  principle  the  engine  for  extin* 
guishjng  fires  is  constructed. 

If  the  end  B  of  the  barrel  be  closed,  and  the  valves  made  to 
open  in  the  contrary  directions,  or  that  at  V  downwards,  and 
the  other  at  S  inwards,  it  becomes  a  condenser.  Thus  when 
the  piston  P  is  pressed  down  (suppose  to  V)  the  air  in  PV  will 
be  forced  into  VB ;  then  on  lifting  the  piston,  the  valve  V  is 
shut  by  the  spring  of  the  inclosed  air,  and  the  external  air  will 
rush  in  at  S  and  fill  the  space  VP ;  and  by  depressing  the  piston 
again,  anotfier  quantity  of  air  is  forced  in,  and  so  on :  in  this 
manner  the  air  in  VB  will  become  more  ^d  jnorc  condensed, 

449.  77ic  Air.  Pump.  This  is  a  machine 
contrived  for  drawing  the  air  out  pf  a  vessel 
which  in  experiments,  is  usually  called  the 
receiver.  The  principle  is  the  same  as  in 
the  common  pump :  Thus,  TV  is  a  barrel 
in  which  the  piston  P  (with  a  valve  opening 
upwards)  works  perfectly  air  tight,  R  is  the  vessel  or  receiver, 
this  communicates  internally  with  the  barrel  by  means  of  a  bent 
tube  OV,  and  at  V  is  a  valvp  that  opens  upwards  as  in  the 
common  pUmp.  Now  when  the  piston  is  forced  down  to  V 
and  then  drawn  up,  it  lifts  out  or  expels  the  air  in  VP  which  is 
immediately  filled  again  by  the  air  in  the  vessel  R  that  expands 
through  the  tube  OV;  in  like  manner,  by  depressing  and  lift- 
ing the  piston,  another  quantity  of  air  is  drawn  out;  and  if  the 
operation  be  continued,  the  air  in  the  receiver  may  be  exhaust- 
ed  till  its  elastic  force  is  too  weak  to  open  Jhc  valve  at  V. 

H/?nce  if  the  capacity  of  VP,  and  that  of  the  receiver  an4 
tube  arc  given,  we  can  find  howmucl^  the  air  is  rarefied  by  any 
number  of  lifts  or  strokes  of  the  piston  thus, 

Let  1  denote  the  air  in  PV^  yO,  and  R  together,  and  1 
that  in  Py,  f^ 
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Then  1  — -  dr  ^~     is  the  air  left  after  the  first  stroke; 
P  P 

and  since  the  remainders  are  successively  diminished  by  the 

pih.  part,  we  have 

V ^T     =  l^^—'  )   ^he  remainder  after  the  8cl.  stroke ; 

that  is,  the  remainders  form  a  descending  geometrical  progres- 
Bion,  the  first  term  being  1,  and  common  ratio  ^^^  and  there* 

fore  the  remainder  after  n  strokes  will  be  y'Z  *}  ;  but  the  re- 

mainders  successively  occupy  the  same  space»  and  consequently 
the  densities  are  denoted  by  the  terms  of  the  series. 

Suppose  tb^  capacity  of  the  tube  VO  and  receiver  R  together  is  equal  to 
10  times  that  of  PV  the  part  of  the  barrel  in  which  the  piston  works,  then 

PV  is  Vt  of  the  whole,  or  p^l  1,  and  let  tasSO ;  then  (^^)"  =  (jj)** 

7=  .008518  the  density  of  the  inclosed  air  after  50  strokes  or  lifts  of  tiie 
piston,  which  is  nearly  ^i^  of  1  the  first  density ;  so  the  air  is  rarefied 
about  1 17  times  by  50  strokes, 

450.  Should  it  be  required  to  determine  how  many  strokes  would  be 
pecessary  to  rarefy  the  air  a  proposed  niimber  of  times,  let  r = that  number, 

Jhen  the  density  will  be  -,  and  we  get  \^^-—j  = ->  whence  n  x  ^Pff* 

^^^^szlog.  -.      Suppose  r=;60,   and  let  p=ll  (as  above),  then  n 

?=: .  ^'  ^,  or  (toking  the  reciprocals)  «=  ;^'  ,;  =43  nearly,  thenuin- 
ber  of  strokes  by  which  the  air  would  be  rarefied  60  times. 

But  a  complete  air  pump  is  constructed  tvith  two  barrels ;  and 
funpshed  with  various  apparatus  for  difierent  experiments. 
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Of  THE  RESISTANCE,  and  the  FORCE  op  FLUIDS. 

451.  •IVhen  a  body  moves  in  a  Jluid  at  resi^  ihfi  resistance 
is  as  the  square  p/  the  velocity. 

For  the  resistance  is  evidently  as  the  velocity  of  the  body 
drawn  into  the  number  of  particles  it  strikes,  or  if  v  =  the  velo- 
city, and  n  =  tlie  number  of  particles,  the  resistance  will  be  ^ 
nv ;  but  the  number  of  particles  struck  in  any  time  is  as  the 
velocity,  therefore  substituting  v  for  n  gives  v*,  that  is,  the  re- 
sistance  is  as  the  square  of  the  velocity.  And  since  action  and 
reaction  are  equal,  the  force  of  a  fiuid  moving  ag^st  a  body  at 
«^t,  u  as  the  square  of  its  velocity, 

CoroL  If  the  body  be  a  plane  moving  perpendicplarly  to  its 
surface  p,  the  resistance  will  be  as  pv*.  For  the  resistance  or 
reaction  of  the  fluid  against  an  indefinitely  small  part  of  the 
plane  is  as  t;'  or  1  xv^,  against  double  that  part  as  9xv%  &c* 
and  therefore  against  the  whole  plane  p,  &s  p  xtf^*  Ako  be. 
cause  the  number  of  particles  struck  in  any  time  is  propoN 
tional  to  the  density  (d)  of  the  fluid,  the  resistance  will  ^  a| 
dxpXM\  or  dpv\ 

43d.  If  a  plane  PL  move  in  the  direction  PR  «r  oltiquely 
against  a^uid,  and  s  ==  sine  o/LPR  the  angle  of  inclination 
{radius  being  l),  then  supposing  the  resistance  in  a  perpen^ 
dicular  direction  to  be  dpv*)  (as  in  the  last  corol.),  the  resist:-, 
ance  in  the  oblique  direction  is  dpv^s^^ 

Make  LR  perpendicular  to  PR. 
Then  the  nuTi>ber  of  parti9les  struck 
by  the  plane  moving  in  the  perpen* 
dicular,  and  oblique  positions,  will 
be  as  PL  to  LR ,  or  as  radius  to  the 
sine  of  the  cngie  LPR;  hence  the 
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cxpres^on  dpv^  when  reduced  in  that  proportion  becomes  dpv*s\ 

for  1  :  5  ::  dpv'^  :  -^^  ovdpv^s;   therefore  supposing  LR  a 

plane  moving  perpendicular  to  its  surface^  the  resistance  would 
be  as  dpv^s.  Let  this  resisunce  be  represented  by  PR^  and 
draw  RO  and  OB  perpendicular  to  PL  and  PR,  respectively ; 
then  since  the  resistance  perpendicular  to  LR  is  to  the  resist^ 
ance  in  the  direction  RO,  as  radius  to  the  sine  of  the  angk 
LRO  (=LPR)  the  inclination  of  RO  toRL  (319.  coroL4) 

we  have  rad. :  PR  ::  sin.OVR  :  RO,  or  1  :  j  ::  ^^ :  ^^^, 

consequently  RO  will  represent  the  resistance  or  the  reaction 
of  the  fluid  in  a  direction  perpendicular  to  the  plane  PL;  and 
hence  by  the  resolution  of  forces,  RB  and  BO  will  respectively 
be  the  resistances  in  the  direction  of,  and  perpendicular  to  the 

planers  motion,  whence  1  :    ^^     (or  OR)  ::s  (or  sin.  BOR) 

dfyv^s^ 
:  -i-  ^ —  or  dpv^s^,  (or  RB),  the  resistance  to  the  plane  in  the 

direction  of  its  motion. 

CoroL  1 .  Hence  the  resistances  to  LR  and  LP  in  the  direc- 
tion RP,  are  as  the  square  of  radius  to  the  square  of  the  sin£ 

ofLPR,forl«:.«::^:^'. 

CoroL  d.  Let  c  =  cosine  of  s,  or  sine  of  the  angle  BRO; 
then  1 :  Jpv^s*  ::  c  :  dpvVc  or  BO,  the  resistance  to  the  plane 
in  the  direction  BO  or  perpendicular  to  the  direction  of  its  mo- 
tion; this  resistance  therefore  varies  as  ^c,  or  as  (l*—  c')c, 
because  i*  =  1*  —  c*. 

Hence  we  may  determine  what  will  be  the  most  advantageous 
angle  the  rudder  of  a  ship  can  make  with  her  way  to  bring  her 
round.  Let  LP  represent  .the  top  of  the  rudder,  and  LA  or 
PR  the  direction  in  which  the  vessel  LA  moves ;  then  the  re- 
sistance to  the  rudder  in  a  direction  at  right  angles  to  LA  or  PR, 
that  is,  in  the  direction  BO,  must  be  the  greatest  possible,  or 
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(l»— <r»)c=sl"c— c»,  a  maximum,  which  (Art,  406J  will  be  when 

c*  rr  i-  ;  whence  c  =  1/4^  =  .57735  the  natural  cosine  of  54'  44' 

r:  LPR  the  angk  which  the  rudder  murt  make  with  the  ship's 
way  to  produce  the  greatest  effect  in  turning  her. 

And  in  the  same  manner  it  is  found  that  the  wmd  blowing 
in  the  direction  of  the  axis  of  a  windmill^  will  have  the  greatest 
efect  to  turn  the  sails  at  the  beginning  of  the  motian^  when  it 
strikes  them  in  an  angle  of  54"^  44'. 

453.  Ifajluid  moving  with  a  given  velocity  v,  act  against 

a  plane  in  a  perpendicular  direction,  the  real  or  aisolute 

farce  on  the  plane  is  equal  to  the  weight  of  a  column  of  the 

fmd  whose  base  is  the  plane,  and  height  equal  to  the  height 

through  which  a  heavy  body  must  descend  from  rest  iy  its  own 

gravity  to  acquire  the  velocity  v. 

This  is  manifest  from  art.  4S6 :  for  the  weight  or  pressure  of 
such  a  column  of  the  fluid  will  generate  the  velocity  v ;  the  fluid 
therefore  moving  with  that  velocity  must  act  with  a  force  qua! 
to  the  weight  or  pressure  which  generates  it.  And  if  the  plane 
be  urged  with  the  velocity  v  against  the  fluid  at  rest,  the  re- 
sistance  will  be  equal  to  that  force  of  the  moving  fluid,  because 
action  and  reaction  are  equal. 

Thus  suppose  water  to  move  at  the  rate  of  10  feet  (=-©)  per  second 
against  a  plaue  surface  (^)  1  foot  square,  and  let  dzs6'2yS.  the  weight  of 

a  cubic  foot  of  water,  and  s'szieJ^  feet;  then  —  feet  is  Uie  altitude  doe 

4s 

to  the  velocity  p,  or  the  height  of  the  column,  ^  its  cubic  contents,  and 

Uie  weight  or  force  =  ^  =  ^^\^  ^  X  100  _  ^^^^^  ^  ^^^.  ^^^  ^f 

the  water  against  the  plane,  or  the  resistance  to  the  plane  if  it  moved  per- 
jpendicular  to  its  surface  through  the  water  at  rest. 

This  force  of  resistance  to  the  moving  plane  is  not  called  the 
reUrding  force ;  for  if  the  plane  be  the  face  of  a  boJy  having 
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weight,  its  momentum,  with  the  same  velocity,  will  vary  as  its 
weight,  hence  the  greater  that  weight,  the  less  will  be  the  reUrd- 
ing  force,  we  therefore  divide  the  resisting  force  by  the  weight  of 
the  body  resisted,  and  the  quotient  is  the  retarding  force.     So  if 

ft/  =  the  weight  of  the  body  whose  plane  face  is  p,  then  — £ — 

will  denote  the  retarding  force,  the  motive  or  resisting  force 

being  —/--. 

CoroL    If  the  plane  be  inclined  to  the  direction  of  it«  motion 
in  an  ar^gle  whose  sine  zz  s;  then  (452)  by  diminiahing — £- 
In  the  tfiplicatc  ratio  of  radius  to  the  sine  of  inclination  s,  we 
&^  ;i     ^   ^^      . —  ^«^  resistance  to  the  plane  m  the  direc- 
tion  of  its  motion* 

434.  ^fa  right  cone  CVP  move  against  ajluid  at  rest  with 
its  vertex  foremost  in  the  direction  of  the  axis  BV,  the  resist^ 
ance^  to  the  resistance  oj  a  cylinder  having  an  equal  base  CP, 
^nd  moving  also  in  the  direction  of  its  axis,  will  be  as  PB* 
to  PV% 


For  the  same  quantity  of  fluid  is  struck  '^^z^.-'^^^-f.^^r:^ 

by  the  cone  and  cylinder,   and  every  part  of  ^    ;     ^-^^-^^ 

the  cone's  slant  surface  is  inclined  to  BV,  ii^| 

the  direction  of  its  motion,  in  the  angle  tFfj.ip. 


BVP;  therefore  (452,  coroh  1.)  the  resist- 
ances will  be  as  the  square  of  the  sine  of  BVP  to  the  square  of 
radius,  that  is,  as  PB^  to  P  V, 

455.  When- a  sphere  and  cylinder  of  equal  diameters  movs 
in  a  fluid  with  the  same  velocity  in  the  direction  of  the  axes, 
the  resistance  to  the  sphere  is  but  half  the  resistg^nce  to  th^ 
€ylinder^ 
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Let  DA  be  the  diameter  of  the 
sphere  and  the  cylinder  QA,  and  CV 
or  SR  at  right  angles  to  DA,  the  di* 
rection  of  motion.  Make  LP  a  tan« 
gent  to  the  circle  DVA  at  P,  and 
from  the  centre  C  draw  CP,  and  the 
angles  LPR,  PCS  are  equal.  Then 
since  the  tangent  LP  and .  surface  of 

the  sphere  are  struck  in  the  same  direcdon  RPS  at  the  fdnt  F» 
the  resistance  to  the  sphere  at  that  point,  to  the  resistance  at  the 
point  S  on  the  face  of  the  cylinder,  will  be  as  the  square  of  the 
sine  of  the  fuigle  LPR  (or  SCP),  to  the  square  of  tadius,  or 
(making  CP  radius)  ^  SP»  to  CP*  (452,  corql.  !.)•  Ltt  CV 
denote  the  resistance  to  any  point  S  on  the  face  of  the  cylinder;! 

then  CP*  or  C V*  :  SP' : :  CV  :  ^  tl»e  resistance  to  the  cor- 

responding  point  P  on  the  sphere,  being  a  third  proportional  to 

C  V  and  the  sine  SP.    On  DA  descril^e  the  parabola  DVA 

SP^ 
about  the  axis  CV,  then  Trn  =  SO  : 

For  let  01  be  perpendiciJar  to  VC  j 
Then  (268)  VC  :  VI  : :  CA*  :  lO*, 

and  VC«-yi(=SOJ:VC::CA*-IO»:CAV=VC*)  by dlvirioQ| 
But  CA«— I0»ss(CA+iO)(C  A-K))s=DSx  S  AscSP,  by  prop,  of  the  circle, 

whence  SQ  :  VC  ::  SP»  :  VC\  or  ^  =  SO  :  therefore  the 

locus  of  the  tlfird.proportioaals  SD,  &c.  or  rewtances  to  the 
semicircular  aire  DVA,  is  the  parabola  DVOA.  Now  if  lines 
equal  to  CV  are  drawn  parallel  to  CV  froo)  every  point  on  the 
end  or  base  of  the  cylinder,  th^ir  suni  together  will  denote  the 
resistance  to  the  cylinder,  and  the  corresponding  third  propor- 
tionals on  the  same  points,  the  resistance  to  the  sphere  i  but 
the  aggregate  sum  of  the  fprmipr  lines  constitute  a  cylinder  BA 
whose  length  or  height  is  CV ,  and  all  the  latter  a  paraboipid  of 
the  same  base  and  height,  which  in  tha:  pase  is  equal  to  half  the 
cylinder  (305.,  consequently  the  resistance  to  the  sphere  ishtift 
half  that  to  the  cylinder. 
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Coral.  Hende  ifp  r=  the  area  of  the  great  circle  of  the  sphere 
or  base  of  the  cylinder,  v  =  the  velocity,  s  zz  1 6V-r  feet,  an4 
d  zz  the  densily  or  the  specific'  gravity  of  the  fluid  ;  then  (451) 

the^sistaDoe  to  the  cylinder  will  be  -^   and  that  to  the 


sphere    -£?!• 


4i 

8^  ' 


Thus  suppose  an  18  W,  iron-shot  to  be  discharged  with  a 
velocity  of  1500  feet  per  second,  we  have  p  =  .138526  of  a 
foot,  nearly,  d  =.  If  ounces  =  \^\It.  the  wtightof  a  cubic 

foot  of  air,  and  v  =  1500:  then  -f*^-    =  185  lb.  the  resistance 
'  *  8i 

'to  the  ball. 

But  the  air  rushes  into  empty  space  with  a  velocity  not  greater 
than  between  1300  and  1400  feet  per  second  (435,  corol.  S.}, 
the  balT  therefore  moving  at  the  rate  of  15oo  mujit  leave  a 
vacuum,  or  the  air  will  cease  to  act  by  its  pressure  on  the  ball 
behind  during  a  short  space  of  time,  and  consequently,  in  ad- 
dition to  the  above  result,  the  ball  will  be  resisted  by  the  weight 
of  a  column  ^f  the  air  having  a  circular  base  whos^  diameter 
is  that  of  the  ball.  The  area  of  this  circle  is  10.948  inches, 
nearly,  and  allowing  15/^.  avoirdupois  for  the  pressure  of  the 
atmosphere  upon  every  square  inch  (432),  we  get  19.948x15 
=:  299  lb'  which  added  to  185  lb.  gives  <i  84  /^.  the  resistance,- 
evclusive  of  the  resistance  arising  in  consequence  of  the  air's 
being  condensed  in  front  by  the  rapid  motion  of  the  ball.  And 
hence  it  is  found  that  the  horizontal  ranges  are  not  increased  by 
discharging  balls  with*  initial  velocities  beyond  a  certarn  limit. 

The  theory  of  Resistances  however,  and  experiment  give  re- 
sults considerably  different.  See  Dr.  Hutton's  Mathematical 
and  Philos.  Dictionary,  vol.  2,  p.  363,  &c. 

456.  Let  a  str€S.m  of  water  moving  in  the  direction  WR, 
with  a  velocity  =  V,  him  an  undershot  wheel  whose  centre 

^  0& 
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is  C  ;  then  if  v  —  the  velocity  of  the  pallets  or  floats  SP, 
BO,  f5?c.  andm  -  the  momentum  oj  the  wheel,  m  will  vary 
as  (V—  vj^  X  v,  orm  oc  {V—  vj*  x  «• 


Since  the  water  and  floats 
move  with  the  respective  velo- 
cities F  and  t/,  the  former  will 
strike  the  latter  with  the  rela- 
tive velocity  ^  —  v,  or  the 
impingent  velocity  of  the  water 
upon  the  floats  is  the  same  as 
it  would  be  if  they  were  at 
rest  and  the  water  moved  with 
the  velocity  V —  v,  and  hence 


AV. 


if  the  water  strike  the  floats  perpendicular  to  their  surfaces^  its 
force  (451)  will  be  as  ( F—  tt(*. 

But  the  absolute  force  of  the  water  moving  with  the  velocity 
F^  V  is  equal  to  the  weight  of  a  column  of  the  fluid  having  a 
base  equal  to  the  surface  of  a  pallet  or  floaty  and  whose  height 
is  equal  to  the  height  through  which  a  heavy  body  must  descend 
by  gravity  to  acquire  that  velocity  (453),  this  weight  jnay  there- 
fore be  represented  by  the  force  {F — v)\  whence  it  follow^s 
that  the  momentum  of  the  wheel  will  be  directly  proportional 
to  that  weight  or  force  drawn  into  the  velocity  v,  or  to 
[F—v]*  X  V. 

In  estimating  the  force  of  the  stream  upon  the  floats,  we 
take  a  column  of  the  fluid  whose  ba^e  is  equal  to  the  surface  of 
one  float  only,  because  the  section  of  the  impinging  stream 
which  is  perpendicular  to  the  direction  of  its  motion  is  equal  to 
that  surface. 

CoroL  1.  Hence  if  the  velocity  of  the  stream  be  given^  we  can 
determine  that  of  the  wheel  when  its  effect  is  the  greatest  possible 
in  a -given  timcj  for  in  tliat  case  (F  —  v}*  x  v  must  be* 
maximum  }  but  (406,  coroL  Ij,   (^—  v]^  x  «'  i»  a  maximum 
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when  t;  ==  i{V—v)y  hence  v  =  ^F,  that  is,  the  velocity  of 
the  wheel  z=  ^  the  velocity  of  the  stream. 

Corol.  2.  And  since  the  whole  force  of  the  implngent  water, 
IS  to  its  force  on  the  floats,  as  F*  to  (F— v)*,  or  as  F*  to 
(t^)%  that  is,  as  I  to  f ,  therefore  the  resistance  of  the  wheel, 
including  friction,  &c.  when  its  effect  is  a  maximum,  will  be  •$• 
of  the  resistance  which  wouflTbe  just  sufficient  to  counteract 
or  balance  the  whole  force  of  the  water. 

Scholium.  The  above  conclusion  is  deduced  by  Maclaurin» 
Atwood,  and  other  writers  who  have  considered  the  subject. 
But  it  appears  from  experiments  made  by  Mr.  Smeaton.  that ' 
the  maximum  effect  of  a  water-wheel  is  when  its  velocity,  in- 
stead of  being  ^,  is  nearly  equal  to  4  the  velocity  of  the  fluid. 
This  disagreement  it  seems,  induced  a  writer  (Mr.  W.  Waring) 
in  the  3d.  vol.  of  the  Transactions  of  the  American  Philosophical 
Society,  to  reject  the  preceding  theory  as  fallacious,  and  adopt 
another  founded  on  the  following  principle,  namely,    •*  that 
while  the  stream  is  invariable,  whatever  be  the  velocity  of  the 
wheel,   the  same  number  of  particles  or  quantity  of  the  fluid, 
must  strike  it  some  where  or  other  in  a  given  time'' ;  and  hence 
it  is  infered  that  the  force  of  the  stream  upon  the  wheel  is  in 
the  *' simple  direct  proportion  of  the  relative  velocity";  hence 
^(retaining  the  above  notation),  the  momentum  of  the  wheel  wiH 
be  as  {F — v)  v^  now  if  ^  be  a  quantity   or  line  divided  into 
two  parts  F —  v  and  v  so  that  their  rectangle  ( /^—  v)  v  is  a 
maximum,  it  follows  from  art,  ♦  S39,   that  the  two  parts  are 
equal,  or  v  =  iV,  that  is,   the  velocity  of  the  wheel  =  -J-  that 
of  the  fluid.     Which  is  Mr.  Waring's  conclusion. 

Let  the  circumference  described  by  the  floats  be  SO  feet,  the 
number  of  floats  =  30,  and  the  surface  of  each  =z  i  foot 
square;  also  suppose  the  velocity  of  the  stream  =  31  feet  per 
second,  and  tliat  of  the  wheel  =  1  foot ;  then  the  quantity  of 
nvtterthat  strikes  a  float  or  floats  in  one  second  of  time  will  be 
30  cubic  feet. 
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Agsuoy  if  we  conceive  the  wheel  to  move  round  once  in  a 

fecond^  the  motion  of  the  stream  will  be  l^  feet,  and  that 

of  afloat  1  foot  in  t^  of  a  second,  and   the  quantity  of  fluid 

that  strikes  a  float  in  that  time  is  ItV"""  I  or  yV  of  a  cubic 

foot ;  now  when  the  lowest  float  BO  is  perpendicular  to  the 

<tirection  of  the  stream,  four  other  floats  are  partly  in  the  water; 

let  us  however,  suppose  that  the-^oie  surfaces  of  5  floats  are 

f  truck  at  the  same  time,  ^then  the  quantity  of  fluid  that  strikes 

I  float  in  every  revolution  will  be  ^V  x  4  of  a  cubic  foot,  which 

multipKed  by  30  the  number  of  floats  gives  only  4  cubic  feet 

the  quantity  of  fluid  impinging  on  all  the  floats  in  one  second 

of  time  or  during  a  revolution  of  the  wheel :    the  diflerence  of 

.the  two  results  is  96  cul>ic  Ret :  it  therefore  appears  that  the 

number  of  particles  or  quantity  of  fluid  which  strikes  in  a  grveni 

time  will  depend  on  the  relative  velocity  $  and  consequently  Mr. 

Waiing's  principle  (quoted  above)  must  be  erroneous.    This  ia 

abo  evident  from  the  following  consideration,  that  the  velocity 

of  a  body,  after  being  struck  by  running  water,  may  become 

equal  to  that  of  the  stream,  in  which  case  the  body  floats  with* 

oat  being  struck  by  the  fluid. 

By  increasing  the  number  of  pallets  on  the  wheel,  the 
number  constantly  moving  in  the  water  will  also  be  increased, 
Jbut  it  docs  not  follow  that  more  surface  would  be  struck,  or  . 
the  velocity  of  the  wheel  thereby  accelerated ;  for  the  number 
of  floats  upon  a  wheel  of  any  diameter  may  be  augmented 
till  its  motion  in  consequence  becomea  actudly  diminished. 

But  in  computing  the  velocity  of  the  wheel  according  to  the 
common  theory,  we  estimate  the  force  of  the  water  too  great  by 
supposing  the  floats  are  constantly  struck  perpendicular  to  their 
surfaces,  for  the  direct  impact,  wjiich  can  only  take  place  upon 
a  float  when  in  the  position  BO,  is  momentary.  The  particles 
of  water  are  also  conceived  to  act  in  succession  without  impe* 
diment,  but  it  is  not  easy  to  comprehend  how  that  can  actually 
take  placoj^  because  the  particles  in  immediate  contact  with  the 
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iloAts  have  not  room  to  escape  before  they  are  struck  1)y  thoie 
which  iollow ;  the  force  of  the  stream  therefore  seems  to  be  com« 
pounded  of  pressure  aud  percussion.  Now  these  circumstanoes 
all  tend  to  shew  (what  Mr.  Sme^ton's  experiments  prove) 
that  the  actual  force  of  a  stream  upon  a  water-wheel  is  lest 
than  that  dednoed  from  the  common  Ibeory. — ^We  have  not 
considered  the  e0ect  of  friiiion,  because  po  g^ioral  lule  |uu 
]retbeea  devised  fo]r  t}iat  purpoae* 
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TttE  APPLICATION  ^t  AI^EBRA,   CONIC  SECTIONS, 
MECHANICS,  HYDHOSTATICS,  &c. 


1.  Given  the  area  of  a  rectangle  =  a,  and  the  ratio  of ihc 
sides  as  m  to  n;   to  find  the  sides. 

Ans.  v^ — ,  and  /—. 

2.  If  a  rectangle  be  inscribed  in  a  circle  whose  diameter  =(?i 
what  are  the  sides  when  they  have  the  ratio  of  m  to  n  ? 

Ans.  d\/--r-- — 5,    and  Ji/   ,    ,   'n 

3.  If  the  side  of  a  square  be  denoted  by  s,  what  is  the  length 
of  that  line,  drawn  from  the.  middle  of  one  of  its  sides,  which 
divides  the  'area  into  two  parts  having  the  proportion  of  S  to  1  ? 

Ans.  is  /lO. 

4.  What  is  the  length  of  a  line  drawn  from  an  angle  of  a 
rectangle  whose  sides  are  S  and  s  that  divides  the  area  into  two 
parts  having  the  ratio  of  2  to  1  ? 

Ans.  WmS"  +  i*).    Or  Wi^i^^  +  ^)' 

5.  If  the  circumference  of  a  circle  and  the  perimeter  of  a 
square  are  equal,  which  contains  the  greatest  area  ? 

Ans.  The  circle  is  to  the  square  as  16  to  12.56637,  nearly. 

6.  If  a  sphere  and  cube  have  equal  surfaces,  which  has  th« 
greatest  cubic  content  ? 

Ans,  The  sphere  to  the  cube  as  y^6  to  y^3.U\59  &c. 
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7.  If  the  three  perpendiculars  let  fall  front  a  point  within  an 
equilateral  triangle  upon  the  sides,  are  denoted  by  a,  b,  c;  what 
is  the  side  of  the  triangle  ? 

.       Qa  +  9b  +  9e 
Ans.  ,J 

8.  What  plane  triangle  is  that,  the  natural  tangents  of  whose 
angles  are  whole  numbers  ? 

Ans. 

9*  Given  the  base  of  a  triangle  =:  b^  the  angle  opposite  the 
base,  and  the  right  line  drawn  from  that  angle  to  bisect  the 
base  =  2;  to  find  the  perpendicular. 

Ans.  -J  —  ^b. 

10.  If  the  base  and  perpendicular  of  a  triangle  are  denoted 
by  b  and  p ;  what  is  the  side  of  that  inscribed  square,  one  side 
of  which  coincides  with  the  base? 

^"'-  V+p' 

1 1  •  If  the  sides  of  a  triangle  are  28,  25^  and  1 7  •  what  is  the 
side  of  its  greatest  inscribed  square  ? 

Ans.  lOyVr* 

12.  If  the  base  and  sides  of  a  triangle  are  denoted. by  t,  5, 
and  s ;  then  what  are  the  expressions  for  the  perpenkdicular, 
and  segments  of  the  base  ? 

Ans.  Perp.    r:/(^— ^— +   ^^ ^^ ^. 

Greater  segm.  = -y .    Less  =: — •       .       .^^ 

13.  Having  observed  the  elevation  of  a  distant  object,  I  ad- 
vanced 60  yards  directly  towards  it  on  a  level  ground,  and  then 
observed  the  elevation  to  be  the  complement  of  the  former  to 
a  right  angle  j  advancing  20  yards  still  nearer^  the.  elevation 
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now  appeared  to  be  just  double  the  first.     Hence  the  height  of 
the  object  is  required  ? 

Ans.  1^.\^  yards. 

14.  If  the  radius  of  a  circle  be  10,  what  are  the  sides  of  an 
inscribed  triangle  when  they  have  the  proportion  of  2,  3,  and4  ? 

Arts.  9.6824 
14.5237 
19.3649 

15.  If  r  =  the  radius  of  a  circle,  what  arc  the  sides  of  the 
regular  inscribed  trigon,  tetragon,  pentagon,  hexagon,  octagon, 
and  duodecagon  ? 

Ans.  Trigon      r/S.  Octagon        ♦•/(«— /2). 

Tetragon  rv/2.  Decagon       f(iv/5— i). 

Pentagon  r^{^\—\  /5}.  Duodecagon  rv/(2— v^3). 
Hexagon  r. 

16.  If  the  side  of  a  regular  trigon,  tetragon,  pentagon,  hexa- 
gon, octagon,  decagon,  and  duodecagon  be  denoted  by  5,  the 
expressions  for  their  areas  are 

Trigon     ^VA-  Octagon       i'(2-f-v^S). 

Tetragon  5*.  Decagon        5*  yj  (^ JM-  y/  3^^  ] . 

Pentagon  jV(H+V' VV )•     Duodecagon  s'(6+v/27). 

Hexagon  f*v/V* 
Required  the  investigations  ? 

17.  Let  the  linear  side  or  side  of  a  face  of  a  tetraedron,  hex- 
aedron,  oetaedroo,  dodecaedron,  and  icosacdron  (the  5  regular 
bodies  or  solids),  be  denoted  by  s%  then  the  expressions  for 
their  cubic  contents  will  be 

Tetraedron     ^W'A^- j^^^^^^^,^^    ^,  ^935-»-^55»g5. 
Hexaedron      s^.  8 

Octaedron       5'/^.       Jcosaedron       ,3  ^»75+v/881g5 

72  ' 

N.  B.  TI.e  Tetraedron  has  4  equilateral  triangular  faces, 
Hexaedron  or  cube,  6  equal  square  faces. 
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Octaedron,  8  ecjual  equilateral  triangular  faces. 
Dodecaedron,  12  equal  regular  pentangular  ^ces* 
Icosaedron,  20  equal  equilateral  triangular  faces. 
These  solids  can  be  inscribed  in  a  sphere, 

18.  If  the  length,  breadth,  and  depth  of  a  rectangular  pard- 
lelopipcd  are  denoted  by  /,  b,  and  d ;  what  is  th^e  diameter  of  its 
circumscribing  sphere  ? 

Arts.  V(/*  +  i*  +  d»). 

19.  If  the  perimeter  of  a  triangle  be  denoted  by  p,  and  the 
three  perpendiculars  let  fall  from  the  angles  upon  the  opposite 
sides  by  a,  b^  and  c ;  what  arc  the  expressions  for  the  sides  ? 

ab  +  ac-^bc'    ab-^ac+bc'   al^ac-fTc* 

20.  In  any  trapezium,  the  sum  of  the  squares  of  the  two 
diagonals  is  equal  to  twice  the  sum  of  the  squares  of  the  two 
lines  joining  the  middle  points  of  the  opposite  sides  of  the  tra- 
pezium.    Required  the  demonstration  ? 

21.  Having  the  base  of  a  triangle,  =  b,  the  perpendicular 
upon  that  side  =  p,  and  the  rectangle  of  the  other  two  sides 
r=  r ;  to  find  the  angle  opposite  the  base, 

Ans.  --  :=.  the  naturalsine  of  the  required  angle,  {radiushting  !)• 
r 

22.  Let  the  base  of  a  triangle  zz  i,  the  tangent  of  the  oppo-- 
site  angle  =  t,  and  the  perpendicular  let  fall  from  that  angle 
upon  the  base  =  p ;  to  find  the  segments  of  the  base  made  by 
that  perpendicular. 

Ans.  ^J  +  /(^-p«  +  i^»),  and  it-/^^-.p*+i*»j. 

23.  .If  a,  i,  and  c  denote  the  sides  of  a  triangle,  what  is  the 
radius  of  its  inscribed  circle  ? 

Ans.  V^ —T — ^,  where  h  zz  i  the  sum  of  the 

three  sides. 

3  p  3 


476  ADOiriONAL   EXAMPLES. 

24.  Given  the  base  and  vertical  angle  of  a  triangle ;  to  find 
the  locus  of  the  centre  oT  the  inscribed  circle. 

jins.  The  arc  of  a  circle. 

23.  If  the  hypothenuse  of  a  right-angled  triangle   =  A,  and 
the  radius  of  its  inscribed  circle  =:  r ;  what  are  the  sides  ? 
Ms.  iA-l-r+v/(iA»^Ar— r«),  and^A+r— /(iA*— Ar— r«). 

96.  If  r  =  the  radius  of  three  equal  circles  in  contact  with 
each  other;  what  are  the  radii  of  the  two  circles  described  to 
touch  them  internally  and  externally  ? 

jifn»  Sr/^  —  r,  and  9r^i+  r. 

S7.  If  r  =:  the  rectangle  made  by  two  lines,  and  d  =z  the 
difference  of  their  squares :  what  are  those  lines  ? 

Ans.  v/(/(r»H-iO  +  idUznd  v^W{f^ +  id^) —id). 

9S.  Let  the  perimeter  of  a  right  angled  triangle  =  p,  and  its 
area  =:a ;  to  find  the  base  and  perpendicular. 

4p  4p^  ^'^  r         • 

99*  If  the  perimetet  of  a  rectangle  =  p,  and  its  diagonal 
=  d ;  what  are  the  sides  P 

jins.  ipdzi\/{Sd^—p'), 

30.  If  S  and  A*  denote  the  segments  of  the  base  made  by  a  per- 
pendicular let  fall  from  the  vertical  angle  of  a  triangle,  and  r  zz 
the  rectangle  under  the  two  sides  containing  that  angle;  what  ia 
the  perpendicular  ? 


^'- (^M^^"-^^0'- 


31.  If  the  three  perpendiculars  let  fall  from  the  angles  of  a 
plane  triangle  upon  the  opposite  sidcs^  are  denoted  by  a,  h^ 
and  c ;  what  are  the  sides  ? 
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39.  If  the  threo  lines  drawn  from  the  angles  of  a  plane  tri- 
angle  to  bisect  the  opposite  sides,  be  denoted  by  a,  h,  and  c ; 
then  what  are  the  expressions  for  the  sides  of  the  triangle  ? 

33.  To  divide  an  angle  whose  sine  and  cosine  are  denoted  by 
s  and  c  (the  radius  being  1^)  into  two  parts  such,  that  their 
sines  may  have  the  given  ratio  of  m  to  n. 

sine  of  greater.  Where  the  sign  +  takes  pUce  when  the  propose 
cd  angle  is  acute^  but  —  when  it  is  obtuse. 

34.  If  the  hypothenuse  of  a  right  angled  triangle  =  h ; 
what  are  the  other  sides  when  the  area  is  the  greatest  possible  ? 

jins.  Each  side  =  Ay^f. 

35.  What  are  the  sides  of  the  greatest  rectangle  that  can  be 
inscribed  in  a  semicircle^  the  radius  of  the  circle  being  denoted 
by  r? 

36.  What  is  the  area  of  that  right  angled  triangle  whose  base^ 
perpendicular,  and  hypothenuse  are  denoted  by  x',  a?*',  and  x^% 
respectively  ? 

jins.  1.099089  nearly. 

37.  Given  the  area  of  a  triangle  zr  126,  the  sum  of  the  three 
sides  =  54,  and  the  sum  of  their  squares  =  1010.  Required 
the  sides  ? 

Arts.  13,  SO,  and  91. 

38.  In  4  sides  of  a  regular  pentagon  traced  out  for  a  fortifi- 
cation,  stand  4  objects  which  are  found  to  be  at  the  angular 
points  of  a  square ;  now  if  the  side  of  the  pentagon  be  1 80  fathoms, 
what  is  the  side  of  that  square  ?  - 

Ans.  190.B9  fath. 
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39.  A  IcaH  ball  d  inches  in  diameter  is  to  be  cast  into  tao 
mher  >alls  whose  diameters  are  in  the  given  ratio  of  m  to  n* 
Required  those  diameters. 

Jns.  i,  and — .- 

4a.  A  square  piece  of  ground  whose  side  =  30  yards  is  to 
be  surrounded  by  a  ditch  dug  6  feet  deep,  and  it  is  necessary 
that  the  earth  thrown  out  should  be  sufficient  to  raise  the  interi- 
or  surface  4  feet  higher  than  the  present  level  3  now  what 
must  be  the  breadth  of  the  ditch  at  bottom,  supposing  it  the 
same  all  round,  when  the  slope  on  each  side  is  46%  and  the 
inner  slope  continued  up  to  the  new  made  surface  ? 

Ans.  5  ASS  fee i. 

41.  To  determine  the  height  of  a  hill  we  observed  the  eleva- 
lions  of  an  object  on  its  summit  at  three  stations  A,  B,  and  C, 
in  the  same  horizontal  right  line,  and  found  them  to  be  2°  48'i, 
3**39'i,  and  7° 47',  respectively  ;  the  distance  from  A  to  B  was 
900  yards,  and  that  from  B  to  C  750  yards.  Hence  the  height 
is  required  ? 

A?is.  m  yards,  nearly. 

42.  Three  detachments  of  foot  having  orders  to  occupy  a 
certain  post,  begin  their  march  from  three  towns,  A,  B,  and  C, 
at  6  o'clock  in  the  morning ;  the  detachment  from  A  march 
4  miles  per  hour,  that  from  B  march  3  miles  per  hour,  and 
the  other  from  C  march  2  miles  per  hour,  and  they  all  arrive 
at  the  place  of  destination  exactly  at  the  same  time,  which 
was  between  10  and  11  o'clock  ;  now  the  distance  from  A  to 
B  was  15  miles,  from  B  to  C  8  miles,  and  from  A  to  C  20  miles. 
Hence  the  distances  from  the  post  to  the  three  towns  are  required. 

Jns.  17.6858  miles  from  A. 

13.2643  fromB. 

8.8429  from  C. 


ADDITlONAt.  £XAMPLB6t  47(> 

43.  In  tfao  course  of  a  survey,  at  a  station  on  the  top  of  a  bilU 
we  took  the  depressions  of  three  objects.  A,  B,  and  C,  which 
were  nearly  on  the  same  horizontal  levels  and  found  them  to  be 
4**  52',  4°30t,  7°  I3'f,  respectively;  nqw  the  distance  from 
A  to  B  was  4  xniles^  from  B  to  C  3|  miles,  and  froni  C  to  A 
3  miles.    Hence  the  perpendicular  height  of  the  hill  i3  required } 

Ans,  3S9  yards,  nearly* 

44.  If  the  axes  of  an  ellipse  be  60  and  80;  what  an^the 
lengths  of  two  conjugate  diameters,  the  longest  of  whiph  makfi^ 
An  angle  of  20"*  with  the  transverse  axis  ? 

Ans.  68.7861,  and  79.1737* 

45.  Let  the  axes  of  an  ellipse  be  60  and  100  inches  j  to  find 
the  rfidius  of  a  circle  described  to  touch  the  curve  when  its  centra 
is  in  the  transverse  axis  at  the  distance  cf  16  inches  from  th^t 
pf  the  ellipse. 

Am.  27-'i9545  &c,  inches f 

46.  Let  VO  be  the  axis  of  any  conic     V 

section  VRP,  F  the  focus,  and  FR,  OP,  two     r 

ordinates  at  right  angles  to  VO ;  then 

vp       ^rv   I     (FR— FV)VO      o       •    J     A 
JP  =  VF  4.-i VF       '     '    ^^^^^^     ^ 

the  investigation  ? 

47.  If  the  axes  of  an  ellipse  be  80  and  6o  yards ;  what  ar^ 
jthe  areas  of  the  two  segments  into  which  ;t  is  divided  by  a  line 
drawn  parallel  to  the  conjugate  axis  at  the  distance  of  IQ  yar4s 
from  the  centre? 

Ans.  1291.27  and  2478,65  yards,  nearly, 

48.  If  the  base  of  a  triangle  be  given,  and  also  the  sum  of 
the  squares  of  the  other  two  sides ;  what  is  the  lofus  of  tb§ 
yefftex  of  the  triangle  ? 

Ans.  The  arc  of  a  circle, 
49'  In  a  triangle,  if  the  base,  and  the  difference  of  the  othpr 
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two  sides,  are  given ;  what  is  the  locus  of  the  vertex  ? 

Ans.  An  hyperbola. 

50.  Let  the  base,  and  the  difference  of  the  two  angles  at  the 
base  of  a  triangle,  -  be  given  *,  required  the  locus  of  the  vertical 
angle  in  that  case  ? 

Ans  An  hyperbola* 

51.  Suppose  a  person,  the  height  of  whose  eye  is  5  feet  6 
itiches,  while  standing  on  a  level  fioor»  holds  a  9  lb.  iron  shot 
in  his  hand  so,  that  its  centre  is  15  inches  from  the  %ye,  and  4 
feet  9  inches  from  the  floor ;  now  how  much  of  the  floor's  sur- 
face is  hid  by  the  shot  from  the  eye ;  the  shot's  diameter  being 
4  inches  ? 

Ans.  B.^634t4  /eet  square. 

52.  A  heavy  body  was  observed  to  descend  freely  from  rest, 
by  its  own  gravity,  from  the  top  of  a  tower  to  the  bottom  in  4^ 
seconds  of  time ;  required  the  tower's  height  ? 

Ans*  l^ifeet. 

53.  From  what  height  must  a  heavy  body  descend  by  its  own 
weight  to  acquire  a  velocity  of  1000  feet  per  second,  supposing 
the  air  to  be  without  resistance  ? 

Ans.    15625  feci. 

54.  Suppose  a  heavy  body  to  fall  from  the  height  of  a  mile 
above  the  earth's  surface,  with  what  velocity  would  it  strike  the 
ground,  and  what  would  be  the  time  of  descent  ? 

Ans.  Velocity  =  582.8yee/ per  second. 
Time      =r  18.12  sec*  yearly. 

55.  If  a  heavy  body  descend  I  of  the  whole  distance  fallen  In 
the  last  second  of  time;  at  what  height  did  it  commence  its 
motion  ? 

Ans,  477.6  feet,  nearly. 
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56.  If  a  ball  with  a  velocity  of  1000  feet  per  second^  enters 
k  block  of  wood  to  the  depth  of  10  inches,  what  will  be  the  ve- 
locity of  the  ball  when  the  penetration  is  16  inches,  supposing 
the  resistance  of  the  wood  to  be  uniform  } 

jins.  1265  y^ef  per  second. 

57*  A  quiescent  body  C  is  struck  at  the  same  instant  of  time 
by  two  other  bodies  A  and  B  with  forces  that  would  separately 
carry  it  forward  in  the  directions  AC  and  BC  at  the  rate  of  15 
and  10  feet  per  second,  respectively  ;  required  the  velocity  and 
direction  of  C  after  the  impact,  if  the  directions  of  A  and  B 
form  an  angle  at  C  of  70°  ? 

An$.  Velocity  =  QO^T  feet  per  second. 

Direction      27«  If  with  thatof  y#,  or42o  58'i  with  the  direction  of  B. 

58,  Let  the  directions  of  A  and  JS,  and  the  force  of  A  con- 
tinue as  before,  and  suppose  after  the  impact  that  C  moves  with 
a  velocity  of  30  feet  per  second  ;  required  its  direction,  and  the 
velocity  which  B  would  communicate  alone  ? 

Ans.  Direction  28''  l'|  with  that  of  5,  or  41°  58'f  with  A. 
Velocity  which  B  would  produce  alone  =  SI. 36  feet 
per  second. 

59.  If  the  velocities  communicated  to  C  by  -4  and  B  when 
acting  separately,  and  together,  are  respectively  as  5, 4,  and  3  ; 
what  is  the  angle  formed  by  the  two  directions  in  which  A  and 
£  move  when  they  act  together  ? 

Ans.   148°  7'f. 

N.  B.  In  this  and  the  two  preceding  examples,  the  bodies  are  sup« 
posed  to  be  globular,  and  the  points  of  impact  in  the  lines  joiniog 
the  centres. 

60«  Suppose  the  weight  C,  art.  320,  corol.  3,  to  be  60  lb,  what 
are  the  tensions  of  the  cords  AB,  GB,  and  BC,  or  the  forces  with 
which  they  are  stretched  ? 

Ans.  48^  36  and  60  lbs. 

VOI^t   II.  ^  ft      «  ^ 
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61.  Let  a  ring  of  metal  weighing  82^.  dide  freely  on  a  string 
5  feet  long  whose  ends  are  fastened  to  twa  tacks  3  feet  asunder  in 
a  line  making  an  angle  with  the  horizon  of  45^ ;  to  find  the 
stress  or  force  on  each  tack  when  the  ring  rests  in  equiUbro. 

jins.  4.415 /£•  on  each  tack. 

6«.  Suppose  the  ends  of  a  thread  10  feet  long  be  fastened  to 
two  tacks  in  the  same  horizontal  line,  at  the  distance  of  6  feet ; 
where  must  two  weights,  the  ope  3,  and  the  other  5  ounces,  be 
fixed  to  the  thread,  so  as  to  hang  at  rest  in  the  same  horizontal 
line  at  the  distance  of  three  feet  from  the  level  of  the  tacks  ? 

Ans.  At  3.1479»  and  3.395  feet  from  the  endsof  the  thread. 

63.  Suppa«ie  a  ISlb.  shot  moving  with  a  velocity  of  1000  feet 
per  second,  to  meet  another  of  9  lb,  whose  motion  in  an  oppo* 
site  direction  is  at  the  rate  of  1200  feet  per  second ;  \vhat  is  the 
velocity  after  congress,  if  the  balls  are  non-elastic  ? 

Ans.  ST ^  feet  per  second. 

84.  With  what  velocity  must  a*  6  Ih,  shot  meet  another  of 
S4  lb.  that  is  moving  at  the  rate  of  400  feet  per  second^  so  as 
just  to  stop  it ;  the  balls  being  non-elastic,  and  the  stroke  in  the 
direction  of  the  centres  ? 

Ans.  1600 feet  per  second. 

65.  A  body  at  rest,  but  not  fixed,  when  struck  by  a  musket 
bullet  weighing  1  ounce,  moved  with  a  velocity  of  6  feet  per 
second  ;  now  if  the  body  weighed  10  lb.  what  was  the  velocity 
of  the  bullet  ? 

Ans.  g66feei  per  second,  if  the  bullet  and  body  were  non-elastic. 

66.  With  what  velocity  will  a  32  poundor  recoil  when  dis- 
charged  horizontally,  if  the  gun  and  carriage  together  are  63 
hundred  weight,  and  the  initial  velocity  of  the  ball  =  1300  feei 
per  second  of  time  ? 

A/2S.  65  inches  per  second,  nearly. 
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07*  Required  the  ratio  of  the  masses  of  two  elastic  baUs  A 
and  B,  so  that  A  striking  B  at  rest  shall  lose  i  of  its  Telocity  ? 

Ans.  As  7  (o  !• 

66.  Suppose  two  cannon  shot^  one  \H  lb.  the  other  12  0« 
when  moving  in  the  same  plane,  to  strike  one  another  in  aa 
angle  of  80^  with  the  respective  velocities  of  800  and  1000  feet 
per  second;  requuired  the  velocities  and  directions  after  the  im- 
pact, if  the  balls  are  non-elastic.  . 

Ans.  Velocity*of  the  greater  shot  Qlbfeet  per  second; 
of  the  less  768. 
Change  in  the  direction  of  the  greater  shot  38®  IS'i- 
in  the  less  43°  Ab'^. 

N.  B.  The  tangent  to  the  two  balls  at  the  point  of  impact  is  supposed 
to  bisect  the  given  angle  80®. 

69*  If  a  cannon  baH  be  discharged  from  the  top  of  a  tower 
00  feet  high,  with  an  initial  velocity  of  1500  feet  per  second,  at 
what  distance  from  the  tower  will  it  strike  the  ground,  the  eleva* 
tion  of  the  piece  above  the  horizontal  line  being  20°  b\  and  the 
air  supposed  to  be  without  resistance  ? 

Ans.  45335  feet. 

70.  Required  the  elevation  of  a  mortar  to  hit  an  object  distant 
7333  feet  on  a  plane  depressed  11° ;  the  greatest  hurizonul  range 
being  8 1 90  feet  ? 

Ans.  63»  23'4,  or  15*  36'^. 

71.  If  the  horizontal  range  of  a  shell  be  SOOO  feet  when  pro* 
jected  at  an  elevation  of  30° ;  what  is  the  time  of  flight,  and  the 
greatest  height  to  which  the  shell  ascends  ? 

Ans.  Height  =  QB7i feet.    Time  =  8^  sec. 

73.  If  the  impetus  be  4000  feet,  what  must  be  the  elevatioi^ 
of  a  mortar  to  hit  an  object  whose  distance  on  the  horizontal 
|)lane  is  5600  feet^  and  height  above  that  plane  812  feet  ?    , 

Ans.  65*  45',  or  39^  30** 
3  (J  2     ' 
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IS*  A  ahcll  being  thrown  from  a  mortar  at  an  elevation  of 

30%  the  report  of  its  fall  on  the  horizontal  plane  was  heard  at 

the  mortar  just  20  seconds  after  the  explosion.     Hence  the  range 

is  required  ? 

Jns.  6033/ee^ 

74.  The  random  of  a  piece  on  the  plane  of  the  horizon  with 
a  given  charge  of  powder  at  an  elevation  of  30**  being  1500 
yards;  to  find  the  elevation  when  planted  at  44  yards  above  the 
kvel  of  the  horizon,  so  that  thelall  may  fall  at  the  greatest  dis-? 
tance  possible. 

Arts.  44«17't-. 

75.  A  shell  discharged  at  an  elevation  of  45**  struck  an  object 
50  yards  above  the  horizon;  required  the  distance  of  the  object 
from  the  mortar,  the  horizontal  range  of  the  shell  being  200Q 
yards. 

j4ns»  700,  or  1300  yards. 

76.  A  tower  built  on  level  ground  is  65  feet  high,  now  at 
what  distance  must  I  stand  with  a  musket  to  hit  an  object  on  the 
top  with  the  greatest  force,  the  musket  being  held  5  feet  above 
the  ground  ? 

Ans*  At  60  feet  from  the  tower. 

77*  In  what  time  would  a  heavy  body  descending  freely  on  i( 
plane  inclined  to  the  horizon  in  an  angle  of  40^  acquire  a  velo^ 
city  of  ^00  feet  per  second  ? 

Ans.  4.837  secotids. 

• 

78.  A  body  descending  freely  by  its  pwn  weight  on  an  inclinec| 
plane  whose  length  is  484  feet,  descends  123  feet  in  the  last  se« 
cond  of  time;  required  the  plane's  inclination  to  the  horizon  ? 

Ans.  34''  l'|. 

79.  A  cylinder  was  observed  to  roll  down  a  plane  400  feet 
long  in  16  seconds  of  time;  required  the  plane's  inclination  to 
the  horizon,  the  cylinder  having  descended  by  its  own  gravity  ? 

Ans.  8**  21'^, 
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80.  If  one  end  of  a  b(*am  '20  feet  long  be  6  feet  higher  than 
the  other  end,  what  force  acting  in  direction  of  the  beam  would 
keep  a  weight  of  one  ton  laid  upon  it  from  slidingdown,  suppos- 
ing tbe  friction  between  the  weight  and  beam  is  equal  to  half 
the  necessary  force  ? 

Ans.  A  force  equal  to  3  hundred  weight. 

81.  If  a  man  can  draw  a  weight  of  84  II.  up  the  side  of  a 
perpendicular  wall  10  feet  high,  what  weight  will  he  be  able  to 
raise  along  a  plank  $0  feet  long  laid  aslope  from  the  top  of  the 
wall,  the  resistance  from  fiiption  on  the  plank  being  equal  to  y  of 
the  weight  so  raised  ? 

Ans.  126  lb. 

82.  Two  planes  HV  and  OV  whose  lengths  are  5  and  3  feet, 
respectively,  meet  at  V  above  the  horizontal  line  HO,  and  two 
weights  A  and  B  connected  by  a  string  passing  over  a  pulley  at 
V,  are  in  equilibrio  on  the  planes ;  now  the  pressure  of  A  upon 
the  plane  HV  is  double  that  of  B  against  OV.  Hence  tho 
height  of  V  above  the  horizon  HO  is  required  ? 

Arts,  ^^ifeet. 

88.  Suppose  two  weights,  one  of  6,  the  other  of  2  pounds,  to 
be  suspended  upon  a  pin  by  means  of  a  string,  to  determine  how 
far  the  greater  will  descend,  and  the  other  ascend  in  1  second  of 
time,  neglecting  the  friction  on  the  pin. 

Arts.  S^Jeet. 

84.  If  a  pendulum  vibrating  in  an  arc  of  24®  be  40  inches  long, 
what  is  its  velocity  at  the  lowest  point,  supposing  a  body  descends 
16Vt  feet  in  the  first  second  of  time  ? 

Ans.  11.68  inc/icj  per  second^ 

83.  If  the  distance  from  the  point  of  suspension  to  the  centre 
of  oscillation  of  a  pendulum  be  3  inches,  how  many  vibration! 
will  it  perform  in  a  minute,  in  the  latitude  of  London  ? 

Ans.  217  nearly. 


4S&  ADDITIONAL   EXAMPLES*- 

86.  What  must  be  the  length  of  a  pcndalum  to  vibrate  oiiljr 
40  times  in  a  minute  ? 

Jns.  88t  inches. 

87-  If  a  slender  uniform  rod  4  feet  in  length,  be  suspended  at 
one  end,  and  made  to  vibrate  in  small  arcs,  how  many  time» 
will  it  oscillate  in  a  minute  ? 

jitis.  66.38  nearly. 

88.  What  weight  can  a  man  raise  with  a  handspike  or  iroQ 
crow  8  feet  long,  if  the  fulcrum  or  prop  is  5  inches  from  one 
cnd^  and  he  presses  with  a  force  equal  to  I50  It.  at  the  other  * 

Ans.  2730  II. 

89*  If  one  arm  of  a  steeUyard  is  3  inches,  what  must  be  the 
length  of  the  other  that  a  counterpoise  of  10  lb.  may  be  sufficient 
to  weigh  a  hundred  weight,  supposing  the  weight  of  the  instni- 
ment  itself  is  not  considered  in  the  account  ? 

jins*  33.6  inches. 

90.  The  cylinder  or  axle  over  a  common  draw-well  is  3  inches 
in  diameter,  the  rope  f  of  an  inch  in  diameter,  and  the  handle 
describes  a  circle  30  inches  in  diameter;  now  what  weight  can  a 
man  draw  up  who  acts  with  a  force  equal  to 40  lb? 

Ans.  330  Ih. 

91.  Which  is  drawn  with  the  least  force  on  a  rough  uneven 
road,  a  carriage  having  wheels  of  3  feet  in  ^iameter,  or  one  with 
wheels  that  are  5  feet  in  diameter  ? 

Ans.  The  advantage  in  favour  of  the  greater  wheels  is  as  5  to  3. 

92.  If  th^  screw  of  a  press  be  turned  with  a  lever  7  feet  long^ 
and  the  threads  of  the  screw  are  1  inch  asunder ;  what  is  the 
force  of  the  press  when  the  power  at  the  end  of  the  lever  is  = 
100  lb.  supposing  the  screw  to  act  without  friction  ? 

Ans.  5i779lb. 
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-gs.  A  man  with  a  combination  of  pullies  raises  a  heavy  body 
li  inches  at  every  pull  which  draws  the  rope  36  inches;  now 
what  is  the  weight  of  the  body  if  he  puHs  with  a  force  ^qtidl 
to  80  Zi  ? 

Ans.  \9Q0lL 

94.  A  barrel  of  gnnpowder  weighed  SI  lb.  in  one  scale,  but 
when  put  into  the  opposite  scale,  it  was  found  to  weigh  only 
?8  lb.  IQ^oz.     Hence  the  true  weight  is  required  ? 

Ans.  79  lb*  14  oz. 

95.  Three  inches  from  one  end  of  a  cylindrical  pole  is  hui\g  a 
weight  of  30  It.  the  pole  is  8  feet  long,  and  weighs  10  lb.  now 
how  far  from  that  end  mu^t  I  place  the  pole  on  my  shoulder  to 
carry  the  weight  with  the  most  ease? 

Ans.  14i  inches. 

96.  What  must  be  the  length  of  a  cyFmder,  the  diameter  of 
whose  base  is  a  yard,  so  that  it  may  just  stand  by  its  own  weight 
#n  sloping  ground  which  rises  1  yard  in  10  ? 

A?is.  %^99^yards^ 

97.  To  find  the  .centre  of  gravity  of  a  quadrangular  board  oT 
uniform  thickness,  two  adjacent  sides  being  17  inches  each,  the 
other  two  14  inches  each,  and  the  shortest  diagonal  ~  i6  inches^ 

Ans.  U.8297  iruhes  from  the  sharpest  cornets 

98.  A  beam  of  timber  20  feet  long  is  to  be  supported  in  aa 
hori2onu1  position  by  two  props ;  the  ends  of  the  beam  arc 
squares  whose  sides  are  2,  and  3  feet,  respectively ;  now  if  one 
prop  stands  4  feet  from  the  greatest  end,  at  what  distant  from  the 
less  end  must  the  other  be  to  bear"^  equal  weight  ? 

^Afis.  ei^feetf 

99.  To  determine  the  weight  of  a  tapering  beam  of  timber 
30  feet  long,  we  found  that  it  rested  in  an  horizontal  position  on 
a  prop  or  fulcrum  16  feet  from  the  less  end,  but  when  the  middle 


4fit  ADDIflOHAL   kXAMl^tlC^* 

of  the  beam  was  brought  ovier  the  propjt  required  the  wei^t  df 
a  man,  which  was  200  lb.  at  the  leas  end  to  keep  it  in  equilibrio* 
Hence  t^e  weight  is  required  ? 

Ms.  aooo  lb. 

100.  The  weight  of  a  ladder  20  feet  long  is  7o  lb.  and  its  cen* 
tre  of  gravity  1 1  feet  from  the  less  end ;  now  what  weight  will  a 
man  sustain  in  raising  this  ladder  when  he  pushes  directly  against 
it  at  the  distance  of  7  feet  from  the  greater  endj  and  his  hands  are 

5  feet  above  the  ground  } 

Ans.  63  lb,  nearly. 

101.  If  the  quantity  of  matter  in  the  moon,  be  to  that  of  thc^ 
earth,  as  1  to  sg,  and  the  distance  of  their  centres  240000  miles  j 
where  is  their  common  centre  of  gravity  ? 

Aps.  6000  miles  from  the  earth's  centre. 

102.  Supposing  the  data  as  in  the  last  question,  to  find  the 
distance  from  the  moon  in  the  line  joining  the/ centres,  where  a 
body'  would  be  equally  attracted  by  the  earth  and  moon ;  the 
force  of  attraction  in  bodies  being  directly  as  the  quantities  of 
matter,  and  inversely  as  the  squares  of  the  distances  from  the 
centres. 

240000 
Ans.    -— y-- =:  331 26yjni7e5,  nearly. 

103.  If  two  fires,  one  giving  4  times  the  heat  of  the  other,  are 

6  yards  asunder ;  where  must  I  stand  directly  between  them  to 
be  heated  on  both  sides  alike  j  the  heat  being  inversely  as  the 
square  of  the  distance  ? 

Ans.  2  yflrds  from  the  less  fire,  or  4  from  the  greater, 

104.  To  what  height  above  the  earth's  surface  should  a  body 
be  carried  to  lose  -nr  of  its  weight ;  the  earth's  radius  being 
3970  miles,  and  the  force  of  gravity  inversely  as  the  square  of 
the  distance  from  its  centre  ? 

Ans.  21 4 J  miles. 
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105»  How  far  beneath  the  surface  should  the  body  be  to  lose 
tV  of  its  weight,  the  force  of  gravity,  in  that  case,  being  directly 
iai  the  distance  from  the  centre  ? 

jins.  397  miles. 

106.  If  a  line  =z  Z,  be  drawn  from  a  point  P  to  the  centre  of 
a  circle  whose  diameter  =  d,  and  they  revolve  together  about  the 
point  P,  the  circle,  moving  perpendicular  to  its  plane,  will  gene- 
rate a  ring  (like  the  ring  of  an  anchor) ;  required  its  solid  content  ? 

Ans.  Let  c  =  3.1416,  then  4/c*d*  =  the  content. 

107*  Suppose  the  point  P  to  be  at  the  circumference  of  the 
circle,  or  let  the  circle  revolve  about  a  tangent  to  its  circumfer- 
ence as  a  fixed  axis,  then  what  is  the  content  of  the  generated 
solid  ? 

Ans.  ic^d\ 

108.  Let  a  semicircle  revolve  about  the  tangent  parallel  to  it3 
diameter ;  required  the  content  of  the  solid  in  that  case. 

jins.  d'  (ic»  —  ic). 

109*  If  a  spar  of  wood  2  itiches  broad,  and  |  an  inch  thick^ 
will  bear  50  IL  vi^ith  its  broadest  side  horizontal;  what  would  it 
support  when  that  side  is  vertical  ? 

Ans.  $00  lb. 

110.  A  spar  of  oak  when  resting  on  its  ends  in  an  horizontal 
position  will  bear  200  lb.  at  a  certain  point  j  now  what  weight 
will  it  support  (at  the  same  poiiit)  when  it  is  inclined  to  the 
horizon  in  an  angle  of  60"*  ? 

Ansi  400  lb. 

ill.  Let  a  1^  the  magnitude  of  a  mass  or  ingredient,  and  A 
zz  its  weight. 
b  =  the  m.'ignitude  of  another  ingredient,  ^  z=  ita 

weight. 
m  =  the  magnitude  of  any  mixture  or  mats  of  both^ 
and  M  =z  its  weight : 
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m       ]\Jla  —  Bwa         ,  ^h)7i  —  Mba     .,11*1 

Tlien  — .^ -. —  .and — 77 ^  —  will  be  the   respective 

Ab  —  Ba    '  Ab  —  Ea  ^ 

magnitudes  of  the  irgredients  in  the  compound.     Required  the' 

investigation  ? 

112.  If  w  1=  the  cubic  feet  in  a  mass  of  metal  whose  specific 
gravity  or  the  number  of  ounces  in  a  cubic  foot  =  m^  the  spe- 
cific gravity  of  wood  n  dy  and  the  specific  gravity  of  water  :=.w\ 

then  ' 7—  zr  the  cubic  feet  of  wood  that  will  just  float  the 

metal.  For  example,  1 79. 187  cubic  feet  of  deal  will  float  a  cast- 
iron  cannon  of  52  hundred  weight,  in  fresh  water.  Required 
the  investigation  ? 

113.  How  many  empty  54  gallon  casks  (beer  measure)  when 
immersed  in  sea  water,  would  float  a  brass  cannon  weighing  18 
hundred  weight,  supposing  the  casks  are  water-tight,  made  of 
oak,  and  the  weight  of  each  zz  .50  lb  ? 

Arts.  3.216,  or  3  fifty-four  gallon  casks,  and  another  that 
holds  about  1 1  gallons. 

1 14.  If  4  lb.  of  fine  silver,  d-lb.  of  copper,  and  9  lb.  of  tin,  are 
melted  together,  what  is  the  specific  gravity  of  the  composion  ? 

'  Ans.  8644tV* 

115.  If  the  weight  of  a  shell  1 2|  inches  in  diameter,  be  198  lb. 
what  is  its  thickness  ? 

Ans*  2.02  inches. 

116.  If  a  sphere  of  wood  9  inches  in  diameter  sinks,  by  its 
own  gravity,  6  inches  in  fresh  water;  what  is  its  weight,  and 
specific  gravity  ? 

Ans*  Weight  10  lb.  3.6  ounces. 
Specific  gravity  74 1 . 

117.  To  what  depth  would  a  globe  of  elm,  whose  diameter  is 
10  inches,  sink  by  its  own  weight  in  fresh  water  ? 

Ans.  5.6707  inches. 
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118.  Suppose  the  outward  dimensions  of  a  pontoon  are 
Length  at  top  ir  26>^  Breadth  =z  ^ifr 

at  boUom  =  23>       *  Depth  =  QiS 

What  weight  will  sink  it  2  feet  in  fresh  water  ? 

Ans.  6160  lb.  including  the  weight  of  the  pontoon. 

119.  If  a  cube  of  wood  floating  in  sea  water,  be  |  wet,  and 
it  sinks  -j^  of  an  inch  deeper  in  fresh  water ;  what  is  its  mag- 
nitude, and  specific  gravity  ? 

jins.  Side  of  the  cube  =  13^  inches. 
Specific  gravity  zr  7724-- 

120.  It  has  been  found  by  experiment  that  the  mean  specific 
gravity  of  human  bodies  when  alive,  is  about  891  (that  of  fresh 
water  being  lOOO) ;  hence  it  is  required  to  dcttirminc  how  many 
pounds  of  cork  would  be  8ufl5cient  to  float  a  person  weighing 
180  lb,  with  only  J  of  his  body  in  water  ? 

^ns.  9  lb' 

121.  Suppose  a  spherical  balloon  27  feet  in  diameter  can  just 
raise  600  lb.  including  the  balloon  and  its  apparatus ;  now  if 
that  weight  (600  lb.)  be  of  the  same  specific  gravity  as  water, 
and  the  specific  gravity  of  common  air  =  \i;  it  is  required  to 
determine  the  specific  gravity  of  the  inclosed  gas  or  inflammable 
air? 

^ns.  tWV  nearly,  or  about  43-  times  lighter  than  common  air. 

122.  If  the  diameter  of  a  cylindrical  vessel  be  20  inches  j'^  re- 
quired its  depth,  that  when  filled  with  a  fluid,  the  pressure  on 
the  bottom  and  sides  may  be  equal  to  each  other  ? 

Ans.  10  inches. 

123*  In  what  time  would  a  ditch  whose  breadth  at  top  —  16 
feet,  at  bottom  8  feet,  depth  zz  6  feet,  and  leigih  zi  lOO  \ards, 
be  filled  with  water  through  a  rectangular  opening  1  foot  deep, 
and  2  feel  wide,  cut  in  the  bank  of  a  river  j  the  top  of  the  cut  G?r 
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opening  being  on  a  level  with  the  surface  of  the  water  in  th« 
river  ? 

Ans.  47  wii;l.  36  sec. 

124.  To  find  the  wh^le  force  of  water  moving  with  a  velocity 
=  Tisjs  of  a  foot  per  second  of  time,  against  a  rectangular  flood- 
gate standing  perpendicular  to  the  horizon,  whose  breadth  =  12, 
and  depth  =  6  feet. 

Arts.  ISoOOyfjTT  lb* 

125.  Suppose  a  n^usket  barrel  ^  of  an  inch  in  the  bore  to  con- 
tain water,  and  let  the  water  be  forced  down  by  means  of  a  sponge 
at  the  end  of  the  ramrod  with  a  pressure  zr  50  lb,  now  (neglecting 
the  resistance  of  the  air). with  what  velocity  will  the  water  issue 
through  the  touch  hole,  if  the  sponge  be  air-tight,  and  the  velo- 
city of  issuing  water  equal  to  that  acquired  by  the  free  descent  of 
a  heavy  body  through  the  whole  distance  from  the  surface  to  the 
aperture. 

Ans.  1 1 5  feet  per  second. 

126.  If  an  empty  common  glass  bottle  be  corked  and  sunk  in 
the  sea  60  fathoms  deep ;  with  what  force  is  the  cork  pressed  by 
the  water  if  the  mouth  of  the  bottle  be  ^  of  an  inch  in  diameter  ? 

Ans.  96ilL 

127.  A  glass  cylindrical  vessel  whose  depth  r:  2  feet,  was 
sunk  in  the  ocean  with  the  open  end  downwards  till  the  water 
rose  21  inches  within  the  vessel;  hence  the  depth  to  which  it 
was  sunk  is  required,  supposing  the  pressure  of  the  atmosphere 
to  be  14|^  lb*  on  a  square  inch  ? 

Ans.  3S\  Jalhoms^ 

128.  If  a  man  can  push  with  a  force  =  100  lb.  how  far  will 
he  be  able  to  introduce  a  sponge  into  a  piece  of  ordnance  whose 
length  is  7  feet,  and  calibre  4  inches,  when  the  barometer  stands 
at  30  inches;  the  vent  or  touch-hol§  being  stopped,  and  the 
sponge  without  windage  ? 

Ans.  29|  inches^  nearly. 
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129-  If  a  diving  bell  in  the  form  of  a  cone,  having  the  inter- 
nal diameter  of  its  base  =  8  feet,  and  perpendicular  height  = 
12  feet,  be  sunk  in  the  sea  to  the  depth  of  13  fathoms ;  to  what 
height  will  the  water  rise  in  the  inside,  and  how  much  is  the  in- 
closed air  condensed ;  the  pressure  of  the  atmosphere  being 
14  j  IL  on  a  square  inch  ? 

Ans.  4 feet,  ascent  of  the  water. 

Density  of  the  internal  air,  to  that  at  the  earth'« 
surface  as  3|-  to  1  • 

13?.  According  to  Humboldt,  the  height  of  the  mountain 
Chimbora90  one  of  the  Cordilleras  in  South  America,  is  ]Q6oa 
French  or  20889  English  feet;  now  how  much  rarer  is  the  air 
at  the  top  of  the  mountain  than  at  the  bottom,  supposing  the 
height  of  the  barometer  at  the  latter  situation  to  be  30  inches, 
and  the  specific  gravities  of  air  and  quicksilver,  if  and  13600, 
respectively  ? 

J71S.  Nearly  $/y  times  rarer. 

131.  To  what  height  would  the  balloon  in  Examp.  121 
ascend,  if  the  attached  weight  and  balloon  together  (exclusive 
of  the  inclosed  gas)  were  only  500  lb.  supposing  the  barometer 
stood  at  30  inches,  and  the  specific  gravity  of  mercury  13600? 

jdns.  3805  feet. 

132.  If  a  conical  frustum,  the  diameter  of  whose  base  is  9 
feet,  and  height  2^  feet,  move  in  a  fluid  in  the  direction  of  its 
axis  with  the  least  end  foremost,  to  find  the  diameter  of  that  end 
when  the  resistance  is  the  least  possible, 

^ns,  6  inches. 
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